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COUPLING OF NUCLEAR SPINS IN MOLECULES 
By D. W. PosENER* 
[Manuscript received June 19, 1957] 


Summary 
The theory of quadrupole, magnetic dipole, and dipole-dipole interactions of nuclear 
spins with molecular rotation is generalized for any number of nuclear spins in any free 
molecule which has no resultant electronic angular momentum. 


Calculation of the matrix elements of the Hamiltonian is discussed in detail, and 
the cases of one and two nuclear spins are dealt with explicitly. 


I. INTRODUCTION 

First-order matrix elements for the coupling of two similar quadrupolar 
nuclei in a molecule have been derived by Foley (1947) for the diatomic case, 
and subsequently by Myers and Gwinn (1952) and Robinson and Cornwell 
(1953) for more general molecules. Cases of grossly unequal coupling have been 
considered by Bardeen and Townes (1948a, 1948b) and by Townes and Schawlow 
(1955, Section 6-6), although the appropriate matrix elements have not been 
given explicitly. 

Bersohn (1950) has given the matrix elements for the quadrupolar coupling 
of three nuclei, and his methods, which are applicable to any number of nuclei, 
are described in his thesis (Bersohn 1949). 

Recent advances in high-resolution microwave spectroscopy have drawn 
more attention to the small magnetic interactions of nuclei (White 1955). Gunther- 
Mohr, Townes, and Van Vleck (1954) and Gordon (1955) have described the 
coupling of three hydrogen spins and a quadrupolar nucleus (nitrogen) in 
ammonia; Okaya (1956) has considered C2, molecules with two 3% off-axis 
spins and one axial quadrupolar nucleus; and Herrmann (1956) has treated 
the experimental problems of ND, using some theoretical results derived by 
Hadley (1955), whose work has not been accessible to the present writer. 
Although these cases are of increasing complexity, symmetry properties of the 
particular molecular types so far considered help to provide some simplification 
of the problems, and the works quoted cannot be easily generalized. 

In the following account we will deal with an arbitrary free molecule with 
no resultant electronic angular momentum, but containing » nuclei each possessing 
spin, and we will give the complete matrix elements of the major interactions. 
The results are derived for quadrupolar spins, but can be easily specialized to 
cases where some of the spins are 4% or zero. 

In most problems of practical interest only a very few of the terms given 
need to be considered because some terms contribute to the energy only in 
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higher order of approximation, while in many cases some of the matrix elements 
vanish identically because of symmetry properties of the molecule. Because 
of their wide variety symmetry considerations peculiar to particular types of 
molecules will not be specially discussed here, although they will usually be of 
great importance in further simplifying the calculations in a given problem. 
We refer to some of the papers already quoted for discussions of this kind. 


The results for one and for two nuclei will be given explicitly as simple 
applications of the general theory. 


II. THE HAMILTONIAN 

We assume the molecule to be subject to no external fields and to have no 
resultant electronic orbital or spin angular momentum, so that electron spins 
are paired and their effects may usually be neglected (as demonstrated, for 
instance, by Gunther-Mohr, Townes, and Van Vleck (1954)). In the rigid 
rotor approximation the Hamiltonian for rotation and for the major spin hyperfine. 
interactions is then (Van Vleck 1951; Gunther-Mohr, Townes, and Van Vleck 
1954) : 

H=2G,(J,—L,)* + DErig' (jy) ~ \v -(1 yee | vs “aly 


g 


eu =9 Z,M 
ee Fira (t,—-1,) x ( iar )%s—™| “GAy, 


euey = 2 rahe “gl, —3ru"[9,1, ‘(r,—r)(g1,:(t,—r)]}} 


OV v0rr. eV = ae 
re (2 oz? TEDW ay) [ ext222—wp —y2)d. Ree E) 


where J is the total angular momentum exclusive of nuclear spin, L is the 
electronic orbital angular momentum, and we measure angular momentum in 
units of 7%. The ee are rotation constants, with g referring to principal inertial 
axes x, y, and ¢ fixed in the molecule. The sum over ¢ is over the electrons, 
whose charges are —e and whose positions and velocities are given by r; and v, 
respectively, referred to the molecular centre of mass. Indices k and J are used 
similarly for the nuclei, which have magnetic moments g,u,, masses M,, 
charges Z,, spins I,, and nuclear charge densities p,. The proton mass is M,, 
Uy is the nuclear magneton, c is the velocity of light, and r,, is an abbreviation 
for |r;—r,|. The electrostatic potential at the kth nucleus due to all molecular 
charges outside the nuclear region is V,, and a, yz, and 2; are coordinates fixed 
in the kth nucleus with the z direction along the nuclear axis of symmetry. 


The first term in the Hamiltonian is the energy of rigid rotation, the second 
term represents the energy of interaction of nuclear magnetic dipoles with 
currents due to electron motion, the third term is the energy of interaction of 
nuclear dipoles with currents due to nuclear motion (molecular rotation), the 
fourth term is the magnetic dipole-dipole interaction of the nuclei with one 


another, and the last term is the energy of nuclear quadrupolar pesrecuior 
with the molecular electrostatic fields. 
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Although the non-rotating molecule possesses zero total electron orbital 
angular momentum, rotational interactions excite higher electronic states. 
When perturbation theory is used to take the more important interactions of 
these states into account (see, for example, Gunther-Mohr, Townes, and Van Vleck 
1954), the effective Hamiltonian for the nuclear spin interactions can be written 


in the form: 


A= Z[ax( (LJ eared ris )+4,(20, J .—Li, J. Thy J a) 


+b, (LJ Fa +¢,( (Lid ythiyd x) +d, (Lig Sele Le J ,) 


+6, (LJ Balas J,)] eo = Loe (21, 1,.— lel yp— Ll) 
+ BOL, tp mee Liyt wy) oT (Lil ry +Liyl iy) 
+84)( I oi zz! te) ae I, slg +1, 1y)} 


a 
+E [on (20 (2L, 58 —Iiy) +8,,( (Tin —Tiey) + Lic ny ALi lie) 


prt Aaa lel eda, BGs thie toes 74(2) 


For convenience in calculation everything in equation (2) is referred to the 
molecule-fixed system of axes, and for consistent commutation relations the 
spin angular momenta I, have been replaced by their reverses I, = —I, (Van Vleck 
1951). The coefficients in equation (2) are: 


=}(MB4+ My + mM), 
eerie M2 —MY;), 
ea en 
.=47(Me +My), 
7 =}(M24m?), 
cpa? +m), 
oc) = — 42 9.912 (1: 1)% — (Tar)? — (Trad gl hae 


Be) — —3 e929 1 "ere — ("er)y] "er . 
{P= —3 yA GG(TKa)s (Tea) yl Te 

sO = = 32 GiGi" ea)x4 "xt ) el Tep 

<i) — 8 ugg’ xy" ) el Te 


ed). (k) qk) __ 7) 
ap 121,21, —1)' a 1 wy)s 


wn _#V, 
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é p 


E,—E, 
Ty? =Erae[(ts 5) aa AS RSE, Be SM ck (3) 


| 


in which 6,, is the Kronecker delta, p ppeaese an excited electronic state of 
energy E,, ‘and the last sum indicated in Mj, “) is to be taken over all values of p 
except p=0. (r,,), is short for (r,—r,),. The functions of (r,,), and of Ve, 
together with the other averages shown explicitly here and later, are to be 


‘averaged over the ground electronic and vibrational state of the molecule. 


In most practical cases a large number of these coefficients vanish because 
of molecular symmetry, or can be neglected'since they contribute to the energy 
only in higher order. 


III. ADDITION OF ANGULAR MOMENTA 

Bersohn (1949), using the tensor procedure of Racah (1942), has discussed 
a general method for calculating the matrix elements for the quadrupole coupling 
of a number of nuclei in a molecule. Condon and Shortley (1953) (hereafter 
referred to as TAS), following Guttinger and Pauli (1931), have derived the 
matrix elements of two commuting angular momenta. This section will show 
that the extension of the methods of TAS to any number of commuting angular 
momenta is not as formidable as it might first appear, and the results are in some 
cases rather simpler to use than those of Bersohn. 


Since the problem of addition of a number of commuting angular momenta 
is rather general the notation of TAS will be followed as far as possible, with 
suitable generalizations and with some of the functions introduced by Van Vleck 


(1951), and as a basis for our subsequent discussion we shall start by reviewing 
the appropriate results given in TAS. 


(a) Review of TAS Results 
In a representation which diagonalizes the square of the total angular 
momentum J and its component J, along some space-fixed Z-axis, the matrix 
elements of the components of J are off-diagonal in the quantum number m 
only, and are given by TAS, Section 2°: 


(ajm | Sx | aj m+1)=3f(j, +m), 
(ajm | Jy| af m+1)=+4if(j,tm), } ........ (4) 


(ajm | Jz,| ajm)=m, 
where 


f(j, M=JS{(j—m)(j+m+1)},  ...... eke wes (5) 
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i=/(—1), and we have used « to represent the totality of unspecified quantum 
numbers. 

If T is a vector operator which obeys the commutation rule TAS 8%1, the 
dependence on m of the components of T is given by TAS 9°11: 


(ajm | Px | x j+1mt1)=F daj: Pia’ j+1)g(j, Fm—2), ) 
3 (a): Ta! DFG, —m), 

44 (oj: To’ j—1)9(9, —™), 
+i(ajm | Ly | a! jm’), ara) 


(aj: Lia! j +1)+/{(j +1)? —m?}, 


) 

(ajm | Tx | a’ j m+1) 
(ajm | Ty | «' 7-1 m+1) 
m’) 


| 


m’ 


(ajm | Ty| a’ 7’ 


I 


(ajm | T,| «’ 7+1 m) 
(ajm | T, | a’ jm)=(aj:T:a’ j)m, 
(ajm | T, | a“ 7—1 m)= (aj: Ta’ 7 —1)+/(j2—m2), ey 


where 
ane AF SIO) Mr) Pe Gs eee (7) 


and (aj:T:«’ j’) is independent of m. The equations (6) show that the matrix 
of T can be factored into submatrices, one of which contains the whole dependence 
on the quantum number m. 


If 
Te de ee See et eee (8) 


and J, and J, commute, TAS 10* shows that the dependence on m of J, and Jz 
is given by the equations (6), and the submatrices (j:J,:j’) and (j:J»:j’) are as 
shown in Table 1, in which 
j-V{(29 —1)(2j +1)} ? 
Si 
6(j 1) 


and 


P( jx, J)=(9 do th(G Ade +h +1); 
VjuI)=Geth—IVItIe—hi tt), ff vee ee (10) 
B51) 9) =5(G +1) JoJo +1) Hii +1). 

Functions of (j,,j) are obtained by interchanging j, and j, throughout. Also, 


GUL 1) ele eer aces oe Girt thy oes S688 (11) 


Here and subsequently we show only two variables (quantum numbers) explicitly 
since the third is always defined by the coupling scheme (such as equations (8): 
and (15)) ; we will use s and t to denote a general pair of such quantum numbers.. 

For brevity we frequently omit diagonal quantum numbers from the matrix. 
elements. 

If P is any vector operator which commutes with J,, but obeys TAS 81 
with respect to af then by TAS 11% the dependence of the components of P on m 
is given by the equations (6), and the dependence of (aj:P:«’ j’) on j may also 
be factored out: 

(oj gf:Picx’ jj’) =(ojaiPiet’ f2)(o9 |J2Fy ve ve (12) 
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where the submatrix (j2j | j2j’) is given by Table 2 with s and t replaced by j, 
and j. It will be noticed that (st | s’ t’) is a Hermitian matrix, and this property 
of the matrices will be used later in other results when for conciseness not all 


TABLE 1 


THE MATRICES (j:J4:7’) AND (j:-J:3’) 


J jai | j | i 
| | 
(i:Ji:I’) —teljvi+ | On) |) 4G A) 
(F:Fa:5’) 40(jo.9+1) | O(jo. J) | 40(jo, J) 
| 
TABLE 2 


THE MATRIX (st | s’ t’) 


t+1 | t | t—l 
| 
s+1 $E(s+1, t+1) n(st1, t)/2e¢+1) | 3$€(s+1, t—1) 
8 $¢(s, t-+1) 6(s, t) 5 40(s, t) 
s—l 3C(s, t) n(s, t)/2t(t+1) 3&(s, t) 


possible matrix elements will be written down explicitly. In Table 2 the new 
functions are : 


£(s, 1) -VIP(, )P(s, t—D)} 
: tr/{(2t—1)(2¢+1))’ 


7S; =4/1P 2, 0g en (13) 


re, 1) = — VOU, Ql, t+41)) 
ED VCR} 


(b) Matrix Elements of 7 where ala 


We now consider the addition of n+1 Sonne angular momenta : 


and let us add them together one at a time, defining n—1 “ intermediate ” 
quantum numbers according to 


In +Jn-1=Jn— on, 
Jiti,0+Jc=Jim 9 ee (15) 


Jint+Jo=J, J 


i i i i i — 
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where J can be considered to be short for Jon Then, since all the J, commute, 
we can put into equation (12) 


ieee ed, vain Jp eI ek): sca ee ey (16) 


and it follows that the matrix elements of the components of J , are given by 
the equations (6) together with 


(jen Je—1,n - . otal Jk ib ale—l.n . ical) 

= (jx, Je je, n)(je,nje—1,0 | je, njk—1,n) oD (ji,nJ | Ion): oe (17) 
where diagonal quantum numbers (such as jx+1, jx je+1,n) - - -) have been omitted, 
and the elements (jz,njz—1,n | jk, nje—1,n) are given in Table 2. 


The factors (jxz,n:Jx:jz,n) are obtained from Table 1 on putting 
Vil IE ude ns (WEEN), ances oes se (18) 
which is consistent with equation (16), and are: 


(jx, nid jk. n +1)= —39(Ias jkn+1), 
(je,n: Ti: Fk, mn) =O(jxy Je, n); (k An) sees (19) 
(jr, nS 4: Je, n —1) = —40( Say Jk, n)s 
while for k=n, 
(4n=1, 2:3 _:Jn—1,n+1)=$0(j,9Jn—1,0 +1), 
ated gn 1. OU, n—1,8), (kK=n) vee. (20) 
(Gn—4, 2 gifn—1,08 —1)=40( J) in—1,2)- 


(ec) Matrix Elements of oe ede x ne ete. 
If we use the equations (6) to express the dependence on m, it turns out that 
the matrices of 2J%, a—dJé, goJe y ete. can also be factored into submatrices : 


(ajm | 2I¢,2—Jk, x —Té, v | a’ jm’) =(of || Te || oe! j’)(jm || jm) Snr, 
(aj | Te, x—Je, v | 0! jm!) =(cej || Te || oe! §’)(jm || fm’) Bn’ m2 
(ajm | Je, xJe,vt+Iu,vIu, x | x! 7’ m')= Li(af || Te || a 9’)(jm || 9” m’)Sm’ m2, 
(ajm | Je, xJn,zt+Te.zFe,x | jm’) =(of || Te || oe! §’)(Gam || 9 m')Smn’ m1, 
(ajm | Je,vJ,z+Ie,oFe, x | x! jf” m')= $A(of || Te |] 9)(jm || f/m’) Sv mir; 
ee eee (21) 


where j’=j,j +1, j+2, m’=m,m+1,m+2, and (jm || j'm’) is given in Table 3, 
from which the elements (jm || j-+-1m’) and (jm || j7+2m’) may be obtained by 
use of the Hermitian property of the matrix. 

In conventional notation the matrix elements of the product of two operators 


are given by 
(«| TU | 0’) = 2 (a PMCS gc ee ig i I Sle Serer ergs (22) 
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In the submatrices (qj || Je || «’ j’) the double bar is used as an abbreviation 
for a special kind of summation which we define by : 
Z2(aB | T| x"B\(a"B| U| «'B)—(aB | TU | a’B), 
(a8 || TU || #’ B’)= if p’=8, 
(a8 ]TU|«'B'), if BAB. 


The double bar is also used in (jm || j’ m’) because it results from a summation 
very similar to (23). 
TABLE 3 


THE MATRIX (jm || 7’ m’) 


m’ 
m m+l1 m+2 
vie 


j 3m?—j(j-+1) $(2m+1)f(J, +m) Ef, £m) f(G, +m+1) 


ee 3m/(j?—m*) 4(j+2m+1)g(j, +m) +$f(j, +m)g(j—1, +m) 
mee 39(j,)9(j, —m) +9(j, -m+1)/ (72m?) 39(j, -m)g(j, +m+2) 


With this notation we can write generally : 


(Fe,nje-1,n- - -Srnjmm | 2Si,2—Jk, x—Ji,y | je nde—an- - -Siyni’ Mm’) 
=(jenfe—ayn «Gand || Fi | de, dean = ~~ FinJ’)(Gm |] fm") Sem 
=(Jenfe-ayns + -hiynl| Te || ji, nde—ayn © Hien) Gisnd |] Ft, nd’)(Gm || 9” m’)Smrm 
= (Jen || Te || Ft, n)(Gende—a,0 |] Ji, nFe—a.n) © « «Gand |] Fa, nd’ )(Gm || 9” 0) Sm’ms 
hah shea nee (24) 
and similarly, from the equations (21), for the other functions of the components 
of J, The elements of the matrices (jz, njk— 1, || jz,njz—-1,n) ete. are given in 
Table 4, in which 
(8, t) = {3R(s, t)[R(s, t) 1] —48(s +1)t(t +1} O@), 
x(s, t) =[0 tee t—1)] 9(s, t), 
Y(s, t) =4o( ee Ns 
wea if ¢’=t-+1, 
t-41) a DS ie “1 if Y=i 
{t= on \ELDI]-L i vata, 


. (25) 


Using equations ( , and (23), 


(jx, n || fe || Fun) =PG 4s Je,n)s 
(ix,n || Fé || den —L) = —4y (jn ayn), (en) (2) 
(Jk,n || Ji, I| jeyn—2)= 0e jk,n)s 
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and 
(Jn—1,n || Us || jn—1,n)=P(Fns jn Sine), 
(jn—1,n || In || jn—1,n—1)=44 ny Jn—1,n), (k=) SOR 
(jn—1,n || SP, [| jn—a, n—2) =40(9,) Jn—1,n)- 


The simplification of some of the algebra occurring in the calculations leading 
to equation (24) is assisted by use of the identity (11) together with : 


P(s +4, t)=P(s, t+q), 
Q(s +4, t)=Q(s, t—g), 
o(s, t) =0%(s, t)—70°(s, t+1)—39%(s, t) 
a, 8+, t)/4t?(¢--1)? +462(s +1, ¢+1)+302(s +1, t—1) 
= t)/4¢?(t +-1)? +3&%(s, t) +30°(s, t). 


Be rE ESD a care (28) 
TABLE 4 
THE MATRIX (st || s’ 2’) 
SS . 
AS t t—1 t-—2 
8 << 

8+2 3n(s +1, t)n(s +2, OW) $E(s +2, t—1)n(s +1, )O(E—1) $C(s +1, t—-1)U(s +2, t—-2) 
a 3n(s +1, t)[R(s, t) +s] DO) $€(s +1, t—1)[R(s, t) +s(¢ +1) ]O(E—1) 29(s, t)(s +1, t—2) 

8 0(s, t) 3x(8, t) 4U(s, t) 
s—1 3n(s,t)[R(s—1,)+(s—LDJ@D()|  4E(s, t)[R(s, t) —(8 +1)(¢+ 1) ]OE—1) (s, t)&(s, ¢—1) 
s—2 3n(s, t)n(s —1, t)D(t) 3&(8, t)n(s —1, t—1)D(t—-1) 2E(s, t)E(s —1, t—1) 


(d) Matria Elements of Ix, zz, —Jx, xJx —Jy, ydy ete. 
Using the matrix elements (4) and (17), it follows easily that 


(jenju-ijn+ +» -ji,njm | 2S¢,2Iz—Th, xJ x —J,vJy | jende-190 + + -Sisnj’ Mm) 
=(jk,njk—-1, “are sath Gd, nje—1, She’ -jiznj (jm || oe mM’) Smim 
ee! jen) ionJb—1,0 | dk icei se) ieee (j1,0J | j1, nj’ )(jm || a mM’) Sm'ms 
ichtra ee eae Misa (29) 


with the factors already defined, and with jz, n=jz,n jk,n 1, ete. 
The other functions of the components of J, have matrix elements differing 
only in their dependence on j and m, as in equation (21). 


(e) Matrix Elements of 23x, 725i, z—Jx, xJi,x —Jx, yJi,y ete. (1>k) 
These cross-product terms have matrix elements of the form 


(jn- + jen.» -jm| 2Sx,2d1,2—Te,xJi,x—Iz,vIi,y | fin. + jens - Jj’ m’) 
=(jia- jen Ji Iws|\jan-- Sha - I) Gm || 7 m)8nm 
=(jr,niF 1iht, n)(St,ndt—1,n | Ji ndt—1,n) «+» +» Geni edi, n) X 

(jx, nje—1,0 || je, nde—1, n) ~~ » Gisn5 || G1, n5')(Jm || 7’ m’)8mm. -. (30) 
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In the particular case k=n—1 and J=n we get 


(jn—1,n . 


with 


. -jisngm | 2dn-1,Z In, z—In—-1,xIn, x —Jn-1, vIn, ¥ | Jn—1,0 so. 
=(jn—1,0 || JIn—-1d , || Int, 4) Jn=t, ajn=z, n || 4a, ALE a) Sas 
(jr nF || Fi, nd) Gm |] 7” m2’) Sims 


CO S66 8 0 6 © Cle © 8 e 6)S) 6 € © ole Say Ome oe em 


(Jn—-1,0 || In—1d , || ‘in —1,n) =9(jn—1, jn—1,n) —P(Jn—1y Jn—1,2)) 
(jueien || Jn-1d , || an—-1,n—1)= —$0(jn-1) jn—1,n) +4y(jn-1, jn—1,n); | 
(jn—1, 0 || Jn-1d , || 4jn-1,n—2)= —$ (jn—1) Jn-1,n)- 


When /=k+1+n there also results 


(jrti,n- - -jm| 2W¢,zJe41,2—Sk, xJb41, x —Tk, vIn41,¥ | jkttn- - -J’ 


=(jr41,n:Jk+1:54-41, n)Je+1, nJkyn | je+i, nJk, nl x 


(ik, njk—1,n || Tm IES) . 


» + (jtynd || Ja, nJj’)(Gm || 9! m') Sm’ms 


with [je+i,njk,n || Je+1,nJk,n] given in Table 5. 


THE MATRIX [jx +41, nJk,n || Je-+1, ndk, n] 


TABLE 5 


She Awe eB Bie 166 Te 


Setisn \ 


Ie+1,n+1 


Ik+1,n 


Ik (ema 


Jic,n 


ten! 


Jk, n—2 


—7(jn+1,n +1, je, n) X 
[3R(jk +1, n> Jk, n) 
+3(j¢41,n+1) 
—4 jx, n(Jk,n+1)1x 
D(jz, n) 


—(Ie-+1, n> Ik, n) 


—(Jk+1, n> Ik, n) X 
[3R(j¢41,n—1, Jk, n) 
+3541, n 
—49x, n(Ik,nt+1)]x 
Dix, n) 


O(Fe +1, n> Ik, n) 


. $0(Je +1, n +1, Jz, n—1) x 
{1—[R( 9k +1, n: Ik, n) 
+5k +1, n(Ik,n+1)]x 

D(jx,n—1)} 


20(Jk-+1, n> Jk, n) 
—3X(Jk+1, n> Jk, n) 


—40(9e+1, n+ 1 jk,n—2) X 
(Ik +1, ns Jk, n) 


—40(k +1, n> Jk, n) 


38 (5e-+1, n> Ik, n) X 
{1—[R( jz +1, n> Ik, n) 
—-(je+1,n+1)(Gk,n+))] 


x Oz, n—V)} 


—te(ik +1, 2: Ik, n) X 
O(Jk+1, eee Jk,n—}) 


in j (TAS 


(Je, ns 


= (jr, nid pdt, n\n, nJk—1,n | dk, nea - 


(f) Matria Elements of Jx, xJdx ti, yJy +JIx, zd 7, 
This function is the scalar product J.-J, and its matrix elements are diagonal 


Sec. 8%). Also, 


Ji,°S=3J1, 2Iz—(20%, 2Jz —Jt, xI x —Iu, vJy), 
and it follows from previous results that 


» + Saynjm | Ik, xIx+di,vIvt+de,zIz | jens ~~ Fini’ m) 


et (j1,nj | ja, nj’) x IG +1)8558nm. 


(34) 


ee 


——— 
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IV. Matrix ELEMENTS FOR ONE NUCLEAR SPIN 


When only one nuclear spin I=I, is present in the molecule we have the 
coupling scheme 
eee Pe re ne eee is ee (35) 


Bot ee er peer, oe sk Pde Ge (36) 


in which the components of F and I commute (Van Vleck 1951). 


The Hamiltonian (2) is referred to the molecular axis system, and thus (as 
shown, for example, by Van Vleck (1951)) the results of Section III apply if we 
change the sign of i and replace m by the quantum number K. Thus our 
representation may be labelled by the quantum numbers IJFK. 


We can now use the results of Section III, putting n =1 and (cf. equation (18) ) 
SJict seg Edy eee Se ee (37) 
with k=0. Then the matrix elements of the Hamiltonian (2) can be written 


(JK | H| J’ K)=(K [I KT | P| IV | KILI IK || J’ EK, 
a VRE (38) 


where K’—K, K+1, K+2, and J’=J,J+1,J+2. We have introduced the 
symbols | and I’ in equation (38) to distinguish between the various kinds of 
terms contributing to the Hamiltonian. (JK || J’ K’) is given by Table 6, 


TABLE 6 
THE MATRIX (JK || J’ K’) 


K K+1 K+2 
J 3K?—J(J +1) 42K +4) f(J, +K) tf(J, £K)fJ, +K+1) 
Jal 3K \/(J?—K") HI42K+1)9(J, +K) |t4f(J, +K)g(J—1, +K) 
J—2 39(J, K)g(J, —K) +9(J, +K+1)V/(J*—K*) | 39, + K)g(J, + K+2) 


which is just Table 3 with j and m replaced by J and K. The elements of Table 6 
agree with the phase convention of TAS ; if it is required that the matrix elements 
of this paper be consistent with those of Cross, Hainer, and King (1944), then 
the column K +1 would have to be multiplied by +i, and the column K +2 by —1. 
(J || 12 || J’) and (J:I:J’) come from equations (26) and (19) respectively, with 
jrjkn1J, and we get the results of Tables 7 and 8. The quantities in Table 7 
are the coefficients of the operators in the Hamiltonian, and, since there is only 
one spin, the subscripts etc. have been dropped. These coefficients are defined 
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in equation (3). The functions occurring in Table 8 have been defined in: 


equations (9) and (25); explicitly, they are: 
o(1, J) ={3R(L, J)[RU, J) —1] —40(1+1)J +1 OT )s} 
x(I, J)=[0(Z, J) +61, J —1)] eZ, J), 
WL, J)=49(L, J)o(L, J—-1), 
@(J) =[2I (J +1)(2J —1)(2F +3) L .. (39) 
ViP(L, JQ; J—1)} 


es, =~ THQI —1es FI}? 
R(I, J) 
8, = s507 pay’ 


with 

PI, J)= =f--D WV P+ +1); 

O01, NSAI IF rea a ee (40) 
RL JysIU Lyrae eae 


The above results have already been given by Van Vleck (1951) except: 
that here we have a negative sign in the (J | J-+1) matrix elements ; this arises. 


TABLE 7 
THE FACTORS (K | || K’) anp (K | I’| K’) 

K’ K K+il KiA2 
(ESTE) a S+ie B+iy 
car I(J+1)a’ — oo 

SK ise T(J lye ata as 
TABLE 8 


THE MATRICES (J || P || J’) anD (EST) 


J’ J _ J-l J—2 
J ||| 7’ ell, J) (LJ) 4 J) 
(sl) (I, J) elie S) 0 


from our association of J with j, rather than with j, as in Van Vleck’s paper, 
for we have had to be consistent in our notation (cf equations (16) and (18)) 
in order to deal with the cross-product terms (Section III (e)) correctly. 

It will be observed that 


RU, Jol Jol ee (41) 
where C is common notation. Then, 
2I-J 
O(L J = OT (lj 22 Ga ee (42) 


a aa 
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Also, 
41 (2I—1) 

e(I, Sry er J, F), Site (0) inn) fol st 9) (etre aivinw a (43) 
where f(I, J, F), sometimes called “ Casimir’s function ”’, is tabulated by Townes 
and Schawlow (1955, Appendix I). 

For symmetric top molecules the only non-vanishing matrix elements are 
those diagonal in K, and are: 
(JK | H | JK)=[38K?—J(J +1)]ao(I, J) 
Ha I(T +1) +a[8K?— F(T +1) 3010, J), 
(JK | H| J-1K)=—3KVJ?—K* [ox (I, J) +a, J)I, 
(JK | H | J—2K)=89(J, K)g(J, —K)a(L, J). 
Snes Raters (44) 
In an asymmetric top molecule if only a’, a, b, «, and B need be considered 
(because of molecular symmetry or otherwise), the first-order matrix elements 
diagonal in J and +t become (Bragg 1948) : 


Jo (tH | Ja) agp lad Veer Oly e)), se utens (45) 
where 
0,5 Bi. gg Tg) 21 AL —1), 


Cy,5=2M,,<J2>, 

gp = 09K 0°V 092, 
(Ja) =4[I (J +1) +H —(x+1)0E/ex], 
(Ji>=0B |x, 
(Je>=4[J (J +1) —E+(x—1)0H/Axi, 


\ ., (46) 


in which a, b, and c refer to the principal inertial axes, H# is the reduced rigid 
rotor energy, and x is the asymmetry parameter. 
Usually Laplace’s equation 402V/dg?=0 is applied to eliminate one of the 
g 


Xeg 
V. Matrix ELEMENTS FOR Two NUCLEAR SPINS 
(a) Matrix Elements for Similar Coupling: I,1,IJFK Representation 
When the energy of interaction with the rest of the molecule is about the 
same for each nucleus, the most appropriate coupling scheme is (Foley 1947) 


I,+1,=I, ; ini ce aera e nce ea ese (47) 
I+J =F, 


where I is the total spin angular momentum. The intermediate and total 
angular momentum quantum numbers cover the ranges 


eters OT ey.” | Tr, 7. |, 
everett, (J—1 |. 3 


In general J is not a good quantum number. 
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By using the reversed spin angular momenta to give 


tei Sen (49) 
I+F=J, ) 
in the molecular representation [,/,JJFK, and putting n=2 and 
Tdi). J gle Lind oo aeees (50) 


in equation (16), we can write, similarly to equation (38), 
GJIK LHI sd! Kk) =[252i2, st | 1 2 ff || L’)(IF || I’ J’) 
4 Syoa2(K | Gy PK) Gs | IPP 7, 
oat tee eee (51) 


x 
in which 7’=1,[+1,1+2, J’=J,J+1,J+2, and K’=K,K+1,K+2. The 
matrix (JK || J’ K’) has been given in Table 6, and (K | I; | K’) and (K | 1; | K’) 


TABLE 9 


THE Factors (K | I; | K’) ann (K | I; | K’) 


| 
K’ K K+1 KE2 
CST ES) Oy 8, Fie, BiFiyn 
(K | |, | K’) Oy ) S.Fic, PoFiys 
(K| Is | K’) as | Ss Fies BsFixs 
he .§ I(T +1)ai = 
(| 1, | K’) “+ omy d,+ie, b, Fic, 
; z J(J+1)ag : 
(K | lp | K’) EY cm 78 TA d+ ley be ic, 
TABLE 10 
THE MATRICES (LI || Tj || f’) anD (LL-1') 
We i I—1 I—2 
ey, 
(L pe || 2’) o(1y, 2) —24(i, D) $(I,, Z) 
(Z| fil T’) e(L2, Z) 2X (Ip, 1) $Y(Z., I) 
(Z || ae || Z’) 0(7,, LO Lapel) —to(1,, I)+3y(h, I) —30(1,, I) 
(ELT) (Ly, 1) —$o(Ly 2) 0 
(1:1,:I’) O(Z2, L) 39(L2, 1) 0, 


are shown in Table 9, where we have omitted a superscript on the « s ete. since 
there is only one dipole-dipole term. The factors (I || J} || 1’) (with 13=1,1,) and 
(L:1;:I') are obtained from equations (26), (27), (32), (19), and (20), using (50) 
and are shown in Table 10. ; 
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It should be noted that, from equations (11) and (25), 


ic CLL ae ot, es Sone (52) 


(IJ || I’ J’) and (IJ | I’ J’) are obtained by putting st-+>IJ in Tables 4 and 2 
respectively, and need not be rewritten here. 


For an asymmetric top molecule the first-order matrix elements diagonal 
in J and z become (ef. equation (45)) : 


(lJ | H | 1Ft)={o0(L,, 1) +o) (Is, 1) +o [0(1,, 1)—e(L,, I} eI, J) | 
+ [eo 0(L,, I) +e O(L2, DJ0(L, J), 
(IJt | H | I—1J+t)= — Zab eee I) —oF) x (Io, L) 


a9) (lL, L) xh, D)}2n(T, DR, J) 0) fF 
Se — ool Dal (I, J)/47 (J +1), 
(IJx | H | 1-232) =(a, +a —al®) )3U(Z,, T)n(L, Jq(Z—1, J)@(), | 
ea Ae ce a! (53) 
where 
of = DXqy <Sq>/21,(21,—1), ) 
g 
ais, = — (Bunga) [Erol ><Iq> — 4) T (J +1) ], | 
g . (54) 


p= EM gg Tos 
g 
1) =0,<0°V Ag", 


the <J?y being defined in equation (46) and r standing for 7,5. 

When J,=J, the quadrupolar parts of equation (53) reduce to the matrix 
elements of the special cases discussed by Robinson and Cornwell (1953) and by 
Ramsey (1956, pp. 63, 83). 

If the two spins are equal and have equal couplings «,, the matrix elements 
of the quadrupole coupling off-diagonal by 1 in I will vanish. If also the spins 
are symmetrically placed in the molecule, as, for example, in C2, molecules, 
energy levels with total spin J differing by one unit cannot exist simultaneously 
for a given symmetry of J and t, hence the off-diagonal matrix elements (I | I +1) 
can connect only states which also differ in J and/or K. In general, then, if 
this spin symmetry exists, these (J | J--1) contributions to the hyperfine energies 
will be off-diagonal in the rotation energy and may usually be neglected. However, 
in a symmetric top molecule levels of different K are degenerate, and the coupling 
between such states will be first-order, so the splitting may be appreciable, as. 
in the case of ammonia (Gunther-Mohr, Townes, and Van Vleck 1954). 

The relative intensities of transitions between hyperfine components. 
described by this coupling scheme can be computed by the method described 
by Robinson and Cornwell (1953). 

The effects of matrix elements off-diagonal in J may be calculated by 
perturbation theory ; in many cases the comparatively large spacings of rotational 
energies will enable these effects to be neglected. 
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To first order, only the diagonal elements of the tensor ree contribute to 
the energy (Bragg 1948). If the principal axes of this tensor do not coincide 
with the inertial principal axes a, y, and z, then, in higher order, the off-diagonal 
elements may have to be taken into account. 


(b) Matrix Elements for Non-similar Coupling: LJF,1,FK Representation 
When one spin (I,) is more strongly coupled to the rotation than is the other 
it is usually more convenient to use the coupling scheme (Bardeen and Townes 
1948a) 
J+=F, ) 


BEI ici ern Pes (55) 
F,+1,=F, ) 
with 
Ri=JAE SERS A. ) (56) 
F=P, 41, #,4-1,-1;.. -,) 4. 5) 


In such a representation the general matrix elements of the Hamiltonian become 
rather more complicated than the previous example, because of the lack of 
symmetry between I, and I,: 


(Py EK | A Pid) 
(K || KV || Fi ue )+(K | be | RVC, || 22 |] Pied || Fig”) 
+(K | ly | K')(Fyle: Fi) PW || Pid’) +(K,| | EFL’) 
CN | CL Ges | Pio Ae (57) 
with (K | I, | K’) » (K | I; | K’), and (JK || J’ K’) already given in Tables 9 and 6, 
respectively, ( (J j T; || J’) and (F, || Z || Fi) given in equation (26), (J:L,:J’) and 


(F,:1,:F)) given by equation (19), and (FJ | FJ’), (F,J || Pid’), and (FJ || FiJ’] 
obtained from Tables 2, 4, and 5 respectively. 


The matrix elements diagonal in J and 7 are (ef. equation (53)) : 


(FJ | H | P,It) =a) 0(Li, J) +a?) 0(Lo, F,)e(F,, J) 
+al§) O(I2, F,)(6(F,, J) —e(Fy, J)] 
+e) O11, J) +eP) O(I2, F,)0(F,, J), 
(F,Jz| H|P,—1J2)=— 30) (Ty, F,) (Fy, RF, 1, J) +(F, 1) ®() 
+30), (I, F,)4(Fy, J)[(8R(F,—1, J) +3F,—4J (J +1)] OJ) 
—e9) @(Ls, Fi) 4(Fi, J)/4d (J +1), 
(F Jt | | F,—257) =3aP) b( I,, Fy) y(F, J)q(F,—1, J)OV). 


When the coupling of nucleus 2 is much less than that of nucleus 1 it is 
frequently a good approximation to ignore the matrix elements off-diagonal in 
‘Ff, when also the relative intensities of transitions are readily obtained from 
tables such as in TAS. 
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VI. CONCLUSION 
It will be apparent that for any number of nuclear Spins the matrix elements 
of the Hamiltonian can be written down from the above results and converted 
to numerical form for particular values of the quantum numbers. However, 
it is another matter to determine in advance which of these matrix elements 
vanish because of the symmetry of the molecule. 


The choice of a suitable representation which will simplify diagonalization 
of the resultant matrices depends on the specific problem, and has been discussed 
for some examples by Bersohn (1949). 
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THE TOWNSEND IONIZATION COEFFICIENTS IN CROSSED 
ELECTRIC AND MAGNETIC FIELDS 


By H. A. BLEvin* and 8. C. Haypon* 
[Manuscript received October 22, 1957] 


Summary 


An expression is obtained for the first Townsend ionization coefficient in uniform 
crossed electric and magnetic fields, and shown to be in better agreement with observation 
than previous theoretical expressions. The “equivalent pressure’ concept for the 
effect of a transverse magnetic field on this coefficient is shown to be a valid approach 
to the problem, although the value for the equivalent pressure obtained in this analysis 
differs from the values given by earlier authors. 


The effect of a transverse magnetic field upon the second Townsend coefficient is 
discussed in greater detail than hitherto, and the possibility of differentiating by this 
means between the secondary processes operating is discussed. 


I. INTRODUCTION 

The mechanism of electrical breakdown of gases in uniform static electric 
fields is now well established in terms of the growth of current equations based 
on the first and second Townsend ionization coefficients, « and w/a. The more 
complex situation in the presence of crossed electric and magnetic fields is not 
so well understood, however, and previous attempts (Wehrli 1922; Valle 1950; 
Somerville 1952 ; Haefer 1953) to explain the observed breakdown characteristics. 
have not been entirely satisfactory. Hach of these investigations has been 
concerned with the influence of a transverse magnetic field on one or both of the 
Townsend ionization coefficients. 

Webrli made calculations of the first Townsend coefficient in uniform crossed. 
electric and magnetic fields, basing his theory on the assumption that all electron 
collisions with gas molecules are completely inelastic and that the free path J is 
constant for all electrons. In this case, an electron will describe a cycloidal 
path between collisions. 

The distance Ul’ travelled in the direction of the electric field H (V/em) will 
then be 

Val ( Ve elt S 108 En) ees eee (1.01) 


H being the magnetic intensity in oersteds, e and m the charge (e.m.u.) and mass. 
(g) of an electron. When the magnetic field is absent, J’=/ and, since only the 
component of the free path in the direction of the field E affects the kinetic 
energy of the electron, Wehrli concluded that, in this sense, the effect of the 
magnetic field is equivalent to an increase in the pressure to a value p,, where 


p.=p|(1—eH*l/8 x 108m). .......... (1.02) 


* Physics Department, University of New England, Armidale, N.S.W. 
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Valle inserted this “ equivalent pressure” p, into Townsend’s approximate 
expression for «/p in static electric fields, namely, 


CP AsOxD (= Bp): Wao a. oe le hea (1.03) 


and so obtained an empirical relationship for « in a magnetic field. Neither of 
these authors considered the effect of the magnetic field on the secondary 
coefficient. 

Valle’s theory has been discussed in detail by Somerville (1952) and Haefer 
(1953) and they have shown that the neglect of the distribution of free paths 
about the mean is the cause of many of the major qualitative differences between 
the theoretical and observed values of sparking potentials in crossed electric and 
magnetic fields. By considering this distribution of free paths, Somerville 
obtained an improved form of the equivalent pressure concept, which is in 
better though not entirely satisfactory agreement with experiment. 


As an alternative approach, Somerville (1952) and MHaefer (1953) 
independently derived a new expression for «/p in crossed fields without resorting 
to the equivalent pressure concept. This derivation was based on the assumption 
of completely inelastic collisions and an ionization probability of unity for all 
those collisions for which the electron energy is greater than the ionization 
energy of the gas molecule. Their expression is 


a/p=A sinh {(a/2l)4/(1 —4BL/Ea)}/¢(1/a) sinh (a/21), .. (1.04) 


where a is the length of a complete cycloidal arch described by an electron 
starting from rest, i.e. a=8 x 108Hm/eH?, 
I, is the mean free path at 1 mm Hg pressure (L= pl), 
A,B are the empirical constants occurring in equation (1.03), and 
(@)=coth (1/2”) —2z. 


Furthermore, Somerville has shown that, provided 4BL/Ha<1, this 
expression for «/p leads to sparking potentials not greatly different from those 
deduced from his modification to Valle’s theory, but that for 4BL/Ha>1 the 
theory breaks down completely, because the maximum energy gained over a 
cycloidal path by an electron starting from rest is then always less than the 
ionization potential of the gas, and, with the assumptions made, no ionization 
can then occur. In this case an adequate theory must take account of the 
possibility of an electron obtaining sufficient energy to ionize as the result of 
energy gained over several free paths. 

Somerville (1952) and Haefer (1953) further extended their investigations 
to include the effect of a transverse magnetic field on Townsend’s secondary 
coefficient w/«, but limited their discussion to the case when positive ion action, 
either at the cathode or in the gas, is the only secondary process. In this case 
the problem is greatly simplified, since the magnetic field has little influence 
on the motion of positive ions in the gas and consequently their energies will 
not be changed appreciably except at very high magnetic field strengths. For 
this simplified case, the problem reduces to an investigation of the effect of the 
magnetic field on the secondary electrons produced at the cathode by the positive 
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ions. The magnetic field causes these electrons to move in cycloidal paths and 
they may be recaptured by the cathode, thus effectively reducing w/«. 


All these previous theories have approached the problem through the study 
of individual electron trajectories in the gas. They have entailed some drastic 
simplifying assumptions, however, and, while qualitative agreement with 
experiment is reasonably good, quantitative agreement is far from satisfactory. 
This is hardly surprising when it is realized that, as yet, a satisfactory theory 
has not been derived on this basis even in the absence of a magnetic field. In 
view of this, a new approach is made to the problem in the present analysis and 
consideration given to the ‘“‘ bulk ”’ properties of the electron avalanches, such as 
electron mean energy, drift velocity, and the distribution function for the electron 
energies. 

In the absence of a magnetic field, this approach leads (Emeléus, Lunt, 
and Meek 1936) to the following expression for the first Townsend coefficient, 


alp= KW * PUVAVALFORLI cocs eee (1.05) 
0 


where K=v7/(e/150m) and is constant, 
W is the electron drift velocity, 
P(V) is the ionization efficiency of electrons with energy V, at 1 mm Hg 
pressure, and 
f(V) is the distribution function of the electron energies. 


In order to extend this approach to the case when a transverse magnetic 
field is present, it is necessary to determine the influence of the magnetic field 
on the quantities occurring on the right-hand side of equation (1.05). One may 
then obtain a new expression for «/p as a function of H/p and B/p. 


II. THE INFLUENCE OF A TRANSVERSE MAGNETIC FIELD ON THE ELECTRON 
AVALANCHE 

In order to analyse the influence of the magnetic field on the properties of the 
electron avalanche, it is necessary to know the variation of the mean free path 1 
with electron velocity wu. The assumption usually made is that / is independent 
of wu, and for some gases (notably air) this is approximately true. For hydrogen 
and helium, however, a more valid assumption is that / is proportional to u 
(von Engel 1955). Since the values of the Townsend coefficients in static electric 
fields are best known for hydrogen, experimental work in these laboratories 
has been carried out using this gas so that, in what follows, the assumption is 
made that //u (=, the mean free time) is constant for a given pressure. The 
error introduced by using this assumption for other gases will be discussed at a 
later stage. 


When only the electric field H# is present, any quantity Q under discussion 


will be denoted by Qo, xj»; when both H and £ are present, the quantity will be ° 


denoted by On)», Elp: 
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(a) The Electron Drift Velocities, Wo, n/p and Wup, sp 


For the particular case when the mean free time is constant, the drift velocity 
Wo, zp is given by 
Wo, ep =LHeL |m. € 16 e] 8isrie. 6 610 6 0 6, eile ete (2.01) 


This expression was first derived by Pidduck (1913) and has been obtained 
more recently by Davidson (1954) and Huxley (1957a), using different methods 
of derivation. . 

An expression for the corresponding drift velocity Wap, z/) in the presence 
of a transverse magnetic field has been obtained by Huxley (19576) assuming 
that /=f(u), and, for the particular case when 1/u=T, his result reduces to 


E wT 
Wup, E/p Pay 1+w2T? ey ( ° 


where w=He/m. 

This same result can be obtained by a rather different method, which is 
given in Appendix I, because this particular approach will be used later when 
discussing the influence of the magnetic field on the secondary coefficient. 


From (2.01) and (2.02), 
Wo, Elp| Wap, E|p =I +w?T?. a rele talien oiieaiehel(el eysie (2. 03) 


Also wI=HeL/mpu, so that for a given gas 

POE Dee ND ) oy os v cctes ete eon 3 Es (2.04) 
where C is constant {=(eL/mu)?}. 
Substituting for w?7? in equation (2.03), 


Wo, zip] Wap, ep =1+C(H|p)?. «2... 00s. (2.05) 


(b) The Velocity Distribution 
The precise form of the velocity distribution of electrons in crossed electric 
and magnetic fields is not known, except for the particular case when the collisions 
between electrons and gas molecules are elastic. Allis and Allen (1937) have 
shown that the distribution function can then be written as 


flu) = Ayu? exp (2 | c/e2.de + [H?/me?] | ac), .. (2.06) 


where e=4mu? and ¢,—ELel. 
When the mean free time is independent of wu, the integrals in equation 
(2.06) can be evaluated to give 


3m>— (1-++-w?T?) 
flu) Agu? exp | Si Bier? ar eke ein (2.07) 


so that the distribution of electron velocities is Maxwellian. The distribution 
is Maxwellian whether the magnetic field is present or not, the effect of the 
magnetic field being the same as if 7 were replaced by T/+/(1+w?Z*). Since 
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T depends only upon the actual gas pressure (at a given gas temperature) and 
T =L|pu, the effect of the magnetic field on the distribution function is equivalent 
to an increase in pressure by the factor 1/(1+w?Z?). Thus in this particular 
case, the magnetic field has no influence on the form of the distribution but only 
reduces the mean electron energy. 


Whether this conclusion is valid when inelastic collisions occur remains 
to be determined. It is of interest in this connexion, however, to note the 
results of a recent redetermination of theoretical values of («/p)o, zp in hydrogen 
(Blevin and Haydon 1957) showing that for this gas the distribution function 
may be assumed to be approximately Maxwellian. For hydrogen, then, the 
‘‘ elastic collision’ theory cited above seems to fit the experimental results 
quite well even when inelastic collisions take place. Consequently, it will be 
assumed that the magnetic field does not affect the form of the distribution 
function, but has the effect of reducing the mean energy. 


(c) The Mean Electron Energy 
If the mean electron energy is V when both the magnetic and electric fields 
are present, then, for equilibrium, the average energy gain per free path must 
equal the average energy loss at collision, that is, 


FIG ANUV) Va. 6h. ae ee ee (2.08) 


where y is the average distance travelled in the direction of the field H between 
collisions, and A(V) is the average fractional energy loss at collision when the 
mean energy is V. For a given gas 4(V) depends only upon the distribution of 
energies, and consequently, using the assumption of the preceding section 


regarding the distribution function, will be independent of H. 


Now 
y=T.Wapp, Bip 
L 
Sag ae Bip. oer (2.09) 
From (2.08) and (2.09) 
> es - 
a sale W atin iio = ACV Vo tee ee (2.10) 


Since \(V) is independent of H, 4(V).V may also be thought of as the average 
energy loss at collision in a different situation in which there is no magnetic 
field, and some different value of E/p prevails. Let this value be E/p’. 


In this case, the equilibrium condition becomes 


Hz=)(V).V, om oe eee eee (2-11) 
where z=T7.Wo, xp or 


gu=(L/p/4t). Worn ae tee (2.12) 
From (2.11) and (2.12) 


(EL|p'u).Wo, zip =MV)Vo on ee esa (2813) 
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Comparing (2.13) and (2.10) shows 
P' [p= Wo, zp’|Wap, El[p seserecees (2.14) 


= Wo, E|/p’: Wo, E/p 
Wo, zip: W ap, Bip 


Now from equation (2.01) Wo, z/p/Wo, zip=p/p', so that 


p' /p=V/ (Wo, alWaip, zp). «+++ (2.15) 
Using (2.05) 


p'=pV{(1+C(H/p)}.  ... eee (2.16) 


From the definition of p’ it follows, then, that in crossed electric and magnetic 
fields the electrons behave energetically as they would if only the electric field 
were present, and the pressure were increased from p to p’. 

Townsend and Gill (1938) have also derived an expression for the “‘ equivalent 
pressure ’’ by a consideration of the number of collisions made by an electron 
when advancing unit distance in the direction of the electric field. Since their 
result differs from equation (2.16), it is necessary to examine their work more 


closely. 
When there is no magnetic field, the number (n,) of collisions made by an 
electron moving unit distance in the direction of # is given by 


N4=(Wo, Biged)at. 50 Goo OSs Ogu mood o (2. 17) 
With the magnetic field present, the number of collisions becomes 


N2=(Wayp, zp-T), 
or, using (2.05) 
ie el ig CCH p81 (ON nig ae ee (2.18) 


Townsend and Gill obtained this result and by comparing (2.17) and (2.18) 
concluded that the magnetic field has the same influence in this respect as would 
a decrease in 7 by the factor 1+C(H/p)’, or, since T=L/pu, an increase in 
pressure by this factor. However, this makes no allowance for the change in 
the drift velocity which would take place if the pressure were increased. 


Using equation (2.01), the result given in (2.17) becomes 
= (UL \p EB (efm)\(Lit)s= 6.06 ceded esses dee (2.19) 

Similarly (2.18) becomes 
Na=(u/L)p*{1 +C(H/p)?}/E(e/m)(L/u). «+++ (2.20) 


Comparing equations (2.19) and (2.20) now shows that the magnetic field 
is identical, in this respect, with an increase in pressure by a factor +/{1 +C(H/p)*}, 
in agreement with equation (2.16). 
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III. CALCULATION OF («/P)a/p, E/p 
It is now possible to calculate («/p)z/p,z» by way of equation (1.05), 
that is, 


(#/P an, sn=K(Wap.in)*) | : P(V)-V.AV).AY | . (3.01) 


4) 
Vv 
where the subscript V means that the integral is to be evaluated for this mean 
energy. 

It also follows from equation (1.05) and the discussion of Section II (c) 
that 


(=/P)o 3g = KWo, ax | * P(V).V+.f(V).aV \ .. (3.02) 
0 


4 


where p’ is determined by equation (2.11). 
From (3.01) and (3.02) 


WwW. j 
(a/D) ap, a “(alp)o, wigs) enemies eee (3.03) 


or, using (2.14) and (2.16), 


(a/D)a1p, Ep = V {1 +C(H/p)?}.(/P)o, Bip’s sere ee eeee (3.04) 


For many gases and over a considerable range of the parameter H/p (von Engel 
1955), 

(a0/D \o- grip — Ae xp — Bp hl), ies now ee ee ree (3.05) 
so that 


(%/P)o, wip’ =A exp [—B(p/E)V/{1+C(H/p)*}]. .... (3.06) 
Equations (3.04) and (3.06) then yield 


(«/D ap, Ep =A {1+C(H/p)*} exp [—B(p/E)./{1+C(H/p)}].  .. (3.07) 


Thus by comparing equations (3.05) and (3.07) it can be seen that the effect on 
the first Townsend coefficient of the addition of a transverse magnetic field is 
the same as an increase in pressure by the factor ./{1+C(H/p)*}. 


Should the empirical relationship given in equation (3.05) be invalid for a 
particular gas, then equation (3.04) can be used, («/p)o, zp being evaluated 
from experimental results. 


Also equations (3.03) and (2.14) show that 


(&/D )a/p, Hip =(P'|P)(«/P)o, Hip’ 


As these two equations depend only upon the assumption that the magnetic 
field does not alter the form of the distribution function, it would be expected 
that, if this assumption is valid, the ‘‘ equivalent pressure ” concept is justified 
for the general case when L=f(u). Following the discussion of Section IT (b), 
however, the assumption that the form of the distribution function is unchanged 
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depends upon the condition Z/w—constant, and it seems unlikely that these two 
assumptions can be divorced. 

It should be emphasized that, in applying the results of the above analysis 
to pre-breakdown currents in uniform fields, a distinction must be made between 
the spatial and temporal variations, owing to the fact that the drift velocity, 
collision frequency, and consequently the electron transit time, are different. 
in the following two systems : 


(i) Magnetic field=H, 
electric field =H, 
pressure Ob 

and (ii) magnetic field=0, 
electric field =H, 


, 


pressure =p. 


This means that although, as far as the primary ionization is concerned, 
the same electron multiplication takes place in a given distance, the time taken 
for this multiplication to be achieved is different in the two systems. This 
situation originates from the fact that when L/u is constant the average time 
spent between collisions depends only upon the actual gas pressure. 


IV. COMPARISON OF THEORY AND EXPERIMENT 

The only measurements of («/p)a/p,z/p available for comparison with the 
theory are those made in hydrogen in these laboratories (Blevin 1956) for 
50 <H/p <150 V cm-! (mm Hg)-1, and for H <700 oersteds. The hydrogen used 
in these experiments was admitted to the vacuum system by diffusion through a 
palladium thimble. The ionization chamber was not baked out, however, and, 
as a diffusion pump was not used, the lowest pressure obtainable in the system 
was about 10-3 mm Hg, so that the gas possibly contained small amounts of 
impurities. 

The values of A,B used in (3.07) for the calculation of («/p)z)p, zp were 
5-6 and 141 respectively, corresponding to the measurements of («/p)o, z/» made 
in the same apparatus. These measurements are in good agreement with other 
recent determinations of («/p)o, zp (Blevin, Haydon, and Somerville 1957). 

The value of O to be used in equation (3.07) can be determined by several 
methods. 

(i) Since C=(eL/mu)? and e, m are known, it is only necessary to find 
L/u. This may be calculated from collision cross-section data such as those 
determined by Ramsauer (1921) and Brode (1925). 

(ii) Microwave measurements of the properties of electric discharges in 
hydrogen enable the collision frequency v,=u/L (at 1mm Hg pressure) to be 
determined (Rose and Brown 1955; Udelson, Creedon, and French 1957), and 
hence C. 

(iii) Equation (2.01) shows that Wo, zjp—=/C.E/p, so that by taking a 
linear approximation to experimental values of the drift velocity, C and v, may 
be calculated. A summary of determinations of the electron collision frequency 
v, by these methods is given in Table 1. 
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That the values of v, obtained by these various methods are different is to 
be expected, because a collision between an electron and a molecule is defined 
differently for the different methods (Healey and Reed 1941). For the deter- 


TABLE 1 


COMPARISON OF COLLISION FREQUENCY MEASUREMENTS 


Method Author v, Xx 10-* sec} 
Collision cross-section data Ramsauer 5-9 
Collision cross-section data Brode 3°6 
Microwave measurements Rose and Brown 4-85 
Microwave measurements Udelson, Creedon, and 4°6 
French 
Drift velocities (As in text) 3-6 
TABLE 2 


COMPARISON OF EXPERIMENTAL AND THEORETICAL VALUES OF “H/p, E/p/%o E/p 


E/p=50, p=5:17 mm Hg E/p=70, p=5-17mm Hg 


XH /p, Ep! %0, E/p “Hp, E/pl *0, E/p 
H|B H|E 
Expt. Calc. Expt. Calc. 

0-5 0-976 0-986 0-5 0-988 0-985 
0-8 0-954 0-966 1-0 0-940 0-942 
1-0 0-940 0-947 1-5 0-855 0-873 
1-5 0-880 0-886 2-0 0-789 
2-0 0-815 0-809 3-0 0-597 
2-5 0-720 

3-0 0-629 


E/p=100, p=2-52 mm Hg E/p=150, p=2-11 mm Hg 


a lo a 104 

ae H|p, E/p!%0, E[p ae H|p, E|pl%0, E/p 

Expt. Calc. Expt. Calc. 
0-5 0-989 0-987 0°5 1-02 1-001 
1-0 0-945 0-947 1-0 0-985 0-989 
1:5 0-870 0-881 1:5 0-895 0-937 
2-0 0-766 0-797 2-0 0-754 0: 855 
2-5 0-633 0-697 3-0 0-637 
3-0 0-591 
4-0 0-405 
5-0 0-260 


mination of the effective cross section a collision is defined as an event in which 
an electron suffers an appreciable change either in direction of motion or in 
velocity, whereas for the drift velocity analysis, a collision is defined as an event 
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in which, on the average, an electron loses all its momentum in any specified 
direction. Since the constant © has been introduced into the theory by a 
consideration of the electron drift velocities, it seems appropriate to select 
v,=3°6x10°, or C=2-4x10-5, 

Experimental and calculated values of azjp, zjp/%0, gp are given in Table 2 
for various values of E/p in the range 50 <E/p<150. Figure 1 shows the nature 
of the agreement between the present theory and the observed values, together 
with the theoretical values of Somerville and Haefer (cf. equation (1.04)), for 
H/p=50. It can be seen that even at large values of H/E, where the latter 


0-8 


a 
H/p, e/p/ a. E/p 
lo) 
a 


ie 
B 


>t 


O-2F 


° o's 1:0 5S 2:0 2xo: 3:0 
H/E (OERSTED CM/V,) 
Fig. 1.—Theoretical and experimental values of p/p jp in 
hydrogen for H/p=50 V cm-! (mm Hg)-!. x Experimental values. 
—:— Present theory. Equation (1.04) (cf. Somerville 1952 ; 
Haefer 1953). 


theory predicts zero values of («/p)z/p, zp, the present theory is in good agreement 
with observation. The calculated values are quite sensitive to the value chosen 
for v, because v2 appears in the calculation, so that the accurate measurement 
of («/p)z/p, x/p in pure hydrogen might well be used as the basis of the deter- 
mination of v, in this gas. 


V. TOWNSEND’S SECONDARY COEFFICIENT 

The secondary processes acting in an electric discharge can be denoted by 

a generalized coefficient «w/« (Llewellyn-Jones and Parker 1950). When only 
positive ion and photon action at the cathode are important, 


C—O] ly Haale co ois cess 0 os (5.01) 
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where y is the average number of electrons liberated from the cathode per incident: 
positive ion and 9 is the average number of electrons liberated from the cathode 
by the photons created in the gas when an electron moves 1 cm in the direction 
of the electric field. Equation (5.01) is valid, for instance, in low pressure 
discharges in hydrogen (Morgan 1956), for which gas it has already been shown 
in Section IV that the present theory for the first Townsend ionization coefficient. 
is applicable. 

Equation (5.01) does not take into account, however, the probability that 
electrons set free by either of these processes may be scattered back to the cathode 
after a collision with a gas molecule, and be captured there. If k is the fraction. 
of secondary electrons which remain free in the gas, then 


o)x—=hly eo] a)e ek. a eee (5.02) 


(a) The Recapture Coefficient, k 

In the presence of both an electric and a transverse magnetic field there are: 
two mechanisms by which electrons leaving the cathode may be returned there 
and recaptured. 

(i) Electrons colliding elastically in the vicinity of the cathode can have 
sufficient energy to travel against the field H back to the cathode and be recap- 
tured. Let the fraction of electrons which escape recapture by this mechanism. 
be k,. If only # is present, then, at those values of H/p where ionization is 
appreciable, k, remains nearly constant (Theobald 1953) with increasing E/p, 
so that little error is introduced by assuming that k, is independent of E/p, 
and, consequently, of the electron energy. Thus, although the presence of the 
magnetic field changes the mean electron energy, k, can be assumed independent 
of H for sufficiently high values of #/p. 

(ii) There is a second loss mechanism which is not present in the absence of 
H, namely, loss of secondary electrons which do not suffer collision in the gas. 
but return to the cathode under the action of the magnetic field. Let the fraction 
of electrons which escape recapture by this means be denoted by k,. This 
process has been investigated by Somerville (1952), but slight modification of 
his theory is required when the mean free time rather than the mean free path 
is considered to be constant. 

If ¢’ is the time required for a secondary electron liberated from the cathode 
to return there, the number of electrons N(t’) travelling for this time without. 
collision is (cf. Appendix I, equation (A2)) 


Nt j=Ng exp 1 — 2) cae (5.03) 
where N, is the number of electrons leaving the cathode. Consequently the: 
fraction of electrons remaining free in the gas is given by 

1—WN(t')/Nj>=1—exp (—?’/T), 


and, if r is the probability that an electron will be reflected from the cathode,. 
then from (5.03), Nor exp (—t'/T) electrons will leave the cathode again, and a. 
fraction r{exp (—t’/T')}{1—exp (—+t’'/T)} of these will collide and remain free in 
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the gas. The value of k, is obtained by summing these fractions over an infinite 
number of reflections, giving 


Ka—{1 —exp.(—?'/T)}/{1 —r exp (—t'/T)}. .......... (5.04) 
Now if it is assumed that the electrons leave the cathode with zero velocity, 


the distance a; travelled in the direction of the electric field is (cf. Appendix I, 
equation (A1)), 


(1—cos wt), 


cee 
“w A 


but, by the definition of ¢’, 4,=0 when t=t’, or 


ge MM a eee hn dish eA es Ne 5 oa kik AERA (5.05) 
From (5.04) and (5.05) 
ko={1—exp (—2z/wT)}/{1—r exp (—2n/wZ)}. .... (5.06) 


The coefficient k in equation (5.02) is then given by 
De ee ines Sate ies ni sista ord t= IE mies on ee ee oe cer tock (5.07) 


(b) The Variation of y with Magnetic Field Strength 

For a given gas and cathode surface, y will depend only upon the energy 

of the positive ions reaching the cathode. However, the magnetic field has little 

effect on the motion of positive ions in comparison to the effect on electrons, 

because of the much greater mass of the ions. Equation (2.16) shows (when C 

is evaluated for positive ions) that the ‘ equivalent pressure’ for the ions is 

very little different from the actual pressure, except for large values of H/p. 
With this restriction, 

YH/p,E/p—Y0, E/ps ses see eeeeees 


The limiting value of H/p for which this is valid must be evaluated for each gas. 


(c) The Variation of 8/« with Magnetic Field Strength 
At low pressures when photon absorption in the gas is negligibly small, 
8 can be written in the form 
es Meet es Sg ee einai Sou (5.09) 
where @ is the average number of photons produced by an electron moving 1 cm 


in the direction of the electric field, 
g is a geometrical factor determining the probability that a photon 


will reach the cathode, and 
7 is the probability that a photon reaching the cathode will liberate an 


electron. 
By analogy with equation (1.05), the excitation coefficient 0 is given by 


(8/p)o, zip =K(Wo, zip) * le POV) Va) aV.) 1s (9.10) 


e 
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where P’(V) is the efficiency of excitation. Proceeding in the same manner 
as for ionizing processes, it follows that 


(0/2 )ap, Ep =(P'|P)(9/D)o, zyp’- io S660 a walle 2 a eleva b) eres (5.11) 


Now 7 will depend upon the energy of the incident “photon and, when 
there are photons of different energies present, upon the relative abundance 
of photons in each energy group. 

When excitations occur to different energy levels, P’(V) in equation (5.10) 
can be replaced by Pi(V)+P2(V)+. . .+P;(V), where P,,(V) is the excitation 
efficiency for the nth level. Thus, if (9;)o, zp is the number of photons produced 
which have energies characterized by the jth level of the gas molecule, then 


ao 


(9;/P)o, x =K(Wo, ol] ECV eV ssfrr fay 


and similarly, 


(41D o aie =K(Wo,219)*| P;(V).Vif(V).dV, 


so that 


(,/9.),20=|_ pyvy.vag nav] | PAV ).V ¥f(V)-dV a8 | ere (Oe ke) 


By a similar procedure, the ratio (0;/0,)z/p,z;» can be found, giving an 
equation similar to (5.12) but in which the integrals on the right-hand side must 
be evaluated for a different: mean energy. It has already been shown that this 
mean energy corresponds to the case when there is only the electric field present, 


but the pressure is increased from p to p’. It follows, therefore, that, 
« 


(0,/0,) i, Biv =(0,[O,)0, tips +> vase eee (5.13) 


This result means physically that the relative abundance of photons in the 
energy groups is the same in the presence of both # and H, as in the case when 
only # is present, provided that the pressure is increased from p to p’ in the 
latter case, that is, 


YH|p, Bip NO, Blp’s = te ee ew ee eee ee (5.14) 


The value of g for a given electrode configuration depends only upon the 
manner in which the production of photons is distributed throughout the 
discharge space. In crossed fields, the number An(a,) of photons produced by V 
electrons moving a distance Aw in the direction of the electric field, having already 
travelled a distance «, from the cathode, is 


An(a,)=N 5 On /p, Elp Ney 
If N, electrons originally leave the cathode, then 


Xy 
N=N,. exp if “Hp, Elp « ae, 
0 
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and 


ie 5 
An(2,)=N, : On/p, Elp - exp if XH |p, E/p + ee . AG. 
0 


Similarly the number of photons produced by electrons moving a distance 
Aw at a distance x, from the cathode is 


% 
An(a,)=N, - Op, Elp - EXP i{ Hp, E/p - de, JAR, 
0 


so that 
An(#,)/An(a,)=exp | a, Bip Sg sranstepe tars cciceahees (5215) 


From (2.16), (3.04), and (5.15) 
te 
An(x1)/An(#,.)=exp if Xo, sive, 
% 
and it follows that the distribution of photon production in the gap when both E 


and H are present is the same as when only £# is acting, but the pressure is 
increased from p to p’, that is, 


GH |p, Elp 90, Blp’> ee eee seer ee we evans (Ds 1 6) 
Combining equations (2.16), (3.04), (5.09), (5.11), (5.14), and (5.16), 
(Src nap te ip = (0) OO mia'a aka ies =v aes Ghats oan (5.17) 
or, using (5.02), (5.07), (5.08), and (5.17), 
(co/&)o, ep =Kr{Yo, wip +(8/%)o, wp}y «+++ eee ees (5.18) 
and 
(co/&)zr/p, Bip =K yk of Yo, lp +(8/%)o, uyp’}+ +++ +s (5.19) 


VI. THE SECONDARY COEFFICIENT FOR SMALL H/p 
Equation (5.06) shows that for small values of H/p the recapture coefficient 
k, is very close to unity, so that equations (5.18) and (5.19) can be written as. 


(co/a)o, E/p —(@/&)z/p, E/p =k, {(8/a)o, E/p —(3/a)o, Elp’}- sree (6.01) 


Furthermore, if the fraction of the secondary coefficient due to photons is 
known at any value of H/p, that is, the ratio k,(3/w)o, zp—=f (Say) is known, 
then equation (6.01) may be rewritten 


(0/0) 2p, Bip —(1 —f)(@/&)o, zp =41(8/&)o, ayy’. 


It follows then that if a value is assumed for f at a given H/p (obtained, for 
instance, from measurements of the formative time lag of breakdown (Morgan 
1956)) it is possible, by measuring the total secondary coefficient w/« with and 
without a transverse magnetic field present, to determine the photon contribution 
k,(8/a)o, zp’ at a value E/p’. By repeating this procedure the actual contribution 
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due to photons can be determined at any lower value of H/p. In this way the 
fractional contributions obtained by measurements of the formative time lag of 
breakdown, in the absence of a magnetic field, may be checked. 


VII. CONCLUSIONS 

The above theoretical investigation has shown that the presence of a 
transverse magnetic field has the same effect on many of the ‘* bulk properties ” 
of an electron swarm in hydrogen as would an increase in the gas pressure. This 
equivalent increase in pressure has been determined and used to evaluate a 
theoretical expression for the first Townsend ionization coefficient in hydrogen 
which has been shown to be in good agreement with recent experimental 
determinations. 


TABLE 3 
VALIDITY OF EQUIVALENT PRESSURE CONCEPT 
Actual Situation Equivalent Situation 
Property Associated with Electron Transverse magnetic | Transverse magnetic 
Avalanche field =H field =0 
| Uniform electric Uniform electric 
field =H field=E 
Gas pressure =p Gas pressure =p’ 
Distribution function - Pi a areel f(V) f(V) 
First Townsend coefficient En me ie od 
Collisions/em of drift one ote rae Be n n 
Excitation coefficient i) i) 
Photo-emission probability as Ss Sc" | #1) 27 
Geometrical factor as as a ip g g 
Drift velocity 56 ae ni -. | Ww (p’/p)W 
Collision frequency . . ae oF = os ve | (p’/p)v, 


The detailed discussion of the secondary coefficient w/« has also shown that, 
for small magnetic fields, the equivalent pressure concept is applicable to the 
influence of H on the photon contribution. It is not applicable to the influence 
of small magnetic fields on the liberation of electrons by positive ion bombardment 
of the cathode. As the magnetic field increases, the recapture of secondary 
electrons by the cathode becomes increasingly important, so that w/« is diminished 
owing to this effect. 

The extent to which the equivalent pressure concept developed in this 
analysis is valid is summarized in Table 3. It may be seen that the concept 
may be validly applied to all aspects of the spatial growth of currents which 
depend only on the first six quantities listed in the table. However, owing to 
the fact that the electron transit time is not identical in the two systems, an 
analysis of the temporal growth of pre-breakdown currents cannot be treated in 
terms of the particular value of the equivalent pressure derived in this analysis. 


A further paper relating the present theory to breakdown characteristics 
in crossed fields is being prepared. 
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APPENDIX I 
The Drift Velocity of Electrons in a Transverse Magnetic Field 
Consider an electron moving in a gas, at pressure pmm Hg, under the 
influence of a uniform electric field # in the 0# direction and a uniform magnetic 
field H in the 0z direction. 
Putting He/m=w, the equation of motion for the electron is (see e.g. Healey 


and Reed 1941) 
@,=(1/w)[{(E/H —u,)} {1 —cos wt} +u, sin wt}, ..... (Al) 


where 2, is the distance travelled in the 0 direction in time t, and u,, wv, are the 
initial velocities in the 0, Oy directions. 

Now, if the mean free time 7 is independent of uw, then the number (dN) 
of collisions made by WN electrons in a time interval df, is 


dN=—N(dt/T), 


or 
Weg GP (—t/L), weverseceusvsoen (AZ) 


where N, is the total number of electrons. 


D 
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If a collision is defined as an event in which, on the average, an electron 
loses all of its momentum in any specified direction, then averaging for initial 
velocities in (Al) gives 

L,=(HL/Hw)(1—cos wt). | 


Averaging over free times, and using (A2), 


&=(H/H)wT?/(1+w?T?), 
or 
W app, Ep =*/T =(E/H)wT /(1 +w?T?), 


HIGH RESOLUTION CINEMATOGRAPHY OF THE SOLAR 
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Summary 

A description is given of a new photoheliograph designed for time-lapse cinemato- 
graphy on 35mm film of any selected portion of a 20cm solar image. The interval 
between successive photographs can be varied from 5 to 120sec. Air-suction devices 
have been incorporated to suppress bad seeing originating within the telescope. The 
performance of the telescope is briefly discussed and the advantages of the cinemato- 
graphic technique indicated. A discussion of the effects of atmospheric seeing is given 
in order to emphasize the great caution needed in the interpretation of solar photographs. 


I. INTRODUCTION 

The improvements over the past 50 years in spectroscopic and spectro- 
heliographic methods of observing the Sun have enormously increased our 
knowledge of the Sun’s outer layers, but have not been paralleled by corres- 
ponding advances in the direct photography of the solar photosphere. Most of 
the telescopes used in spectroscopic studies during this period have been ‘‘ tower- 
type” instruments, which, however, are by their very nature somewhat handi- 
capped in delineating the finest details on the Sun’s surface. Even under 
conditions of excellent atmospheric seeing the actual performance of such 
instruments seldom attains the theoretical limit owing to disturbing air currents: 
throughout the optical paths, thermal distortion of the mirror optics, and unequal 
heating inside and outside the dome or tower. To date most good photographs: 
of the photosphere have in fact been taken with refractors of various types. 
The quality of the plates obtained by Janssen (1877) probably remains unsur- 
passed, but excellent results have been obtained by Hansky (1908) and Chevalier 
(1912) and more recently by a number of other workers. Most of the later 
investigators have avoided the introduction of enlarging cameras (cf. Keenan: 
1953) for fear that image distortions may result from heated air in the neighbour- 
hood of the enlarging lens ; this, however, has entailed the use of telescopes of 
considerable focal length to obtain the size of image needed for high resolution. 
photography. 

In the present paper we describe a 5 in. photoheliograph which is accommo- 
dated conveniently on a mounting of moderate size, but which nevertheless 
effectively provides a solar image 20 cm in diameter. Essentially the instrument 
is a 5 in. refractor designed for time-lapse cinematography of any selected portion 
of the solar image on 35 mm film. The interval between successive photographs 
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can be varied from 5 to 120sec. The smearing effect on the image due to 
atmospheric seeing is minimized by taking exposures of about 1 msec duration. 
In addition, devices have been incorporated to ensure that the whole telescope 
is shielded as much as possible from the Sun and that heated air formed at those 
surfaces unavoidably exposed is removed by an air-suction technique. The 
purpose of these devices is to reduce bad seeing originating within the telescope 
to negligible proportions, and thus enable full advantage to be taken of the 
available optical resolution during times of good atmospheric seeing. 


II. DESIGN 
(a) Mounting 
The photoheliograph is mounted in the open air on one face of a 10 ft 
* equatorial spar’’ at the O.S.I.R.O. Division of Physics Solar Observatory, 
located in flat country some 30 miles south-west of Sydney at an altitude of about 
200 ft. The equatorial spar consists of a rectangular box with sides 16-5 
by 12-5 in. made of } in. steel plate, whose three clear faces provide mountings 
for instruments. A general view of the instrument and mounting is shown in 
Plate 1. The spar is made to follow the Sun by means of a synchronous motor 
driving in hour angle and a photoelectric guider fed by an auxiliary 3-5 in. 
telescope. This produces a solar image on an occulting disk behind which are 
placed four photoelectric cells. Servomotors providing motion in hour angle 
and declination are driven by the amplified signals from the photocells. Guiding 
to 1-2 sec of arc can be achieved under the best conditions. The guider and 
spar are based on designs kindly supplied by Dr. W. O. Roberts of the High 
Altitude Observatory, Climax, Colorado. 


GUIDER 


Fig. 1.—Layout of the photoheliograph. C, camera; D,, front shield; D,, diaphragm at primary 

focus ; Ly, objective; L,, magnifying lens; M,, shutter motor; M. 9, camera motor ; 

P,, P., prisms ; R, reflex mirror ; S,, objective shutter ; S,, sector-disk shutter ; S', blade shutter ; 
W, clock. 


(b) Optical System 

Figure 1 gives a schematic drawing of the layout of the photoheliograph. 
L, is a 5in. objective which produces a 16mm image of the Sun on a small 
diaphragm D,. This lens is a cemented doublet mounted free of strain in a cell 
designed by Coulman and Norton (unpublished data). The portion of the image 
corresponding to the aperture in D, is magnified by a second lens I, and the 
image is formed at the gate of a 35 mm Debrie cinecamera OC. Prisms P, and P 
turn the light beam around the end of the spar, thus permitting the use of s 
high magnification in a relatively confined space. Alternative magnifying 
lenses L, are provided to give effective image diameters at O of 8:5 and 20 cm. 
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L, is provided with graduated screws giving motions in the north-south and 
east-west directions, so that any desired region of the Sun can be brought onto 
the camera gate. The optical system is designed so that off-axis aberrations 
thereby introduced do not exceed the Rayleigh tolerance. R is a reflex mirror 
used in focusing the telescope and F is a glass filter of bandwidth 800 A centred 
at 5400 A. At this wavelength the theoretical limit of resolution is about 
0-8 sec of arc. 

The film used is Recordak Micro-File, a fine-grained emulsion, which is 
developed for about 6 min in D19. Laboratory tests on this film at different 
levels of object contrast have shown that the performance of the telescope at 
the higher of the two magnifications is not limited by film resolution. 


(c) Suction Devices 

By the use of suction devices, heated air formed at surfaces exposed to the 
Sun is removed and replaced by air at the ambient temperature. The photo- 
heliograph and the front of the equatorial spar are shielded by a hollow aluminium 
diaphragm D,. The suction system is used to draw air through numerous holes in 
the front surface of D,, which is thus kept at the ambient temperature. 8, is 
a solenoid-operated shutter which excludes light from the telescope except for 
a short time when an exposure is due. Unwanted light at the primary focus is 
reflected away by the diaphragm D,, which also reduces scattered light in the 
optical system. Both S, and D, are kept at ambient temperature hy air flow 
in the same way as D,. The suction system is also used to remove any heat 
generated by the solenoid operating S, and by the electric motor M, driving the 
rotating sector-disk shutter S,. The reduced pressure in the suction system is 
maintained by a }h.p. electric forge-blower, which is situated some 15 ft from 
the telescope and connected to the suction devices by an underground pipe 
and flexible couplings. 

The air-suction devices are based on the results of laboratory experiments. 
Plate 2 shows two interferograms obtained with light passing over a perforated 
metal surface, heated by radiation to about the same extent as by ordinary 
sunlight. The distortion suffered by the wave-front in passing over the irradiated 
surface is shown in Plate 2, Figure 1, while Plate 2, Figure 2, illustrates the 
suppression of this effect when air is drawn through the perforated area. In 
practice the quantity of air drawn through the suction devices in the telescope 
is sufficient to reduce the temperature of the irradiated surfaces to the ambient, 
value within a few minutes, even after exposure to sunlight for several hours. 


(d) Shutter Unit 

The focal plane shutter mounted in front of the camera consists of a solenoid- 
operated blade shutter S, and a rotating sector-disk shutter S,. The latter 
consists of two coaxial sector-disks which are driven at a constant relative speed’ 
by an electric motor. The high speed disk controls the exposure time ; with a. 
sector angle of 4° the effective exposure is of the order of 1 msec. The second 
disk rotates at one-sixth the speed of the first and therefore, in the absence of a. 
blade shutter, would permit an exposure every sixth rotation of the fast disk.. 
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The purpose of this arrangement is to give the blade shutter S, sufficient time in 
which to operate, and thus to sequence the exposures made by the telescope. 

To record photospheric detail of low contrast, the film must be developed 
to a high gamma ; therefore some form of exposure control is necessary to avoid 
large changes in film density due to changing atmospheric transparency and 
solar zenith distance. The exposure control unit is located on the lower face 
of the spar just beneath the 5 in. objective (cf. Plate 1). It consists of a photocell 
unit fed with sunlight by a small auxiliary telescope. The signal from the 
photocell, after amplification, controls the speed of the motor driving the rotating 
sector-disk shutter S, in such a way that the product of the light flux and exposure 
time remains constant. Laboratory tests indicate a constancy to within 1 per 
cent. over extended periods. The circuit is designed to provide stability against 
changes either in mechanical load or power supply voltage. A fuller account of 
this device will be published by one of us elsewhere. 


(e) Programme Controller 

The photoheliograph is designed to take photographs automatically on a 
eycle which can be varied from 5 to 120 sec. The automatic control is obtained 
by means of a timing device providing electric pulses at regular intervals to drive 
a Slave uniselector in the programme control unit. This uniselector actuates a 
number of relays which, in conjunction with a commutator mounted on the 
slower shaft of the sector-disk shutter S,, control the operations of the devices 
in the photoheliograph involved in taking an exposure. These operations are 
as follows : 


(1) the camera motor (M, in Fig. 1) winds the film on one frame, 
(2) the objective shutter S, opens, 

(3) the blade shutter S, opens, 

(4) the rotating shutter S, makes the exposure, 

(5) S, and S, close. 


The times at which S, is opened and closed are controlled by the commutator 
on the shaft of the slower sector of S,; this eliminates multiple exposures. The 
image of a clock (W in Fig. 1), together with the date, is recorded in a corner of 
each photograph. The programme controller ensures that the clock is illuminated 
within a fraction of a second of the actual exposure on the Sun. 


ITI. PERFORMANCE 

Plate 3 is an example showing the quality of the best photographs obtained 
to date. Although certain regions are slightly affected by seeing, the granulation 
is well resolved and other detail of the order of 1 sec of arc is clearly visible ; 
this detail approaches the theoretical limit of resolution of the 5,in. objective. 
Series of photographs of this quality have been obtained even after the telescope 
has been exposed to the heating effect of the Sun for several hours. This fact 
illustrates the value of suction devices in reducing seeing in or near the telescope. 

The quality of the usable photographs among the 1800 or so on a given film 
is visually assessed on a scale of 1 to5. Although such an assessment is naturally 
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somewhat subjective, it is useful in giving some idea of the proportion of good 
to bad photographs when the cinematographic technique is employed. 
Quality 1 refers to photographs comparable with Plate 3; quality 5 refers to 
photographs which resolve the granulation but are badly affected by seéing. 
Photographs of quality 3 or worse often show the familiar réseaux believed by 
some early workers to be a real solar feature. However, examination of neigh- 
bouring photographs, taken at 5-sec intervals, confirms the conclusion of Rosch 
(1955) that the phenomenon is due to poor seeing. Photographs of quality 5 
are of value in studying small structures only when a number of other photographs 
of sufficient quality, taken about the same time, are available. On the best film 
taken to date the percentages of photographs of qualities 1 to 5 are respectively 
1, 2, 3, 8, and 11 per cent. Thus even on a good film the number of usable 
photographs is a relatively small fraction of the total. On the other hand, if 
still photography were employed instead of cinematography, the observer would 
be fortunate to obtain any good photographs at all under comparable atmospheric 
conditions. 

The study of good quality films obtained with this equipment has shown 
that it is essential to allow for the effects of atmospheric seeing when studying 
changes in photospheric structures (cf. Bray and Loughhead 1957). For example, 
a small bright point of light visible on a good quality photograph might appear 
on a later photograph of poorer quality as a faint diffuse patch or even fail to 
appear at all. The misleading impression due to poor seeing is enhanced by the 
non-linear response of the emulsion to fluctuating light intensities. Moreover, 
the pattern of seeing on a poor photograph is so complex that, while a given fine 
structure might be completely obliterated, neighbouring detail of comparable 
size may be practically unaffected. Finally, quite large structures, many times 
bigger than the smallest resolvable detail on a given photograph, can be distorted 
by seeing to a surprising extent. 

One advantage of the cinematographic technique is that many photographs 
can be taken in a time short compared with the time scale of the phenomenon 
under study, and thus by examining a number of photographs one can detect 
spurious effects due to seeing. An awareness of the effects of seeing is a pre- 
requisite to the successful interpretation of high resolution films of the 
photosphere. 
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Fig. 1.—Interferogram showing the distortion of the wave-front of a light 
beam passing over a heated metal surface. The heating effect of sunlight 
on the surface is simulated by artificial radiation. 


Fig. 2.—Interferogram showing the reduction of the distortion when air is 
drawn through holes in the heated surface. 
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Enlargement of a photograph taken with the photoheliograph on 35 mm film 
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THE DESIGN OF PHOTOGRAPHIC OBJECTIVES OF THE 
TRIPLET FAMILY 


I, THE DESIGN OF THE TRIPLET TYPE 111 OBJECTIVE 


By F. D. CRUICKSHANK* 


[Manuscript received October 16, 1957] 


Summary 


A general study has been made of the initial design of photographic objectives of the 
triplet family of objectives. A classification is suggested. The point of view is taken 
that it is convenient to regard the first two members of a triplet as constituting a 
compound corrector system to the rear positive member. 


Part I. An account is given of the design of the type 111 triplet objective to which 
any triplet may be reduced. A simple algebraic solution is then possible for the arrange- 
ment of the initial thin component system having any selected corrector power, x. 
It is shown that in triplets of unit power the only systems of any practical interest have: 
corrector powers approximately in the range —2<y<0-4. In this range y specifies 
the distribution of power between the two positive members of the triplet and is the 
variable which determines the spherical aberration when all other primary aberrations. 
have been adjusted to desired small values. The effect of the residual values of the 
Petzval curvature and the chromatic aberration on the initial solution is discussed. 
The method provides a starting point for the development of the design of any objective 
having a basic triplet structure. 


I. INTRODUCTION 

It is proposed to consider the general problem of the initial design of 
photographic objectives which are basically of a triplet construction. For this 
purpose it is convenient to regard these as constituting a family of lens systems 
logically derived from the simple triplet, the process of derivation consisting 
of the replacement of one or more members of the parent triplet by a group of 
lenses. The replacing group is commonly a cemented doublet or triplet. Some 
of the members of this family are very well known and are currently manufactured 
under various names such as the Tessar, the Heliar, the Sonnar, etc. In Figure 1 
some of the possible constructions within the family are shown, the arrangement 
being determined by the complexity of the components. In this scheme it is 
convenient to assign to each construction a type number based on the number of 
elements in the three component groups. Thus the Tessar is specified as a type 
(1, 1, 2) triplet or, more briefly, type 112. On the same basis the Heliar is a 
type 212 triplet, the Sonnar is a type 133 triplet, and so on. The broad problem 
then is to establish a general pattern according to which the design of any member 
of this family of objectives may be developed from first principles. 
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The process of designing an optical system falls broadly into three stages. 
In the first of these it is usual to determine an initial arrangement of thin lenses in 
which certain basic requirements such as power, Petzval sum, and paraxial 
achromatism are met. In the second stage the requisite axial thicknesses are 
introduced and the shapes of the lenses determined so that the primary (third 
order) aberrations of the system are under control. In the third stage the 
secondary (fifth order) and higher order aberrations are determined and some 
means of differential correction employed for the final adjustment of the system 
until the desired balance of aberrations is achieved. An early problem then is 
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Fig. 1.—Some members of the triplet family of objectives. 


to obtain the initial thin lens arrangement in the case of the parent triplet, 
type 111. This is discussed in detail in the opening sections of the present paper 
(Part I). This must be in a form capable of application to the more complex 
members of the family of objectives. Any other member of the family may then 
be considered as derived from a type 111 triplet, the derivation involving the 
replacement of one or more of the thin singlet components of the parent type 
by thin doublets or triplets. 


In Part II (in preparation) this process of replacement is discussed. Consider 
the thin lens (9, V, V) of power » made from glass of refractive index N and 
V-number V. Suppose this is to be replaced by a doublet consisting of two thin 
lenses (71, V,, V,), (kp, Nz, V,) in contact. It will be obvious that this can be 
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done in such a way that the doublet has the same power and either the same 
Petzval sum or the same paraxial chromatic aberrations as the singlet lens which 
it replaces. Conversely, such a doublet constructed from some pair of glasses 
is equivalent as regards power, Petzval sum, and chromatic aberrations to a 
singlet lens having glass constants (NV, V) which need not correspond with those 
of any known glass. These values (NV, V) may be varied widely by intelligent 
choice of the two glasses of the doublet and the value of k. Again, when the 
replacement of a single lens by a cemented triplet is considered it will be seen 
that it is formally possible to design a thin cemented triplet which is equivalent 
as regards power, Petzval sum, and chromatic aberrations to a single thin lens 
having any desired value of N and, independently thereof, any desired value 
or. 

From the point of view of the first stage of design, then, the passage from 
the basic type 111 triplet to any other member of the family is equivalent simply 
to a change of glass. In other words, in considering the initial design of the 
basic type 111 the glass constants of the thin lens components may be treated 
as continuously variable within a certain range. Values which do not correspond 
to known glass types may be achieved by using compound components, and 
this leads to the multiplicity of types which constitute the family of objectives. 
‘The effect of the glass constants on the basic properties of the triplet becomes 
therefore a very fundamental problem. Itis investigated in Part II. In Part III 
(in preparation) the special problem of the high aperture triplet is discussed. 


II. THE DESIGN OF THE TRIPLET TYPE 111 OBJECTIVE 

Taylor (1893) arrived at the triplet construction by considering what happens 
when the components of an achromatic doublet are separated. The separation 
increases the power of the system without adding to the Petzval sum, and, in 
addition, if achromatism is to be maintained after separation, the power of the 
flint lens must be increased. Each of these effects provided a means for reducing 
the Petzval sum. The separated doublet, however, has considerable distortion 
and transverse chromatic aberration. Taylor met this situation by splitting 
the convex lens into two parts and placing these one on either side of the negative 
lens. From the method of its evolution, then, the triplet is to be regarded as a 
modified dialyte. 

As already described (Cruickshank 1956) another view of the derivation 
of the triplet leads to more profitable procedures for its design. In 1812 Wollaston 
proposed an objective for the camera obscura consisting of a single meniscus 
positive lens placed behind a diaphragm. The triplet objective may be regarded 
~ Jogically as derived from the Wollaston lens by the addition of a compound 
correcting system comprised of a positive and a negative lens placed in front of 
the diaphragm. The function of this corrector system is to introduce aberrations 
which will compensate those of the single positive lens behind the diaphragm. 
’ In many triplets it is found that the positive and negative lenses in front of the 
diaphragm constitute a system of zero or very low power. Investigation shows, 
however, that it is not necessary to limit the corrector to zero or very low power. 
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(a) The Initial Arrangement of the System 

Consider the important practical case of the initial design of a triplet photo- 
graphic objective corrected for an object plane at infinity. Three different 
glasses will be used for the components. Disregarding the axial thickness of 
the lenses, five parameters are required to specify the system initially, namely, 
the powers ©,, 9,) ,, and the separations ¢,, t,, of the three co-axial thin lenses. 
a,b, and c. The following five conditions may then be fulfilled: (i) the power 
of the system shall be unity ; (ii) the power of the corrector system shall be x ; 
(iii) the system shall have a value R, for the Petzval sum; and for an object 
plane at infinity the system shall have (iv) a residual axial chromatic aberration, 
R,, given in transverse measure, and (v) a residual transverse chromatic aberration 
R, for a pencil of obliquity wu, and a diaphragm coincident with the central 
lens b. Using well-known relations for systems of separated thin lenses in air 
these five conditions may be formulated analytically as follows : 


Uta oy =l Ge! OA (1) 
1 ¥0.2 PjYoj= Xp cr cccceccccccessscecs (2) 

> ON =n 2 ee (3) 
At, & 2s Vj=Rey te ee ee (4) 
U/tioe © e,tostslV Ro Ae ee (5) 


where y; and Y,; are the incidence heights at the jth component of a principal 
paraxial ray of obliquity wu, and an axial paraxial ray respectively, and uo; is. 
the inclination angle of the axial ray after refraction at the jth component. 
Since the diaphragm is initially in coincidence with the second thin lens. 
of the system the incidence heights of the principal paraxial ray are such that 


Y alYe= —ty tos y,=0,° 0) 6% He elie we ie & tpue. ie ene (6) 
while for the axial ray 


You=Yoa —*1 Moa 


=4y,,(1 —t19,), © Su0) (6) «, 8: teneunke ie a. ese iaie (7) 
and 


Voc = Von tadeaks. 22s ti ee ee ee ae (8) 
A substantial reduction in symbols specifying the glasses of the system is achieved 
by writing 
V AVa=0,, ViVi te ae eee (9) 
IV IN 5850 CNS en (10) 


In addition we will also write 


Yoo! Yoa= Nos» Yor/Yoa= Nae See eee (11) 
RAN ,=P, FV ,/y.=L, RV ,/u,=T Soar (12) 
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With this notation equations (1)-(8) now become 


ere Ng et ic sos Loe shots ai sldss. 0 vivegns wishes (13) 
Orig OG = Vata ss ballon soa Sage See (14) 

Oe Oe tO. sb, ews one ese (15) 
Pe ee on Oe Ly ma iets. es nee (16) 
Ne ei tn Ne ead gees woh tee eens « (17) 
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The solution of these equations is quite simple. Equations (13) and (14) give 
at once 
oie at RS een ccs ane ne eee (20) 


and, combining this with equations (17)-(19), we obtain 


Lat han eee eke ce eee ene 1) 
ae, eee cs ce (22) 
Substitution in (19) gives 
55 (LY) Hse Yad Aes Mads cielo sle ns (23) 
where 
dees ae ed 0 nee aes A) Pe eee (24) 


Subtracting (14) from (16) yields 


PoNov(*No» —L) el — 7). LY, 


which on combination with (23) leads to 


(Xo, —L) | (Legs) Nope. oe se oe ee os ee (25) 
Equations (20) and (21) give at once 
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while (14) and (25) give 


Pa-X~— NowPs 
= (L+y—(x+ayx) Non] /(L—arnoy). ee ee eeees (27) 


Eliminating 9,, 9,, 9, from equation (15) by means of (25)-(27) we obtain 
the cubic equation 


G73, +O ene, +G1Noy +Go=0, sever ee eeeee (28) 
where 
C—O EE Jon tee hace ool apiece vs weroens ewes dae (29) 
Goa 27x) aye —yP—y(y—P)l, -----(30) 
G,=Bx(y +L) —[yE(1 —x)?—x(y—P)] +L see ee ee (31) 
Gy ne feiaiele eee Cals ois isle elas alee visies Bee se (32) 
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These coefficients are computed and the cubic equation (28) is easily solved 
either by, say, Cardan’s method or by successive approximation. In general 
only one root of this equation gives a physically useful solution. There is an 
important exception, however, in one case in which a second real root leads to 
the possibility of the construction of another group of objectives of high aperture. 
These will be considered separately later. With the value of y), obtained from 
(28), the values of the powers and separations are calculated from the appropriate 
foregoing equations, and the initial-arrangement is thus determined. If L=0, 
the coefficient G, vanishes and the cubic (28) reduces to a quadratic. 


(b) Triplets from Two Glasses Only 
It is very common practice to use two glasses only in the construction of 
the triplet, the two positive components a and ¢ being of the same crown glass. 
In this case, then, 
y=l=—, «=1-+-yT. 


Inserting these values in the equations of the previous section we obtain in 
place of (28) the modified cubic 


IsNoy +I2NGp +91N0v +JoH9, +++ e eevee eee (33) 

in which 
Gg? Ck SB) As ban Ses oe cee ae (34) 
Jo=x(P —L—2y —Bx) +af1+y(P—2)], ........ (35) 
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The expressions for the powers and separations become 


Op= (No, —2Z)/( —2 os) Nesp ee ee eee (38) 
0 (Ly)? Hy eee ee = ie ee (39) 
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(c) Discussion of the Solution for a Given Set of Glasses 
The general characteristics of the equations of the previous sections should 

now be considered. Suppose that a selection of three glasses is made for the 
system and a set of values chosen for the aberration residuals P, LZ, and T. The 
G coefficients in equation (28) depend thereafter only on the value of X%, So that 
in this situation %,, @4; Ps) P. t, and t, are effectively functions of y only. It. 
is necessary to consider then how these quantities vary with y, i.e. how the initial 
arrangement of the triplet depends on the power of the corrector system. In 
Figures 2 and 3 the variation of each parameter with x is shown for a typical 
triplet in which 

N ,=1:6226 V,=60-2 P=0-40 - 

N,=1:61706 V,=36-53 L=0 

N,=1-6226 | V=60-2 F=0 
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It is clear that values of y in the range 0-4<y<1 are to be excluded because 
the discontinuity which occurs here either provides no solution or one in which 
the powers of the components and the large rear airspace are totally unsuitable. 
For values of y>1, 0, and t, become negative. The system would then consist 
of two negative lenses with a strong positive lens between them, but the negative 
Separation renders the arrangement impracticable, at least with simple lenses. 


POWER OF THIN COMPONENTS 


POWER OF CORRECTOR 


Fig. 2.—The curves show the dependence of the POWETS, 9,5 Py» Pp» 

of the three thin components of a unit power triplet upon the para- 

meter xy. The useful range of y-values is seen to be approximately 
=e 0a 


Again, if y<—2-2, the rapidly increasing front airspace renders the solution 
useless, in addition to which ¢, and ¢, soon become negative, providing again an 
impracticable arrangement. We are left then with the values —2 <7 <0°4 as 
approximately defining the useful range of y. 

It will be noted that in this range 9, changes very little with y, while Qa 
and 9, vary rapidly and almost linearly with y. Moreover, the slopes of these 
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two lines are almost opposite. Within this practical range of y-values, therefore, 
a change in x leaves the negative lens almost unaffected but results in an exchange 
of power between the two positive lenses. In addition, as Figure 3 shows, 
there are changes in the airspaces. At one end of the range the front airspace 
is small and the back airspace large, while at the other end of the range the 
situation is reversed. Near the middle of the range the total thickness of the 
system is a minimum. The essential point is that y determines the distribution 
of power between the two positive components of the system. 

There now remains the consideration of the effect on the solutions of 
variations of the aberration residuals, P, Z, and T. Typical changes in the 
powers and separations due to the variation of P alone are shown in Figures 4 


SEPARATION OF COMPONENTS 


POWER OF CORRECTOR 


Fig. 3.—The curves show how the airspaces, ¢, and ¢,, vary 
with the parameter y in a unit power triplet employing the 
glasses specified in Section II (c). 


and 5. As is to be expected from equation (1 5), an increasing positive value of P 
is accompanied by reduction in the power of all components, though the power 
of the back lens is affected least. This reduction in the curvatures throughout 
the system following relaxation of the Petzval condition is accompanied by 
increase of the front airspace and decrease of the rear airspace. In Figures 6 and 7 
the effects of variation of the residual L are shown. If it is sought to adjust the 
longitudinal chromatic aberration of an objective to zero for the 0-7 zone of the 
aperture, as is frequently desired, an appropriate positive residual value for L 
will be required. The figures show that this will result in reductions in the 
powers of the first two lenses and a very slight increase in the power of the third 
lens. The accompanying increases in the airspace are quite substantial, however, 
and have to be considered carefully in the design of the triplet. There is little 
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Fig. 4.—The graphs show the effect of the variation of the Petzval 
residual P upon the powers, ©,, 0,, 9,, of the thin components of a 
unit power triplet. Increase of P reduces the absolute values of 
the powers of lenses a and 6, but has little effect upon that of lens c. 


=2 -1 Oo 
CORRECTOR POWER 


BACK AIR SPACE 


CORRECTOR POWER 


Fig. 5.—The corresponding effect upon the airspaces accompanying variation 

of the Petzval residual P is shown. An increase in the value of P enlarges the 

front airspace, particularly for large negative values of y, and diminishes the 

back airspace. _ For values of y near zero it is the rear airspace that is mainly 
affected. 
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POWER OF THIN COMPONENTS 


POWER OF CORRECTOR 


Fig. 6.—The effect of the variation of the axial chromatic aberration residual L upon 

the powers of the thin components is shown. A positive value of L, corresponding to 

a correction of longitudinal colour at an outer zone of the aperture, reduces the total 

curvatures in the first two components, but increases the power of the rear positive lens. 
slightly. 
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Fig. 7.—The effect on the airspaces of a variation of L is exhibited in these 
graphs. Both separations are enlarged by the introduction of a positive 
residual value for L. 
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effect from the variation of 7 over the small range of values which may be 
required to achieve a satisfactory compromise for the transverse chromatic 
aberration across the field. The changes in the powers and separations of the 
components are only of the order of 1 or 2 per cent. of their values and have 
not been plotted. This statement as to 7 may require modification later when 
consideration is given to the design of objectives with compound members.’ 


(d) The Adjustment of Primary Coma, Astigmatism, and Distortion 
For the adjustment of the primary astigmatism, distortion, and coma we 
use the degrees of freedom available in the selection of the shapes, S,, S,, 8,5 
of the three components. Hither the shape function introduced by Coddington 
or that of Argentieri is suitable. Using the Coddington shape function defined by 


S=(¢,+¢,)/(¢, —¢,), 


where c, and ¢, are the curvatures of the two surfaces of the thin lens, it is well 
known that for a system of separated thin lenses the coefficients of the primary 
coma, astigmatism, and distortion are given respectively by equations of the 
form 


Cg Ge "-F Wag 1 Oaa) os ds ads ed en ans (43) 
Beg oa t-Gan),) eine nice ear (44) 
Op Gg BD Ogg 4-Bga)e lee se on Fees ws (45) 


The partial coefficient of each lens in respect of each of these aberrations is. 
thus a quadratic function of its shape and the summation is extended over all 
the lenses. If the diaphragm coincides with one of the thin lenses, then for that: 


lens 


gy = Mgy = Ag9 = 451 = 459 =A53=90. 


In the foregoing work the diaphragm of the triplet has been set initially in 
coincidence with lens b. If the desired values of o, and o; are set at zero or some 
other small residual, equations (44) and (45) provide a pair of simultaneous 
equations, quadratic in S, and S,, which can be solved for the shapes of these 
lenses. Substitution of the values so obtained in (43) reduces this equation to 
one linear in S,, which may then be solved to give zero or any other desired 
value of the coma. This provides a straightforward means of determining the 
shapes of the lenses for any triplet arrangement which will control the primary 
- astigmatism, distortion, and coma. 


(e) Adjustment of the Spherical Aberration 

There remains for consideration, finally, the adjustment of the primary 
spherical aberration. Taylor (1904) pointed out long ago that the means for 
this lies in the distribution of the total positive power between the two collective 
lenses. An essential feature of the present treatment is that a variable y has. 
been introduced at the outset which (i) permits the initial solution to be easily 
made and (ii) specifies the distribution of power between the collective lenses.. 
It is therefore the variable which controls the primary spherical aberration.. 
It is not easy to derive a useful exact expression for the spherical aberration as. 
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a function of y. Some elementary approximate reasoning, however, leads to 
the result that within the range of values of practical interest we should have 


Oy) +4 7X +4gx7 +43y%, 


where the a’s are constant and a, generally small. It might be expected then 
that the spherical aberration could be closely approximated by a quadratic 
function of y. Investigation shows this to be the case, the actual curve being 
adequately fitted by a quadratic function of y. The coefficients of the quadratic 
expression are then determined from the computed spherical aberration of three 
systems with different corrector powers. 


a 


ear 


PRIMARY SPHERICAL ABERRATION 
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Fig. 8.—Curves showing the variation of the primary spherical aberration 

coefficient 6, with the parameter x in unit power triplets from a given set of 

glasses. All other primary aberrations have been reduced to selected small 

values. The upper curve is for thin lenses and the lower curve for triplets with 
components of finite thicknesses. 


In Figure 8 the upper curve shows the variation of the primary spherical 
aberration with y in triplets from a given selection of glass and prescribed values 
of P, L,and 7. All triplets represented in the curve are corrected for all other 
primary aberrations. As the curve intersects the axis in two points there are 
two values of y for which the primary spherical aberration has some prescribed 
small value. Thus there are two possible types of solutions , corresponding to 
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quite different values of y. Triplets quoted in the literature belong principally 
to the right-hand branch of the parabola, i.e. they belong to the type having 
the less negative value of y. The other type with the more negative value of x 
deserves to be investigated more because for certain purposes it is to be preferred. 


(f) The Thickening of the System 

It is now necessary to replace each thin component by one of finite axial 
thickness sufficient to provide the desired aperture for the component and the 
necessary edge thickness for easy manufacture. This process results, of course, 
in the introduction of residuals for all primary aberrations and these must be 
eliminated. A satisfactory procedure is to take the thin component system 
which has been computed and replace the thin components by lenses of appropriate 
axial thickness and compute the new primary aberrations. The changes in 
chromatic aberration and Petzval curvature are usually negligible. Returning to 
equations (44), (45), the derivatives 003/08, 003/0S,, 0c;/0S,, and do,/dS, are 
calculated and hence the changes in the shapes, 8, and S., of the thin system 
necessary to give astigmatism and distortion residuals equal in amount, say, 
but opposite in sign to those introduced by the previous thickening. The 
system with the new shapes is then thickened and the new primary aberrations 
determined. Graphs may then be drawn of the astigmatism and distortion of 
the thin system against the astigmatism and distortion respectively of the 
thickened system, assuming the relations to be linear. The thin system residual 
corresponding to the desired thick system residual is read off from the graph 
and the final shapes computed. Similarly the coma of the system is adjusted by 
changing slightly the value of S,. When this system is thickened it will be found 
to have primary aberration values very close to those desired. 

In this way three triplets of different corrector powers are obtained having 
thickened components and all primary aberrations controlled except spherical 
aberration. The lower curve in Figure 8 represents the variation of spherical 
aberration with y in thickened triplets in which all other primary aberrations 
have been adjusted to desired small values. This curve is fitted by a quadratic 
function of ~ and so can be drawn from three calculated points. From it may 
be read the value of y necessary to achieve any desired residual of spherical 
aberration. Normally a small positive residual of spherical aberration is required 
to offset the negative secondary and tertiary terms. The two values of y which 
will provide these residuals are determined and the solutions of these triplets 
developed. 

To complete the design it is necessary to obtain a good balance between the 
primary and higher order aberrations. Using the new and very effective means 
introduced by Buchdahl (1954) the secondary aberrations may then be calculated 
and the balance inspected. In a particular case it is generally a fairly straight- 
forward matter to see how the balance of aberrations could be improved, and 
the primary design is accordingly altered to secure this. 


(g) Finite Object Distance 
In the cases considered so far the object has been confined to a plane at 
infinity. If this restriction is removed some of the basic equations of Section (b) 
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become more complex and the writer has only obtained a general solution of 
these for the special case for which y=0=L=T. 

There is, however, another simple way to deal with this problem. Of the 
five initial conditions the first three are independent of the position of the object, 
while the remaining two conditions, those for achromatism, do involve the object 
position. The problem may therefore be solved initially for an infinitely distant 
object position and the chosen values of L and 7. The change in the chromatic 
aberration of the thin component system may then be calculated when the 
object plane is moved to the desired position at a finite distance from the lens. 
The initial solution may then be repeated with the values of L and 7 altered by 
amounts depending on the chromatic changes introduced by the shift of the 
object plane. 

(h) Recapitulation 
The method of design just described may be summarized as follows : 


(i) A set of glasses is chosen and residual values of the Petzval sum and 
the chromatic aberrations are prescribed. 

(ii) With these constants the initial equations are solved for three triplets 
with different values of y, say y=0, —0:5, —1-0. 

(iii) The shapes are determined in each of these so that astigmatism, 
distortion, and coma are controlled as desired. 

(iv) The systems are thickened and the shapes readjusted to maintain 
correction of the three oblique aberrations. 

(v) The curve of primary spherical aberration against y is plotted and 
the values of y selected which will give the desired primary spherical 
aberration. 

(vi) Hither or both of these solutions are then developed. 


It may be thought that this is a very long procedure. What is done, of 
course, is to survey the complete possibilities with one set of glasses and residuals, 
which is more than the development of the design of one triplet. At every stage 
there is complete control of all the factors affecting the design and a clear under- 
standing of the effect of the variation of each parameter on the primary aberra- 
tions. After the method has been used a little it will be realized that there are 
a number of short cuts which can be taken due to the experience acquired, which 
reduce the work considerably. 
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FURTHER OBSERVATIONS OF RADIO EMISSION FROM THE 
PLANET JUPITER 


By F. F. GARDNER* and C. A. SHAIN* 
[Manuscript received July 24, 1957] 


Summary 
The results of further observation of Jupiter radiation, made near Sydney from 
June 1955 to March 1956, are presented. Most work was done at 19-6 Me/s, but some 
observations were also made at 14 and 27 Mc/s. 


The characteristics of the 19-6 Mc/s radiation received from Jupiter are described 
in detail. The new facts disclosed by these observations are: (i) Jupiter radiation 
appeared to be random noise varying rapidly in intensity—large changes in intensity 
took place in times as short as 0-2 sec, but no shorter ; (ii) some spaced-receiver observa- 
tions indicated that the terrestrial ionosphere can have a pronounced effect on the 
short-term characteristics of the radiation; (iii) a single observation showed that on 
that occasion the radiation was circularly polarized (right-handed in radio sense). 


There appeared to be three sources of noise on Jupiter. None of these could be 
identified with visual features. The radiation emitted from the main source was confined 
to angles within 45° of a central line. 


The additional observations at 14 and 27 Mc/s showed that the peak intensity, mean 
duration, and frequency of occurrence were all greatest at 19-6 Mc/s. Two of the 
radio sources were active at 19-6 Mc/s but not at 27 Mc/s. The angular spread of the 
radiation from the principal source was considerably narrower at 27 Mc/s than at 
19-6 Me/s. 

The great variability and spectral concentration of the Jupiter radiation, both 
resembling solar noise, suggest an origin in some form of plasma oscillation in an ionized 
region with a critical frequency around 20 Me/s. 


I. INTRODUCTION 

Radio noise from Jupiter was first observed early in 1955 by Burke and 
Franklin (1955) at Washington, with a 22-3 Mc/s “ Mills Cross”’ system. The 
intensity of the radiation was very great at 22-3 Mc/s, but appeared to fall off 
rapidly with increasing frequency, as no radiation was observed at all at 38 Me/s. 
After the discovery was announced, a search by one of us (Shain 1955, 1956) of 
old records of cosmic noise taken in Sydney at 18-3 Mc/s confirmed the American 
observations and showed in addition that in 1951 the radiation came from a 
localized region on the planet. The absence of high frequency radiation was 
confirmed by an examination of records taken at Cambridge at 38 Mc/s (Smith 
1955) and at Sydney on 85 Me/s. 

At this stage our knowledge of the basic facts concerning the radiation was 
too incomplete for the drawing of worth-while conclusions about the mechanism 
of generation of the radiation. The further observations to be described were 
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an attempt to answer some of the outstanding problems. These included the 
spectrum and polarization of the radiation, the location and features of the 
planetary source, and particularly the characteristic time variations of the 
noise itself. The results obtained have provided only partial answers to these 
problems. They suggest an origin of the noise in some type of resonance 
oscillation in Jupiter’s atmosphere, but optical data give no clues as to where 
or why such oscillations occur. 


II. EQUIPMENT 
The observations were made at Fleurs (34 °S., 151 °E.), near Sydney, from 
June 1955 to March 1956. During this time Jupiter’s declination varied between 
+15 and +20°, corresponding to zenith angles at transit of 49 and 54°. Transit 
was at midday on August 5, 1955 and at midnight on February 19, 1956. 


Because the radiation from Jupiter is very variable and bears some 
resemblance to interfering signals from terrestrial atmospherics, solar noise, and 
radio stations, which can be very severe at frequencies near 20 Mc/s, it was 
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Fig. 1—19-6 Mc/s interferometer receiving system. 


considered essential to have a good system for identifying the radiation from the 
planet. Accordingly the main equipment comprised the 19-6 Mc/s interfero- 
meter system shown diagrammatically in Figure 1. Each aerial of the inter- 
ferometer consisted of four full-wave dipoles, each a quarter-wavelength above 
ground, and phased to produce maximum response to the north at a zenith 
distance of about 50°. Since the aerial was only moderately directive in azimuth, 
Jupiter could be observed over a period of about 5 hr per day. The two aerials 
were spaced about 12 wavelengths apart in an east-west direction, so that the 
angle between minima of the interference pattern was about 5°. The bridge 
system shown in Figure 1 permitted the connexion of the aerials to two receivers 
which were effectively isolated from one another, one using the aerials in-phase, 
the other out-of-phase. Figure 2 shows a sample record obtained with this 
system, and also the response expected for a steady source on Jupiter. The 
radiation is much stronger on the ‘“ in-phase ”’ receiver near the transit of J upiter 
(at the time marked A in the figure) and near C, 20 min earlier ; near the inter- 
mediate point B it is stronger in the ‘“ out-of-phase ” receiver. ‘The system has 
the advantage that even short duration bursts can be identified as J upiter 
radiation by the ratio of the outputs of the two receivers. 
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At times, observations were made with the east-west arm of the 19-7 Me/s. 
Cross aerial at Fleurs, a 3400 ft in-line array of dipoles one quarter-wavelength 
above ground, and also with a small aerial at Potts Hill, 25 km east of Fleurs. 

For obtaining information on the spectrum of the radiation, single in-line 
arrays of four and eight half-wave dipoles were used for reception on frequencies 
of 14 and 27 Mc/s respectively. The dipoles were fed in-phase and their height. 
above ground was such as to give maximum response 50° from the vertical and 
in the north-south plane. 
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Fig. 2.—Typical record obtained with the 19-6 Mc/s interferometer system, June 28, 1955. 

Below each record the responses of the two receivers to a steady source on Jupiter are 

shown. The fine spikes on the record are atmospherics; all the remaining increases are 
Jupiter radiation. 


To measure polarization, the east-west arm of the Cross was used as an 
- interferometer in conjunction with a small array whose individual dipoles were 
in the north-south plane and also perpendicular to the direction of Jupiter at 
transit. Because of the narrow beam of the long east-west array, polarization 
measurements were confined to times within 10 min of transit.. The ratio, 
in amplitude and phase, of the two transverse components of the downcoming 
wave was measured. The method used was more accurate for phase than for 
amplitude. 
III. RESULTS 
(a) Time Variation of the Radiation 

The characteristics of the radiation received from Jupiter are illustrated 

_ by the records of Figure 3 which were made at three different chart speeds. In the 
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upper pair of records of Figure 3 (a), similar to those of Figure 2, the radiation 
from Jupiter lasts about 40 min, from about 094 20™ to 10 (sidereal time) on 
December 26, 1955. The radiation did not occur every day, but on days when 
it did occur the average overall duration of the activity was about half an hour 
out of the possible observing time of 5 hr. 

A distinctive feature of both Figures 2 and 3 (a) is the occurrence of groups 
of bursts of radiation lasting for times of the order of a minute. They seem to 
be characteristic of the emission and not produced by the terrestrial ionosphere 
(see below). In the lower pair of records of Figure 3 (a), where the bracketed 
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(Cc) 
Fig. 3.—Interferometer records taken with two.receivers at 19-6 Mc/s. All times given are 


local sidereal time for Fleurs (longitude 150° 46-4’ E.). (a) The usual type of record ; the upper 
pair was taken at low paper speed, 6 in/hr, and the bracketed portion is shown below at 10 times 
this speed, lin/min, December 28, 1955. (b) High speed record of Jupiter taken with Brush 
Recorder at 20 in/min, near the time of minimum response of the in-phase receiver, November 1, 
1955. (c) Atmospherics recorded at highest speed, 5in/sec, one receiver only in use. 


portion of the upper pair is shown with 10 times the chart speed, it can be seen 
that fluctuations within each burst are very pronounced. Frequent breaks 
of a minute or so occur, during which there is no radiation from Jupiter. The 
numerous short spikes on the records are atmospherics—identified as such because 
their envelope does not follow the characteristic interference pattern of the 
aerial. 

To study the faster fluctuations which are not resolved in Figure 3 (a), 
a high-speed mechanical oscillograph* with a response time of a few milliseconds 


* Brush Electronics Company Type BL 202, kindly lent by Mr. G. Reber. 
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was employed. A typical pair of records is shown in Figure 3 (b), from which 
it would appear that there are no significant bursts much shorter than 1 sec, 
although rise times of some bursts may be as short as one-fifth of a second ; 
any changes faster than about }sec are only of the size expected for random 
noise of the appropriate intensity. The shorter spikes are attributed to atmos- 
pherics, since their relative amplitudes did not follow the interference pattern 
of the aerial, which is near a maximum on the lower trace and a zero on the 
upper. The atmospherics provide a check on the response time of the system. 
Figure 3 (c) shows an atmospheric recorded at 25 times the chart speed of 
Figure 3 (b). It is seen that the receiver-recorder system can respond to sudden 
changes in about 10 msec, and yet on no occasion has there been any evidence for 
Jupiter bursts of the order of 10 msec, as reported by Kraus (1956). 

When heard on a loudspeaker the Jupiter noise sounded like thermal noise 
varying rapidly in intensity, but only at a rate which the ear could follow. The 
overall impression of the noise was a resemblance to solar noise rather than 
terrestrial atmospherics. The time structure appeared similar to that of enhanced 
solar radiation at about 100 Me/s. 


An intensity scale is shown on the lowest record of Figure 3 (a). 
On this occasion the intensity was higher than usual, the peaks exceeding 
410-79 W m-? (c/s)-1. The highest peak intensity recorded was about 
10- W m-? (c/s)-1, which is of the same order as that of a small solar outburst 
and more than 100 times greater than that of the strongest radio star at 20 Mc/s. 
On different occasions the intensity ranged from the maximum just quoted down 
to the minimum detectable level of about 10-2! W m-? (¢/s)-1. 


(b) Spaced-recewer Experiment 

The angular size of the source on Jupiter is very much smaller than that of 
any other known radio source, and it would be expected that very severe fluctua- 
tions in intensity would sometimes be caused by scintillations in the Earth’s 
ionosphere. In an attempt to answer the question of how important are these 
scintillations, a short series of simultaneous observations were made at two sites 
(Fleurs and Potts Hill) separated by 25 km in an east-west direction. As a 
precaution against spectral variations in intensity, the receivers at the two sites 
were tuned as closely as possible (within about 2 kc/s) to the same frequency, 
using a portable crystal oscillator as reference. Unfortunately there was 
- considerable local interference at Potts Hill.and the number of pairs of records 
available for comparison is only 3. These were taken between 23 and 02 hr 
local time. However, these few records are sufficient to show that there were 
considerable differences in the time variations of intensity at the two sites. 

A striking example is shown in Figure 4, which shows the records obtained 
over about a quarter of an hour near 10% sidereal time (about 23" 30™ Eastern 
Australian Standard Time) on February 26, 1956. The top record is from Potts 
Hill, and the bottom record is made up of complementary sections of the two 
- interferometer records from Fleurs. It will be seen that, although there is a 

general similarity between the Fleurs and Potts Hill records, there are very 
~ marked differences. For example, the bursts recorded at Fleurs between 
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10410™ and 10211™ were not recorded at all at Potts Hill, whereas the burst 
recorded at Potts Hill at 104 03™ does not appear on the Fleurs records. Closer 
examination shows that some bursts which at first sight seem to be the same 
at the two sites are actually displaced in time (although not systematically) and, 
furthermore, the detailed structures are often quite different. Similar effects 
were found with the other two records, although some atmospheric and station 
interference prevented very detailed study. 

There is the possibility that the differences between the records could be 
accounted for if the very slight accidental differences in receiver frequencies 
were accompanied by extremely sharp spectral features of the radiation. However, 
at various times the two receivers connected to the Fleurs interferometer have 
been tuned to frequencies separated by at least 10 kce/s with much smaller 
differences between the appearance of bursts. 
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Fig. 4.—Spaced-receiver records on 19:6 Mc/s, February 26, 1956. Times are sidereal times: 
for Fleurs. (a) Potts Hill—single receiver record, (b) Fleurs—composite interferometer record. 


It must be concluded, therefore, that the terrestrial ionosphere has a consider- 
able effect on the time variations of the Jupiter radiation. This emphasizes 
the necessity for caution in drawing conclusions about the true time variation 
from that observed. The magnitude of the effect, that is, how much of the 
‘“‘burstiness ” of the received radiation is due to the ionosphere, can only be 
determined by more extensive spaced-receiver observations. However, from 
our knowledge of ionospheric scintillations at higher frequencies we can be 
reasonably sure that our general times of occurrence of Jupiter radiation are 
correct, and that the fine structure observed of the order of a second is a feature 
of the incoming radiation and not produced by the ionosphere, either by impress- 
ing fluctuations on a steady incoming signal or by lengthening by dispersion short 
atmospherics-like impulses. 

A determination of the size and other characteristics of the irregularities 
which cause the terrestrial effects on the records also requires more spaced- 
receiver observations. The consistency of source locations from ratio measure- 
ments on individual pulses over considerable periods of time, and the definite 
occurrence of zeros in the interferometer records, show that the radiation reaching 
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the ground was coherent in phase and amplitude over a distance of about 200 m. 
On the other hand, the present spaced-receiver experiment shows that the size 
of the irregularities was probably less than 25 km. It would be interesting to 
find out whether these irregularities are the same as those (with dimensions of 
about 4 km) which are studied in observations of discrete source scintillations 
(see, for example, Hewish 1951). 


(c) Frequency of Occurrence of the Radiation 
The observations were practically continuous from mid July 1955 until 
the end of March 1956. The histogram of Figure 5 (a) gives the number of days 
in each month on which Jupiter radiation was definitely received with the 
interferometer. There was a maximum of recorded activity in November when 
radiation was identified on about one day in three. 
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Fig. 5.—Monthly frequency of detection of Jupiter radiation on 19-6 Me/s, 
(a) with the interferometer receiving system, and (b) with the receiving system 
using the east-west array of the Cross aerial. 


The apparent variation in Jupiter activity shown in Figure 5 (a) is likely 
to be affected by the masking effect of interference, the average level of which 
varies greatly with time of day. If this is so, the observed frequency of occurrence 
would be expected to depend on the local time of transit, with a maximum during 
the early morning hours when interference is generally low. Figure 5 (a) does 
suggest such an effect. Observations with the east-west array of the Cross are 
less susceptible to interference, and the variation in the apparent frequency of 
occurrence of Jupiter radiation observed with this equipment, shown in Figure 
5 (b), is considerably less than in Figure 5 (a). There may, however, be a true 
maximum ‘in Jupiter activity in November. 


(d) Spectral Observations 
Besides the observations on 19-6 Me/s, additional observations were made, 
between November and March, on frequencies of 27 and 14 Mc/s. On any day 
only one of the additional frequencies was used, together with the comparison 
frequency of 19-6 Mc/s. The information obtained on 27 Mc/s is more complete 


“~ and will be considered first. 


62 F. F. GARDNER AND C. A. SHAIN 


Between November 1955 and February 1956, when Jupiter was transiting 
between midnight and sunrise, interference on 27 Mc/s was negligible (ionospheric 
critical frequencies were low and long-distance propagation consequently poor) 
and there was no trouble from false identifications. The 27 Mc/s equipment 
was operating on 52 days, and the number of occasions on which Jupiter radiation 
was observed on these days is set out in Table 1. 


TABLE | 


COMPARISON OF SIMULTANEOUS OBSERVATIONS ON 19-6 AND 27 Mc/s 


Frequency on which Jupiter Radiation was Number of 
Observed Days 
19:6 Me/s but not 27 Me/s ae he ae 10 
27 Mc/s together with 19-6 Mc/s Pe oe 10 
27 Mc/s but not 19-6 Me/s se Ee ie 0 
No radiation at either frequency ar oe 32 


Total number of days on which the 27 Me/s 
equipment was operating “ ue oe 52 


The remarkable feature of Table 1 is that on no occasion was radiation 
observed on 27 Mc/s but not on 19-6 Mc/s, even although all increases in noise 
on 27 Mc/s when Jupiter was in the aerial beam, other than atmospherics, were 
classed as Jovian. 


Fig. 6.—Jupiter radiation on two frequencies at Fleurs, February 26, 1956, (a) 27 Mc/s—single 
aerial record, (6) 19-6 Mc/s—interferometer record, the time of maximum response is shown 
by an upward-pointing arrow and the time of minimum response by a downward-pointing arrow. 


Figure 6 shows simultaneous records at the two frequencies. A few bursts 
seem to occur on both frequencies, but the majority do not. The agreement in 
Figure 6 is probably worse than usual, but during any period of activity common 
to both frequencies, no more than half the bursts appeared on the two frequencies. 
We do not know to what extent these differences are due to the ionosphere. 
From our limited spaced-receiver observations it would appear the bursts on two 
frequencies at one site differ more than bursts on the one frequency but at spaced 
sites. The peak intensity on 27 Mc/s was generally only about one-third of that 
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on 19-6 Mc/s, and on those days on which 27 Me/s radiation was received the 
duration of the activity was only about one-half of that on 19:6 Mc/s. It is 
quite clear that there was a large decrease in the overall activity with an increase 
of operating frequency of only 7-4 Mc/s (that is, about one-third of 19-6 Mc/s). 


The results obtained at 14 Mc/s were seriously limited by frequent severe 
station interference near this frequency. However, unless the association 
between days of activity on 14 and 19-6 Mc/s is worse than between 19-6 and 
27 Mc/s, it is reasonably certain that both the peak intensity and the mean 
duration of active periods on 14 Mc/s are lower than on 19-6 Me/s. This is 
not thought to be due only to the greater ionospheric attenuation on this fre- 
quency. When the 14 Mc/s observations were made, at night-time between 
November 1955 and January 1956, the F-region critical frequency was usually 
below 5 Mc/s near the time of transit of Jupiter, and with an angle of incidence 
on the ionosphere of about 45° the attenuation of 14 Mc/s radiation should be 
small. This conclusion is supported by observations of solar bursts made with 
about the same angle of incidence but during the day-time when critical fre- 
quencies were higher. Peak intensities of the solar bursts on 14 Mc/s were 
approximately twice those on 19-6 Mc/s. 


TABLE 2 
SPECTRAL OBSERVATIONS OF JUPITER RADIATION 


Frequency | Results 


27 Mc/s Peak intensity .. : ws of 19-6 Me/s 
Mean duration of active eatioas <4 of 19-6 Mc/s 
Frequency of occurrence (day 
by day) isd ae .. | ws of 19-6 Me/s 
14 Me/s Peak intensity .. ae =O Ooiela 
Mean duration of active periets <19-6 Mc/s 


The spectral information is summarized in Table 2. The table indicates a 
maximum in the level of activity between 14 and 27 Mc/s; the maximum is 
probably below 20 Me/s. 

We have no evidence for progressive changes in the frequency structure of 
the radiation, e.g. frequency drifts, of the type often found in solar noise. 


(e) Polarization 

The only good record with the polarization apparatus was obtained on 
January 24, 1956. The longitude of the central meridian was then near 300° 
in System II and the most active source was being observed (see below). The 
downcoming wave was then approximately circularly polarized with a right- 
handed sense of rotation (adopting the radio-astronomical convention of looking 
along the direction of travel, in this case from Jupiter to the Earth). The two 
transverse components, in and at right-angles to the plane of incidence, were 
le equal, within a factor of 3 to 1 in amplitude, while their phase difference was 


90 +25°. 
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This result agrees with that of Franklin and Burke (1956) from observations 
at Washington. If the sense of rotation is indeed the same when observed in 
both the northern and southern hemispheres (and obviously more observations 
are required), the terrestrial ionosphere cannot be the medium which impresses 
circular polarization on the Jupiter radiation. 


(f) Variation of Activity with the Rotation of Jupiter 

In the previous paper (Shain 1956) it was shown that Jupiter radiation in 
1951 had a strong tendency to recur at intervals of a rotation period, an indication 
that the active centres on the planet were of small area and persisted for more 
than one rotation. This recurrence tendency was still prominent in 1955-56. 
The earlier part of the combined Sydney and Washington data has been discussed 
by Alexander (1956). Here we consider only our own observations and all the 
results are included. Washington results give a similar picture (Franklin and 
Burke 1956). 

The recurrence tendency is shown by the arrangement of the observational 
data in Figure 7. The times of reception of Jupiter radiation have been converted 
to central meridian longitudes in System II. In this system’ 360° corresponds 
to the rotation period of 95 55™ 405, 

The tendency for the lines to fall under one another is very marked, and it 
ean be concluded that the principal source of the radio disturbance near longitude 
320° was revolving with a speed close to that of System II, and persisted for the 
full 7 months, or some 500 revolutions. 

- To estimate the rotation period more closely, the central time of the activity 
on each day was noted and the dashed line in Figure 7 shows the least squares 
line of best fit to all the data. It corresponds to a rotation period of 95 55™ 34s 
(68 faster than System IT), with a standard deviation of 98. However, it will be 
shown in Figure 8 (Section III (g) below) that the data can be divided into three 
groups, and, if the analysis is restricted to the main source, which is observed 
over only 60° of longitude, the rotation period is found to be 9» 55™ 308 with a 
‘standard deviation of only 38. The source was therefore moving significantly 
faster than System II. The speed of rotation was apparently slower than that 
of the source observed in 1951 (rotation period 9» 55™ 138, Shain 1956) but as 
‘the standard deviation for a similar analysis of the 1951 data is 308 (a rough 
estimate of the probable error was previously given as --58) the difference may 
not be significant. 

There are suggestions of two disturbances following System I (rotation 
period 9" 50™ 308) from September to November, each producing an increase 
in overall activity as it crosses the line of the principal source, but the data are 
too few to be conclusive. 

The 1951 results indicated a possible connexion between the source of the 
radio disturbance and a white spot (referred to as DE) at the southern edge of the 
South Temperate Belt (S8.T.B.). Thin lines in Figure 7 show the positions, 
during the current period, of this and two other similar spots, in the SVIVBS 
taken from optical observations quoted by Alexander (1956). The arrow at 
tthe bottom of the figure shows the position of the centre of the Red Spot, whose 
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longitude was constant over the period. There is no obvious connexion between 
possible sources of the radiation and any of the S.T.B. spots, and certainly they 
cannot be the principal source. The proximity of.the Red Spot to the principal 
source suggests a coincidence, but there are systematic differences in longitude 
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eeeesee LOWER INTENSITY ON 19:6 Mc/s X ABSENCE OF EMISSION ON 27 Mc/s 
— — — LEAST SQUARES LINE FITTED TO ALL 19-6 Mc/s OBSERVATIONS: IT CORRESPONDS 
TO A ROTATION PERIOD OF 95 55m 34s 
Fig. 7.—Diagram showing central meridian longitude (System II) of Jupiter at 
times of observed radio emission. The positions of three white spots, FA, BC, 
and DE, are shown by thin lines—and the Red Spot by an arrow +. The slope on 
this diagram of a source moving with System I speed is shown —-—-—., 


and, more important, in rotation periods and it is most probable that the near 
coincidence is fortuitous. It is worth noting that the Red Spot was definitely 
not the main source of the 1950-51 radio noise. 

In an attempt to obtain some positive identification of the radio source, 
plans were made for simultaneous visual observations of Jupiter at times of radio 
activity, but exceptionally bad weather prevented any useful work along these 
lines. 


It 
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(g) Angular Spread of the Emitted Radiation 


Following the procedure used previously with the 1951 observations, all 
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the lines for the 19-6 Mc/s observations in Figure 7 were superimposed, with 
allowance for the slight drift in longitude, to give the histogram of Figure 8. 
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Fig. 8.—Variation of frequency of occurrence of 19-6 Mc/s radiation 

from Jupiter with central meridian longitude (System II) measured 

relative to the least squares line of Figure 7. 


-180° -90° o° 
(c) RELATIVE LONGITUDE (SYSTEM II) 


90° 180° 


Fig. 9.—Variation of the frequency of occurrence of Jupiter radiation 

with central meridian longitude measured relative to the least squares 

line of Figure 7, (a) 27 Mc/s, (b) 19-6 Mc/s on same days as 27 Mc/s 

radiation was observed, (c) 19-6 Mc/s on days when there was no 
observable radiation on 27 Me/s. 


This figure shows the frequency of occurrence of Jupiter radiation for 5° intervals 
of longitude, measured relative to the dashed line in Figure 7. The emission 
from what we have taken to be the principal source can be seen to fall almost to 
zero at longitudes 45° from the maximum. The other two peaks, at relative 
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longitudes —100° and +80°, are probably due to independent sources. Figure 8 
gives something rather equivalent to the average “ polar diagram ”’ of the emission 
from these sources. On the reasonable assumption that the vertical scale is 
equivalent to a scale of power, the “ beamwidth ” of the sources of radiation 
would be about +30° to half-power. 


Histograms were compiled in a similar way to compare the 19-6 and 27 Me/s 
results. Figures 9 (a) and 9 (b) show histograms for 27 and 19-6 Me/s on days. 
on which 27 Mc/s radiation was received, and Figure 9 (c) for 19-6 Mc/s for days 
when there was no observable radiation on 27 Mc/s. The longitude scale is. 
the same as that in Figure 8. The absence in Figures 9 (a) and 9 (b) of the 
prominent peaks at —100° and +80° is the result, previously noted above, that: 
some sources radiate on 19-6 but not on 27 Me/s. This supports the conclusion 
that the three peaks in Figure 8 are associated with independent sources of 
radiation. : 

When attention is restricted to the principal source, common to both 
frequencies, we see clearly from Figure 9 that the angular spread of its radiation 
is much narrower on 27 Mc/s than on 19-6 Me/s. The result is also found that 
27 Me/s activity occurred, on the average, only during the early part of 19-6 Me/s 
activity. That is, the histogram in Figure 9 (a) is significantly displaced with 
respect to the histogram of the principal source in Figure 9 (b). 


IV. DISCUSSION 
The main facts uncovered in the present investigation may be summarized 
as follows : 


(i) The radiation lasted for periods of about half an hour and was made 
up of short bursts lasting for times of the order of 1 sec. Over several months. 
Jupiter was active for only about 5 per cent. of the time. 

(ii) The intensities of the bursts were very high, attaining a peak of about 
Oa Wen (¢/s)-*. 

(iii) Marked differences were observed between records of radiation made 
simultaneously at stations 25 km apart. ; 

(iv) The intensity and frequency of occurrence was about 2 or 3 times 
greater on 19-6 Mc/s than on 14 or 27 Me/s. 

(v) From one record only in Sydney (with confirmation from Washington)) 
the radiation was approximately circularly polarized. 

(vi) During the period of the observations there were three sources of 
19-6 Me/s radiation ; none of these can be identified with visual features. Only 
one of these sources, the most active, radiated appreciably on 27 Mc/s as well as 
on 19-6 Mc/s. Its rotation period was 9555™ 308, locating it outside the 
equatorial regions of the planet. 

(vii) The angular spread of the radiation was 60° at 19-6 Mc/s but only 
about 30° at 27 Mc/s. The longitudes of the central meridian for the 27 Mc/s 
activity were asymmetrically disposed with respect to those for 19-6 Mc/s. 

Although it is clear from the spaced-receiver experiment that the terrestrial 
ionosphere has a pronounced effect on the short-term characteristics of the 
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received radiation, we consider that the items listed above (with the exception of 
{iii)) describe the general variation of the activity of the sources on Jupiter. 
In the light of these data we may consider possible mechanisms of the origin 
of the radiation. 

The rapid variations in intensity and the extremely high brightness temper- 
atures required—above 101% °K, even on the unlikely assumption that the whole 
disk emits uniformly—make thermal radiation most unlikely. The observed 
Jupiter radiation differs from terrestrial atmospherics and cosmic noise particu- 
larly in its very restricted spectrum. There has been no sign of Jupiter radiation 
at 38 Mc/s (Burke and Franklin 1955; Smith 1955), a frequency only twice 
that at which the intensity is a maximum. Such a high frequency cut-off is 
much more rapid than that found with either of these sources of noise. 

Radiation from the Sun, however, sometimes resembles Jupiter radiation 
in its great variability and spectral concentration, and similar origins are possible. 
This would require on Jupiter an ionized region with a plasma frequency, or 
possibly a gyrofrequency, of about 20 Mc/s. The polarization results imply a 
magnetic field. The ionized region could be excited into oscillation by some form 
of electrical discharge, or the passage of a shock wave (perhaps originating in 
some volcanic disturbance). 

The restricted spectrum and the constancy of the frequency of maximum 
intensity over long periods of time suggest a complete layer of ionization 
surrounding Jupiter, similar to the terrestrial ionosphere. Solar radiation is 
the most likely source of such ionization, although, at first glance, it would be 
expected that critical frequencies would be considerably lower than on the Earth. 
If plasma oscillations are responsible for the radiation, the decay times should 
approximate v1, where y is the collision frequency (Jaeger and Westfold 1949). 
The observed decay times of about 0:5 sec suggest that the ionized layer is 
relatively higher on Jupiter than on the Earth (v-t=10-% in the F region). 

It is difficult to explain the restricted angular spread of the emitted radiation 
and its further decrease with increasing frequency. While effects from refraction 
and absorption by ionized material above the level of emission could produce a 
narrower beam, they would simultaneously cause an opposite frequency variation, 
a beam widening towards higher frequencies. This effect might be offset if the 
higher frequencies originated at greater depths in Jupiter’s atmosphere. It 
should also be noted that, if the angular spread of the radio emission is the 
same in latitude as in longitude, it is possible that the two sources which did 
not appear to have radiated on 27 Mc/s are in higher latitudes than the principal 
source, the narrower ‘‘ beamwidth” on 27 Mc/s cutting off emission in the 
direction of the Earth. 

Related to the question of the narrower beamwidth at 27 Mc/s is the 
asymmetry of the 27 Mc/s radiation pattern with respect to 19-6 Mc/s. One 
important possibility which must be considered is that the 27 Mc/s observations 
give the true longitude of the source, and the broader, asymmetrical beam at 
19-6 Mc/s is due to differing propagation conditions before and after noon on 
Jupiter. This would affect any optical identifications, but the matter can only 
be resolved by extensive observations at more than two frequencies. 
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V. CONCLUSION 

The great gap in our present knowledge of Jupiter radio emission is still 
the lack of any definite identification of the source of the noise with visual features, 
so that there is no direct tie-up between radio and visual observations. Simul- 
taneous visual and radio observations are the outstanding requirement. It is 
short-term (order of half an hour) changes in the visual appearance which must 
be looked for. It must be remembered that the radio source may be situated 
high in Jupiter’s atmosphere so that direct visual observation of the source 
may prove impossible. 

As regards radio observations, the important points requiring elucidation 
are the magnitude of the effect of the terrestrial ionosphere and the nature of 
the dynamic spectra of the bursts. ‘On a longer-term basis, observations over 
an appreciable fraction of a sunspot cycle may help to determine the importance 
of solar photo-ionization in Jupiter’s atmosphere, but such observations must be 
calibrated for intensity more accurately than has been done in the past. 
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GAIN MEASUREMENTS OF LARGE AERIALS USED IN 
INTERFEROMETER AND CROSS-TYPE RADIO TELESCOPES 


By A. G. LiTtLE* 
[Manuscript received September 20, 1957] 


Summary 


A method has been developed for measuring the gain of large interferometer and 
cross-type radio telescope aerials. Use is made of the strong discrete radio sources, 
whose intensity need not be known, to allow comparison of the gains of the aerials with 
that of a standard. 


The aerials of the 3-5 m Mills Cross radio telescope at Sydney have been calibrated 
in this way, using a dipole with a plane reflector as a standard. The five radio sources, 
Pictor-A (IAU 05S84A), Hydra-A (LAU O9S1A), Hercules-A (IAU 16NO0A), Virgo-A 
(LAU 12N1A), Taurus-A (LAU 05N2A), were used in the calibration and the flux densities 
of these sources were then derived. 


I. INTRODUCTION 
Although many improvements in radio telescopes have been made over the 
last few years, the accurate measurement of the flux densities of discrete sources 
still presents a challenging technical problem. A solution to this can only be 
achieved by careful attention to the calibration of both receiving and aerial 
systems. The calibration of the latter is particularly difficult. 


If the aerial is large, the resulting narrow beam and high gain combine to 
give a high signal-to-noise ratio and good discrimination against sources other 
than the one under observation. For accurate flux density measurements 
both these factors are important, but for large aerials they are counterbalanced 
by the difficulty of determining the gain with precision. Computations of the 
gain of such aerials are often unsatisfactory because of difficulties in accounting 
for the effects of ground reflections, losses, and mutual impedances, whilst direct 
gain measurement by conventional methods is a formidable task and is quite 
often impossible. If, on the other hand, small aerials are used, the situation is 
reversed. The gain may be calculated and measured quite accurately but the 
signal-to-noise ratio is poor and the low angular resolution results in confusion 
between sources, so that flux density measurements are again unreliable. 


However, as will be shown, it is possible to calibrate large aerials in terms 
of a small one whilst still retaining the best features of each system. The method 
is particularly applicable to the calibration of those interferometer or cross-type 
aerial systems which have two or more large aerials. These two and the smaller 
standard aerial can be used to form three interferometer pairs, and, from three 
separate observations of a discrete source, the gains of the two large aerials 
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can then be compared with the known gain of the smaller. Since it is a com- 
parison method, neither the absolute strength of the source nor the absolute 
calibration of the receiver need be known. Thus, used in conjunction with 
accurate receiver calibration techniques, this method allows accurate flux density 
measurements to be made. 

The aerials of the 3-5 m Mills Cross (Mills et al. 1958, in press) at Sydney 
have been calibrated in this way using a half-wave dipole above a plane reflector 
as a standard. Five of the strongest radio sources were used in the calibration, 
and from the measured values of the gain the flux densities of these sources have 
been calculated. 


II. METHOD 
Consider the output of a phase-switched two-aerial interferometer with a 
Square-law detector. The increment of receiver output power due to a source 
of flux density S in each aerial beam is given by 


APIA RSCG, DOGO 0) ee (1) 


where K is a constant and the square-root factor is the geometric mean of the 
aerial power gains. 6 and © are the coordinates of the source relative to the 
aerials, measured in the horizontal and vertical planes respectively. 

If a third aerial of known gain G.(0, ®) is now paired with each of the aerials, 
two more equations are obtained, 


AP, =KS\/{G,(0, D)G.(0, D)}, 0. (2) 
APL KSW/i1G,(0; D)G(0, D)}. 1... ee (3) 


The measurable quantities AP,, AP,, AP, may be expressed in terms of 
equivalent diode noise generator currents I,, Z,, I, and using (2) and (3) with (1) 
we have 

GO yD) = G 10D) (10a) eects etree act (4) 
GARD == O10 4D (105) ae crate eerie ee (5) 


Thus the gains of two of the aerials are obtained in terms of the measurable 
power ratios (I,/I;), (,/I,), and the gain of the third aerial. 

The method may be applied to both steerable and transit type instruments, 
but when applied to the latter we need consider only one of the coordinates, 
the elevation ®, as variable ; the coordinate 0 is fixed usually at 02=0, where the 
gain in this direction is a maximum. It is essential to measure the gain as a 
function of ®, the elevation, because it is not necessarily constant. Tiltable 
aerials, for example, are affected by ground reflections for low elevations, whilst 
fixed arrays of dipoles are subject to gain changes as the phasing of the elements 
is altered to swing the beam from the vertical. Thus, when this method of 
aerial calibration is applied to transit instruments, a calibration curve as a 
function of ® can be obtained by using several sources each at a different 
elevation. 

As already noted, the equations given above are independent of the strength 
of the source and the absolute calibration of both the receiver and noise generator. 
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Nevertheless, it is desirable to use strong sources for good signal-to-noise ratios. 
At the same time, the sources should be much smaller in angular size than the 
narrowest aerial beam, otherwise uncertain corrections have to be applied. The 
detector must be a square-law one for the above equations to hold; if a linear 
detector is used, the equations have to be modified to include the effects of the 
background radiation on the amplitude of the recorded signal. This correction 
would be different for different combinations of aerials. 


In the foregoing, it has been assumed that only one source at a time is 
present in the aerial beam, that is, there is no confusion. Although this is not 
true of the smaller standard aerial, enough discrimination can be provided by 
the other aerial of the interferometer pair if it is sufficiently directive. Conse- 
quently, the use of the method is restricted to the calibration of pairs of large 
aerials such as are found in the large cross or interferometer-type radio telescopes, 
At short wavelengths, where the Sun is by far the brightest object in the sky, 
smaller aerials could be calibrated by the method, using the Sun without danger 
of confusion effects, although for these aerials conventional methods of calibration 
may be more suitable. 

The accuracy of this method is limited by the signal-to-noise ratio. An 
accuracy of 5 per cent. in the noise generator current ratios is required for the 
gain to be obtained to 10 per cent., and in the presence of noise such accuracies 
can be difficult to achieve. High signal-to-noise ratios are therefore required. 
A further difficulty is introduced by ionospheric scintillations, which effectively 
add to the noise fluctuations and in serious cases can even render an observation 
useless. 


These difficulties can be overcome by taking a sufficient number of 
observations. 


III. APPLICATION TO A Cross AERIAL 
The method has been applied to the calibration of the 3-5 m Mills Cross 
aerial at Sydney. The experimental arrangement is shown in Figure 1. A 
half-wave dipole and plane reflector were placed at a distance from the centre 
of the Cross and pairs of aerials were connected to a phase-switched receiver 
to be described elsewhere (Mills et al. 1958, in press). The output of this was 
displayed on a Speedomax recording millivoltmeter. 


The choice of a standard aerial appears to be limited to either a dipole- 
reflector combination or a horn. Seeger (1956) has shown what can be achieved 
with a horn at short wavelengths, but when used at a long wavelength they are 
clumsy and are susceptible to ground reflection effects, which in the case of the 
dipole with reflector can be eliminated altogether. Hence this type of aerial 
has been used here. The dipole was made of in. diameter copper tubing, 
spaced 0°21 wavelength above a wire mesh reflector which measured approxi- 
mately 2 by 14 wavelengths. This whole structure was placed on the ground, 
which then acts as an infinite extension of the reflecting screen. From the 
conventional definition for directivity (see for example Schelkunoff and Friis 
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(1952)) the following expression for the gain of this system in the direction 
® can be derived 
11= 4A sin? i cos 0), ae Roa ls (6) 

where the g’s are the isotropic gains and the R’s the aerial input resistances. 
The subscript D refers to a dipole in free space and A to a dipole at a distance 
‘‘a”’ wavelengths above a plane reflector. is the wavelength. The angle ® 
is measured from the vertical in the north-south plane which is normal to the 
axis of the dipole. The response of the dipole in this direction is a constant. 
The calculated maximum value for g, was 6-0, neglecting ohmic losses, which 
amount to less than 4 per cent. for the aerial used. 


NORTH 


EAST 


WEST 


SOUTH 


Fig. 1.—Experimental arrangement of aerials. 


The loss in the cable connecting the dipole to the receiver was found to be 
2-3+0-1 dB by an insertion loss measurement made between a matched load and 
a matched diode noise generator. 

Two dipoles were constructed. One was half a wavelength long and was 
matched by a Pi network of known loss at a point half a wavelength from the 
input terminals. The other was matched by shortening the dipole and by 
placing balanced series reactances at the dipole terminals. This dipole was thus 
shorter than a half wavelength by 6 per cent. 

The relative gains of these two were checked by observations of the quiet 
Sun using one dipole at a time with the north-south arm of the Cross. An 
interference pattern was obtained in the way to be described later and the dipoles 
were interchanged at transit above the same reflector. 

The gains were found to be the same to within 3 per cent., and for mechanical 
reasons the shortened dipole was used in the following observations. 

The three aerial combinations possible with this arrangement produce 
three distinct types of record as shown in Figure 2. Because of the spacing 
between the dipole and the centre of the Cross, an interference pattern is produced. 
This is shown in case (a), where a large number of fringes are observed due to the 
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broad east-west pattern of the north-south aerial. In case (6) the narrow pattern 
of the east-west aerial allows only one fringe to be observed. Case (ce) is the 
normal pencil-beam record of the Cross. 

For these measurements it was decided to use the strong radio sources, 
Pictor-A (IAU 05S4A), Hydra-A (IAU 09S1A), Hereules-A (IAU 16NO0A), 
Virgo-A ([AU 12N1A), and Taurus-A (IAU 05N2A), since these culminate at 
different zenith angles and therefore allow the gain to be obtained as a function 
of elevation. The use of the Sun is excluded because it is larger in angular size 
than the aerial beams used in the Cross. 


NT Ne a 


(a) N-S. AERIAL 
WITH DIPOLE 


(b) E.-W. AERIAL fe Se 


WITH DIPOLE 


(¢) E.-W. AERIAL WITH N.-S. 2 NORMAL CROSS RECORD 


Fig. 2.—East-west patterns produced by different aerial combinations. 


Three separate records are then required for each of these sources, but 
because the cross is a transit instrument it was impossible to get them all on one 
day. However, it was possible to get two records without losing much informa- 
tion, by first setting up the north-south aerial with the dipole and then near the 


time of transit changing over to one or other of the remaining aerial combinations 
for 10 min. 


TABLE 1 


TOTAL NUMBERS OF RECORDS TAKEN FOR EACH AERIAL COMBINATION AND SOURCE 


Aerial Combination 
Source 

Cae E.-W. N.-S. 

Dipole Dipole 
Pictor-A, 0584A 3 3 4 
Hydra-A, 09S1A 3 6 4 
Hercules-A, 16NOA 6 5 2 
Virgo-A, 12N1A 5 4 i 
Taurus-A, 05N2A .. 3 6 3 


The numbers of records taken for each aerial combination and source are 
given in Table 1. 


A recording of the source Taurus-A is reproduced in Figure 3. For this 
case both the north-south with dipole and Cross aerial combinations were used. 
Noise fluctuations are not troublesome for this source. 
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A second sample record is shown in Figure 4, and was taken of the source 
Hydra-A using the north-south with dipole and east-west with dipole aerial 
combinations. Noise fluctuations are in this case more important. This is 
particularly so for the single peak observed using the east-west aerial with the 
dipole. Also, this part of the record had barely enough time to establish a base 
level from which to measure the height of the peak. As a result of these two 
factors additional records of the type shown in Figure 5 were taken for all sources. 


o6hoom 


osh3om 


oshoom 


N.— S. AND DIPOLE N.— S. AND 
B= 5), DIPOLE 


Fig. 3.—Records taken on August 21, 1956 of the discrete radio source Taurus-A using the 
aerial combinations as shown. The large negative spike at about 0520 is due to interference. 


Those illustrated were taken on consecutive days of the Hydra-A source using 
only the east-west with dipole aerial combination. Some of the variations are 
due to scintillations and some to noise. Nevertheless, the smoothed amplitudes 
of these records do not differ by more than 10 per cent. 

In the absence of scintillations, the normal Cross records, such as shown in 
Figure 3, are reproducible from day to day with an accuracy of 3-4 per cent. 
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Fig. 4.—Records taken on May 15, 1956 of the discrete source Hydra-A using the aerial 
combinations as shown. 


From all these records it can be seen that the signal-to-noise ratios obtained 
during these measurements are adequate for calibration purposes, without having 
to make large numbers of observations. One of the sources, Hercules-A, showed 
confusion effects. These became apparent when different readings were obtained 
for different positions of the test dipole with respect to the Cross arms. This 
gource is in a region of strong galactic radiation, and the effect was due to confusion 
between local concentrations in this radiation and the source. However, such 
confusion was reduced to negligible proportions when the position of the test 
dipole was fixed in the position Y=15-8A, X=11), Z= —0-296A. The coordinate 


system is shown in Figure 1. 
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In general, confusion effects due to extended sources may be reduced by 
using sufficiently large aerial spacings. 

All the measurements were taken with the dipole in the position just given, 
with the exception of those of Pictor-A, which had been completed with the 
dipole at Y=13-4a, X=1-85a, Z=—0-28A before the difficulty with the 
Hercules-A source arose. 

A calibration signal similar to that shown in Figure 4 from a diode noise 
generator was placed on each record. A square-law detector was used and hence 
the recorded source amplitudes could then be measured off directly as an equi- 
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Fig. 5.—Four consecutive records of the source Hydra-A using the east-west aerial with a 
dipole. 


valent noise generator current. A correction was required, however, for the 
change in amplitude of the interference fringes away from transit. This 
correction was obtained from a mean of several curves of the observed envelope 
of the fringe pattern. 

From these measurements on the five sources the gains of each arm of the 
Cross aerial were calculated using equations (4) and (5). Now the gain of the 
Cross aerial as a whole is given by 


Corias=24/(GG 5), (7) 


where G, and G, refer to the gains of the north-south and east-west arms 
respectively. 
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Substituting from equations (4) and (5) 


‘The values so obtained are given in Table 2. The probable errors of these values 
are also given and have been obtained from the observed probable errors of 
the variables in (8). 

These results show that the gain of a cross aerial can be determined at 
suitable points with a probable error due to random effects of about 5 per cent. 
Systematic errors are believed to be no greater than 10 per cent. 


TABLE 2 


MEASURED GAIN OF 3:5™M CROSS AERIAL AT DIFFERENT ELEVATIONS AND FLUX DENSITIES OF 
SOURCES USED FOR THE CALIBRATION 


Effective Gain 
Source Elevation of Cross Aerial 
over Isotropic 


Flux Density 
(10-24 W m-? (¢/s)—4) 


Pictor-A, 05S4A a Bk South 78° 820+34 


5:7 
Hydra-A, 09S1A.. as < North 68° 640 +28 6°7 
Hercules-A, 16NOA ee a North 51° 390+22 8-9 
Virgo-A, 12N1A Le 5 North 434° 297+8 24-3 
‘Taurus-A, 05N2A ne = North 34° 180+10 23 


IV. Source FLUX DENSITIES 

Having thus determined the gain of the aerial we are now in a position to 
calculate the flux densities of the sources used for calibration. To do this, the 
calibration of the receiver was checked, and the values of the flux densities are 
given in Table 2.* The values refer to both planes of polarization and have 
a probable error of 10 per cent. 

It appears that these values are higher than those previously quoted, as 
reference to Pawsey (1955) and Shakeshaft et al. (1955) will show. The reason 
for this could be that early measurements were affected by confusion effects 
due to the poor resolving power of the instruments. Furthermore, most other 
instruments have not been calibrated as a function of elevation and hence ground 
reflection effects could cause some of the differences which are observed. It is 
felt therefore that these new values are not subject to the same uncertainties. 
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ANOMALIES IN IONOSONDE RECORDS DUE TO TRAVELLING 
IONOSPHERIC DISTURBANCES 


By L. H. H&IsLER* 
[Manuscript received October 3, 1957] 


Summary 


Anomalies which frequently appear on ionosonde records of the F' region during 
the passage of travelling disturbances are classified into four main types; and the 
diurnal and seasonal distribution of their occurrence is discussed. 


It is suggested that the type of anomaly appearing on records depends on the ion 
density distribution at a height of about 200 km, which appears to be an upper bounding 
surface for the mode of travel of disturbances. : 


A particular study has been made of winter disturbances. These are found to be so 
frequent that they affect all ionosonde records obtained during this season. They travel 
distances of at least 3000 km with fronts possibly broader than 1000km. Attempted 
correlation with geomagnetic storminess was unsuccessful. 


Information is also presented on similar disturbances observed in North America. 


I. INTRODUCTION 

The existence of disturbances travelling horizontally in the ionosphere has 
been established by various workers. Munro (1950, 1953) has studied them 
extensively on a fixed frequency of 5-8 Mc/s, using a three-station triangulation 
to determine speed and direction. In order to observe disturbances of ion density 
at different heights in the ionosphere a programme of h’f recording was initiated 
at these laboratories during 1951 using a fast sweep panoramic type recorder 
previously described (Heisler 1955). 

This recorder has been in daily operation at Camden (150° 40’ E., 34° 03'S.) 
near Sydney from 0900 to 1400 hr local standard time scanning a frequency 
range of 1-15 Mc/s in 15 sec, the records being made at 1 min intervals. Their 
study soon revealed the existence of anomalies which, because of their transient 
nature, are usually unobserved on records taken at intervals of 10 min or more. 
They appear most obviously at frequencies near the P, and F, penetration 
frequencies. Simultaneous observations on a three-station system for detecting 
ionospheric movements (Munro 1950) have established that these transient 
irregularities are always manifestations of travelling ionospheric disturbances 
GM EDs). 

h’f disturbances in general are much greater in amplitude than those studied 
by the more sensitive fixed frequency techniques and are often so large that 
penetration occurs on the corresponding fixed frequency record, thus making 
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determination of speeds and directions impossible. On the other hand, 
disturbances observed on fixed frequency records are often too small to be 
resolved satisfactorily on ionosonde records. However, there are many 
disturbances which show up simultaneously on both types of record; these 
cases leave little doubt that the disturbances normally observed on these records 
differ only in magnitude. 

This paper presents information on the diurnal and seasonal distribution 
of occurrence of ionosonde anomalies observed at Sydney during the years 1952 
to 1955. (Corresponding statistical data for the smaller disturbances observed 


(b) 


(c) (d) 


Fig. 1.—Types of anomalies on ionosonde records. (a) Type A anomaly, 

Camden, 1323 hr, October 25, 1954; (6) type B anomaly, Camden, 

1032 hr, November 24, 1951; (c) type C anomaly, Camden, 1114 hr, 

September 25, 1953; (d) type D anomaly, Camden, 1001 hr, July 31, 
1952. 


on fixed frequency records are given in a paper by Munro (1958).) In some well- 
defined cases the amplitude too has been estimated. These show that the 
change in ion density during the passage of a disturbance is considerable. Analysis 
of records from all ionosonde stations in Australia indicated that the disturbances 
travel distances of at least 3000 km with fronts possibly broader than 1000 km. 

Data obtained by G. H. Munro during a visit to America in June 1955 are 
also presented. These show that similar disturbances exist in the northern 


hemisphere travelling with directions and speeds different from the Australian 
counterparts. 
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II. Types oF ANOMALIES 
Ionosonde records taken at Camden during the years 1952-1955 have been 
examined and the anomalies observed have been grouped according to four 
main types. Figure 1 shows tracings of actual records in which these types are 
immediately evident, and they may be classified as follows: 


(a) Type A or “ split” type anomaly is marked by a distinct forking of the 
trace at Ff, penetration frequency. This is very similar to a “‘ penetration 
frequency multiplet” in spread-F phenomena described by Singleton 
(1957). 

(6) Type B or “Z” type anomaly has a fold in the F, trace forming a 
shape like the letter “Z”’. 

(c) Type C or ‘“‘ double peak” anomaly occurs inthe F, trace as a cusp- 
shaped irregularity forming two distinct F, peaks. 

(d) Type D or “ cusp” anomaly appears as a cusp-shaped trace near F, 
penetration frequency. 


Type A and B irregularities have already been explained by Munro (1953) 
as being due to complex reflections from curved isoionic surfaces in the ionosphere 
during the passage of a travelling disturbance. In these cases, only a reduction 
of ion density was evident, the ion density contours producing the complexities ° 
being curved concave upwards. 

Types C and D are the cusp anomalies described by Munro and Heisler 
(1956). Type CO occurs as a complexity in the Ff, layer, while type D occurs in 
the F, layer. Here a disturbance introduces an initial ion density reduction 
closely followed by an increase in ionization which produces closed contours or 
‘islands ”’ of higher ionization density. The cusp-shaped irregularities are due 
to non-vertical reflection of ionosonde transmissions from these islands. 


III. SEASONAL DISTRIBUTION OF ANOMALIES 
In order to obtain an accurate representation of the seasonal distribution of 
anomalies, the total number of each type oc¢urring during each month of the 
years 1952-1955 was divided by the total number of recording hours in that 
month to give a mean hourly rate of occurrence. Figure 2 shows the seasonal 
distribution and the total number of recording hours each month for the various 
types of irregularities. It is apparent that type B and D anomalies are typical 
summer and winter phenomena respectively, while type C is equinoxial. Type A 

appears to have a random distribution throughout the year. 


IV. DisTURBANCE ANOMALIES IN VARIOUS ION DENSITY DISTRIBUTIONS 

The average seasonal ion density distributions at Camden on which these 
irregularities appear differ markedly from one another; these are shown in 
Figures 3, 4, and 5. Oak 

The type D anomaly occurs on the winter distribution shown in Figure 3, 
the lower trace on the diagram being the true height distribution of ion density 
determined by a method due to Kelso (1952). There is no definite Ff, layer 
and a true F, penetration does not occur. The height of maximum ion density 
is approximately 200 km. 
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Fig. 2.—Mean hourly rate of occurrence of anomalies each month, July 1952—-June 1955. 


(a) Type A anomaly ; (6) type B anomaly ; (c) type C anomaly ; (d) type D anomaly. 


400 


300 


200 


HEIGHT (KM) 


100 


CURVE I FREQUENCY (Mc/s) 


4 5 


0-49 aah) 1°98 3°10 4°46 


CURVE II ELECTRON DENSITY (ELECTRONS /CM3x 1075) 


Fig. 3.—Typical ionosonde record (curve I) and true height 
distribution (curve II) before advent of a type D anomaly. 
Camden, 1015 hr, June 25, 1953. 
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Both virtual and true height equinoxial distributions appear in Figure 4. 
Here F, penetration occurs and a definite maximum value of F, electron density 
exists. Most of the F, layer is above 200 km in height with a maximum ion 
density at approximately 250km. Type C anomalies appear in the Ff, trace 
of this distribution but are not seen at greater heights. 
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Fig. 4.—Typical ionosonde record (curve I) and true height 
distribution (curve II) before advent of a type C anomaly. 
Camden, 1148 hr, September 18, 1954. 
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Fig. 5.—Typical ionosonde record (curve I) and true height 
distribution (curve II) before advent of a type B anomaly. 
Camden, 1216 hr, October 10, 1954. 


Early in October the typical summer distribution develops as represented 
by Figure 5. This is associated with a sudden change in. direction of travel of 
disturbances as described by Munro (1950). In this case the F, layer has a. 
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much greater semi-thickness than formerly, and its maximum again occurs at 
approximately 250km. The type B anomalies which arise in this distribution 
rarely occur near the /', maximum, and they originate at an approximate height 
of 200 km on the F, trace. 

There is a possibility therefore that all disturbances are contained by an 
upper boundary near 200km and do not often occur above this height. The 
normal seasonal change in ionization height-distribution would therefore 
determine the type of irregularities observed.. This would also explain why 
these are rarely seen on night records when the whole of the F region is well 
above 200km. Further research is being undertaken at this laboratory to 
study this possibility. 

Munro (1953) has indicated that complexities on ionosonde records due to 
travelling disturbance manifestations are more evident in a region where ion 
density changes slowly with height. This is obvious in Figure 1 where in all 
cases shown the complexity occurs on a steep portion of the h’f trace. 


When a travelling disturbance affects regions where there is a rapid rate of 
change of ion density with height, as indicated at A in Figure 4, there may be no 
resulting complexity but only a small height change in the trace, probably too 
small to detect. . 

Figures 2 (a), 2 (6), 2 (ce), and 2 (d) also illustrate the high frequency of 
occurrence of disturbances. For example, disturbances responsible for type D 
anomalies during June occur at the approximate rate of one per hour, and since 
their duration may be as long as 30 min, records are invariably abnormal during 
this month. 


V. DIURNAL DISTRIBUTION OF ANOMALIES 
Figures 6 (a), 6 (b), 6 (e), and 6 (d) show the diurnal distribution of anomalies 
for the years 1952-1955. Type A irregularities have a broad maximum during 
the morning hours, while type B have a broad midday maximum. Type C 
anomalies show a marked increase after midday, but unfortunately in this case 
recording hours have been insufficient to show the time of maximum. Type D 
anomalies show a small broad maximum in the morning hours. 


VI. AMPLITUDE OF DISTURBANCES 
The type D or cusp type anomaly is the most prominent of those discussed 
above. It is always readily recognizable on records, and during the winter, 
as already mentioned, it occurs frequently. For this reason it has been chosen 
as the most suitable type for study at this laboratory. 


Figure 1 (d) shows this anomaly soon after its first appearance on a series 
of ionosonde records. The penetration frequency f, at A represents the value N 
to which the ion density has fallen during the initial phase of the disturbance. 
As the disturbance progresses, the penetration frequency f, of the cusp as 
measured at B increases, and its maximum value represents the maximum ion 
density N, due to the disturbance. 
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N,;—N, is a measure of the total ion density change, and, if we assume 
that the disturbance is sinusoidal in form as suggested by Mcniee and Heisler 
(1956), then the percentage amplitude is given by 


{(V,—W,4)/(Ng+N,)} x100 or {(fs—fa)/(f3+f%)} x 100. 


Table 1 shows a number of amplitude values for various disturbances. 
Some of these amplitudes are quite large, representing as much as 36 per cent. 
total change in maximum ion density of the F, layer. 
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Fig. 6.—Diurnal distribution of anomalies, July 1952-June 1955. (a) Type A; 
(b) type B; (c) type OC; (d) type D. 


VII. EXTENT OF DISTURBANCES 

Munro (1950) discusses a travelling disturbance of this type which Pe: 
on July 5, 1948, appearing successively on records at Canberra (35° Le Si. 
149° E.), Sydney (33° 52’S., 151° 11’ E.), and Brisbane (27° 30’ 8.5 153 E.). 
A method of triangulation described in the same paper showed the direction of 
travel and apparent horizontal speed of this disturbance to be 2° east of north 
and 10 km/min respectively. This, therefore, was an example of a disturbance 
travelling horizontally at least 900 km without any definite change in form or 
Some large amplitude of type D anomalies discussed above suggested that the 
extent of these disturbances may be even greater. Consequently, with the kind 
cooperation of the Ionospheric Prediction Service of the Department of the 
Interior and of the Bureau of Mineral Resources, Geology and Geophysics 
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of the Department of National Development, a programme of continuous h’f 
recordings was arranged for a fortnight during the month of July in 1954, 1955, 
and 1956. This programme operated at the following stations: Hobart 
(42° 53'S., 147° 51’ E.), Canberra (35° 18’S., 149° E.), Brisbane (27° 30’S., 
153° E.), Townsville (19° 10'S., 146° 58’ E.), and  Watheroo (30° 18’ 8., 
115° 56-6’ B.). By courtesy of the New Zealand Department of Scientific and 
Industrial Research a few records were also obtained from Christchurch (43° 30’S., 
172° 30’ E.). 
TABLE 1 
AMPLITUDES OF TYPE D DISTURBANCES AT CAMDEN 


Maximum | Amplitude 
Minimum ~ Cusp Ion Density 
Date Time fF. Penetration Change 
(Mc/s) Frequency (%) 
(Mc/s) 

6.vi.53 ee 65 1044 4-7 5:5 15 
10.vi.53 ne fe 1045 4-9 5-4 10 
12.vi.53 bs AG 1145 5:25 5°75 9 
15.vi.53 ae Me 1123 5-25 5-75 9 
16.vi.53 46 Bic 1123 (90) | 5:75 12 

1315 5+7 6-5 13 

17.vi.53 oe 56 1241 4:6 §-2 12 
19.vi.53 ere ee 1200 5-0 6-0 18 
22.vi.53 ee si 1133 5-4 6-0 10 
27.vi.53 ee os 1228 5+4 6-1 12 
28.vi.53 “i ss 1227 5°4 6-25 14 
1309 5-6 6-25 ll 

3.vii.53  .. oe 1108 4-6 5-5 18 
1130 5-3 6-0 12 

10.vii.53 ae ie 0942 4-9 5-25 7 
1132 5°6 6-25 11 

16.vii.53 Bo ac 1251 5:0 5°5 9 


From a comparison of Canberra, Sydney, and Brisbane records it immediately 
became obvious that disturbances seen at Canberra appeared at Sydney and 
Brisbane also, but at different times. Great circle distances and bearings were 
used to prepare a gnomonic chart of all Australian stations with Canberra as 
centre ; and, assuming that the front of a disturbance was a great circle segment, 
or a straight line on the chart, it was possible by triangulation of Canberra, 
Sydney, and Brisbane to obtain directions and speeds of disturbances. Expected 
times of arrival at Townsville and times of appearance at Hobart were then 
determined for a large number of disturbances. Examples are shown in Table 2. 
The time quoted in parentheses is the estimated time of arrival in each case. 
It can be seen that estimated times and actual times of arrival of a disturbance 
correspond very closely, and this provides definite evidence of disturbances 
travelling from Hobart to Townsville, a distance of 3000 km. Moreover, the 
amplitude of a large disturbance occurring on July 18, 1955 is approximately 
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18 per cent. at Hobart, Sydney, and Townsville, which implies that for large 
disturbances at least there is little change in amplitude over the distance 
travelled. 

The stations listed in the table lie approximately in a south-north line, 
which is the general direction of travel of disturbances in this hemisphere. 
Distortion of the distance scale on the gnomonic chart in the area considered is 
very small, and the scale is almost linear in the region bounded by longitudes 


TABLE 2 


TIME OF ARRIVAL OF DISTURBANCES AT STATIONS AND THEIR ESTIMATED SPEEDS AND DIRECTIONS 
All times are 150° E.M.T. : 


Date Hobart | Canberra | Sydney | Brisbane | Townsville) Speed | Direction 
(km/min) | (°E. of N.) 
14.vii.54 1048 1220 1247 1425 7:8 7 
(1048) 
16.vii.54 1006 1152 1215 1346 1600 ° 8-4 23 
(1006) (1605) 
19.vii.54 1152 1246 1303 1358 ze 11-6 50 
(1144) 
21.vii.54 1018 1202 1215 1342 1538 8-2 350 
(1024) (1540) 
16.vii.55 T 1026 1044 1220 1426 7:4 356 
(0834) (1426), 
18.vii.55 1056 1242 1258 1424 1534 9-0 10 
(1056) (1534) 
21.vii.55 0922 1114 1135 1310 1502 7:6 4 
(0922) (1502) 
1038 1220 1234 1354 1540 8-8 353 
(1038) (1540) 
24.vii.55 1025 1124 1135 1234 1339 12-4 2 
. (1025) ; (1339) 
0917 1128 1150 1344 1615 5:8 358 
(0917) (1615) 
25.vil.55 0934 1054 1114 1230 1310 9-8 30 
(0934) (1310) 
1028 1134 1155 1314 1342 10-2 36 
(1028) (1342) 


* No record available. 
+ Ten-minute records only available. 


135° BE. to 165° B. and latitudes 15°S. to 45°S. Outside this region the scale 
distortion becomes considerable, and an extension of the triangulation method 
analysis to include Watheroo and Christchurch is difficult, particularly when 
there is doubt as to the shape of the disturbance front. 

However, the disturbance of July 19, 1954 which passes through Hobart and 
Brisbane and travels in a direction 50° east of north must have a broad front. 
On the gnomonic chart this distance is given by the projection of the Hobart- 
Brisbane line on the disturbance front drawn through Hobart and is approxi- 
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mately 700km. This represents the minimum extent of the front, the actual 
frontal length being probably much greater. A similar disturbance of July 25, 
1955, travelling 30° east of north and passing through Hobart and Townsville, 
has a front of at least 1000 km. In the cases considered disturbance fronts are 
approximately segments of a great circle. 

There are indications that the front of some very large disturbances may 
be several thousand kilometres and it is intended to investigate this further by 
means of additional ionosondes placed in an east-west line. 

Two disturbances occurring on July 24, 1955 provide an interesting example. 
These disturbances, travelling in approximately the same direction, almost 
due north, left Hobart at different times with markedly different speeds. Just 
before reaching Canberra they crossed over in space but maintained their separate 
identities to arrive later at Sydney, Brisbane, and Townsville. This means that, 
two disturbances existing simultaneously in the same medium were travelling 
at different speeds. 


TABLE 3 
TIME OF ARRIVAL OF DISTURBANCES AT STATIONS AND THEIR ESTIMATED SPEEDS AND DIRECTIONS 
All times are 75° W.M.T. 


Date Ottawa |Morgantown| Derwood | Charlottes- Speed Direction 
ville (km/min) (CE. of N.) 

18.1.51 (1012) 1012 1055 1047 5-2 ap hid 

0730 1033 1123 1142 2-7 160 
(0742) 

(0630) 1130 1215 1241 2-0 176 

1030 1313 1321 (1353) 4-5 184 

28.1.51 0717 0842 0913 0921 5-4 160 
(0715) 

(0616) 1127 1211 1233 2:0 180 

0800 1226 1313 (1325) 2°5 174 


During a visit to America in June 1955 G. H. Munro found type D anomalies, 
similar to those discussed above, on northern hemisphere winter ionosonde 
records. With the kind permission of the Department of Terrestrial Magnetism 
of the Carnegie Institution of Washington and the Canadian Defence Research 
Laboratories, records from Morgantown (37° 7’ N., 79° 9’ W.), Derwood (39° 1’ N., 
77° 2’ W.), Charlottesville (38° 1’N., 78°5’W.), and Ottawa (45° 20’N., 
75° 43’ W.) were analysed, and from three stations speed and direction of travel 
of disturbances were determined by triangulation methods. Expected time of 
arrival at the fourth station was then estimated and the results are presented 
in Table 3. The time quoted in parentheses is the estimated time of arrival of a 
disturbance. In some cases the estimated time and actual time of arrival 
correspond very closely. Here again the disturbances are large-scale phenomena, 
but directions and speeds of travel differ from those observed during the southern 


hemisphere winter at Sydney. They travel south instead of north, and more 
slowly. 
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VIII. CoRRELATION WITH MAGNETIC PHENOMENA 

Attempts have been made to correlate occurrence of type D anomalies. 
with magnetic storm data. Comparisons were made between magnetograms. 
and ionosonde records from Watheroo and no correlation was found between 
disturbed magnetic records and occurrence of travelling ionospheric disturbances. 
The extent of these disturbances and the fact that they originate well to the 
south of Hobart suggested a possible correlation between disturbed days and 
auroral effects. Here again no correlation was found. Magnetogram records 
from Macquarie Island (54° 30-2'S., 158° 57’ E.) also showed no relationship 
to disturbed days. 


IX. CONCLUSIONS 

Jonosonde records taken at Sydney during the years 1952-1955 show transient 
anomalies that are the result of horizontally travelling disturbances in the 
ionosphere. These irregularities may be classified into four different types. 
One of these is random in occurrence, but the other three show definite maxima 
of occurrence during the winter, summer, and equinoxial periods respectively. 

Study of typical true-height ion density distributions for these periods 
suggests the existence of a possible upper boundary to disturbances in the region 
of 200 km, and that the position and shape of the distribution with respect to 
this height determines the type of irregularity on ionosonde records. This 
study is being continued. 

Amplitude of disturbances, in particular of those occurring during winter, 
is very large, and ion density changes of the order of 30 per cent. are not 
uncommon. 

Disturbances have been shown to travel large distances with wide fronts. 
Many disturbances travel from Hobart to Townsville, a distance of 3000 km, 
with no apparent change in amplitude and have fronts of at least 1000 km. 
It is intended by the use of additional ionosondes to investigate further the shape 
and extent of disturbance fronts. 

Occurrence of disturbances is quite frequent. HEquinoxial and winter types 
occur approximately at the rate of one each hour. Summer disturbances occur 
at the average rate of one every two and a half hours; but many summer 
disturbances are probably not seen on records due to H, blanketing, and it is 
possible that the frequency of occurrence is much higher than this. Since the 
duration of disturbances may be as long as 30 min, the ionosphere is almost 
continuously affected by them. During winter frequent increases in F, maximum 
occur because of disturbances which due to their large extent probably make 
maximum usable frequencies over any particular circuit higher than the predicted 
value. 
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TRAVELLING IONOSPHERIC DISTURBANCES IN THE F REGION 
By G. H. Munro* 
[Manuscript received October 24, 1957] 


Summary 


Observations of the horizontal movements of travelling ionospheric disturbances’ 
recorded on a single radio frequency from April 1948 to March 1957 are analysed for 
seasonal and diurnal variations of occurrence and of direction and speed of travel. 
Recording was mainly in daylight hours but some limited night results are included. 
The average number of disturbances recorded was six per day over the period. Observing 
accuracy and significance of the deduced data are discussed. The frequency of occurrence 
has a diurnal variation with a marked midday maximum and a seasonal variation with 
minima at the equinoxes. 


The monthly means of direction of travel show a consistent seasonal change from 
30° in winter to 120° in summer with a small corresponding change in mean speed from 
8 km/min in winter to 7km/min in summer. 


The monthly mean diurnal variation of directions was consistent from 1950 to 1954 
but has shown a marked change in the last two summers. Winter directions by day 
are mainly in the north-east quadrant and have a mean day-time drift towards the north 

' but at night they are predominantly in the north-west quadrant. Summer day-time 
directions were mainly in the south-east quadrant until December 1956; since then 
they have tended to the south-west after noon, reverting to the south-east about midnight. 


Diurnal variation of speed is of the same order as the seasonal change. 


I. INTRODUCTION 

Previous papers from this laboratory have described some of the 
characteristics of travelling disturbances in the F region of the ionosphere 
(Munro 1950) and some of the effects they produce on the common types of 
ionospheric records (Munro 1953b). Some preliminary information was also given 
on seasonal and diurnal variations in the direction and rate of travel (Munro 
1950, 1953a). 

Observations have now continued for a period of 9 years and sufficient 
information is available for significant statistical examination of a number of 
features of the occurrence and movements of the disturbances. 

The present paper deals with horizontal movements of disturbances as 
observed on a single radio frequency. 


Il. RECORDING TECHNIQUE 
The observing system has been described previously (Munro 1950). Three 
similar pulsed transmitters operating on a common frequency are spaced about 
40 km apart at the apices of a triangle. The transmitters are pulsed successively 
so that the echo signals from all three may be displayed simultaneously on a 


* Radio Research Laboratories (Sydney Laboratory), C.S.I.R.O., c/o Electrical Engineering 
Department, University of Sydney. 
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cathode-ray oscilloscope and recorded continuously on photographic film. The 
effective separation of reflection points is about 20 km, which has proved to be 
the optimum, since for smaller distances the time difference is too small, whilst for 
ereater distances individual disturbances are not always identifiable at all points. 
The frequency of 5-80 Mc/s, which has been used most often, has been found very 
suitable as at least one ray reflected from the F, region is normally present. 
Lower frequencies have occasionally been used, particularly for night 
observations. Higher frequencies have not been much used, as most of the 
observations have been in a low sunspot period. 

Recording has usually been carried out at two sites. This reduces loss of 
data due to instrumental failure and also permits emphasis on different features 
at the two points; for example, at the base station, both H and F' echoes are 
recorded for comparison, while at a field station, where the noise level is lower, 
the F echoes are recorded in greater detail by the use of higher receiver sensitivity 
and a more open time-base scale. 

Virtual height recording using intensity modulation of the cathode-ray 
oscilloscope beam has been found the most useful for regular observations. The 
equipment used is also capable of recording continuously either intensity variations 
or phase-path changes ; these facilities have been used occasionally for special 
observations not discussed in the present paper. 

Recording has been carried out mostly by day from approximately 0700 to 
1700 hr. This interval covers the period of most frequent occurrence of 
disturbances. 

Regular observations began in April 1948 and have continued with only 
minor interruptions. 

Night-time observations have been made for limited periods, as will appear 
in the text. 


III. OCCURRENCE OF DISTURBANCES 

The types of disturbance manifestations observed on records have been 
described in previous papers (Munro 1950, 1953). In the statistical examination 
which follows in this section we shall consider mainly complexities or abrupt 
changes in virtual height (which are actually very small complexities) as these 
are interpretable in terms of geometrical optics and are much more precise and 
reliable indications of disturbances than virtual height maxima and minima 
or ray “ cross-overs ”, which are sometimes used for detection of movement in 
the absence of complexities. Variations of intensity may also be used as 
indications of disturbances, but they are found to be less reliable than complexities 
because additional variations due to absorption and focusing in lower regions 
may confuse results. In this section records from only one station are considered 


and the appearance of a complexity on at least one trace is listed as an occurrence 
of a disturbance. 


(a) Frequency of Occurrence 
These disturbances are of quite frequent occurrence; for example, the 
average number recorded per day in the years 1951-1956 was approximately 
six. The number observed varies considerably from day to day.’ Ease of 
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observation depends to some extent on the ionization gradient at the time, but 
this does not account entirely for the day-to-day fluctuations. There do appear 
to be “* quiet days’ when disturbances are either absent or very small, and 
there may be several such days in succession followed by one or more “ active ” 
days. The nature of these variations is shown in Figures 1 (a) and 1 (b) which give 
the number observed each day during the months of July 1955 (winter) and 
January 1956 (summer) respectively. The mean number per day in each month 
for the years 1951-1956 is shown in Figure 1(e). 

It will be noticed that there is a rough periodicity present in curves (a) 
and (b). 
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Fig. 1.—Frequeney of occurrence of travelling ionospheric 

disturbances. (a) Day-to-day variations, July 1955; (b) day- 

to-day variations, Jan. 1956; (c¢c) mean annual variation 
1951-1956. 


(b) Diurnal Variation of Occurrence 

(i) Day-time.—The frequency of occurrence of observable disturbances has a 
marked diurnal variation. The mean variation for each month of the years 
1950-1953 is shown in the histograms of Figure 2. The ordinate scale is numbers 
per hour when conditions were satisfactory for observations. This correction 
was necessary since the curves would otherwise be distorted because of blanketing 
by E,, which has a morning maximum in summer (Harvey 1955). The lower 
values shown in December and January are the uncorrected ones. 

Tt will be seen that in winter there is a single peak at 1130-1230, but at 
the equinoxes there are two peaks, before and after midday. This is most 
marked in September. These peaks are significant since they recur each year, 


as shown in Figure 3. 
Other monthly distributions also repeat from year to year. 
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(ii) Night-time.—Night-time observations have been taken only for a few 
relatively short periods and the data are insufficient for Satisfactory statistical 
treatment. In general there seems to be an increase in occurrence of disturbances 
in the middle night hours. 


NUMBER OF OCCURRENCES 


150° E.M.T. (HR) 


Fig. 2.—Seasonal variation in diurnal distribution of 
occurrence of disturbances, July 1949 to April 1953. 


IV. MovEMENT oF DISTURBANCES 
For the deduction of direction and speed of movement it igs necessary that 
the manifestation of a disturbance on a particular ray (“0 ” or “ @ ”) should be 
recorded for each of the three transmissions on at least one record. This does 
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happen in most cases. There must also be no possible ambiguity in correlation 
of complexities on the different traces. These requirements have been fulfilled 
for all the data used in this section. 


(a) Treatment of Records and Data 

(i) Analysis of Records.—The echo traces corresponding to the three trans- 
mitters appear on the film records one above the other so that the time differences 
in the occurrence of disturbances at the three reflection points are readily 
observable and unaffected by any errors in actual time of occurrence. Examples 
of the different types of discontinuity have been shown'previously (Munro 19530). 
To the practised eye they are easily discerned, even when quite small. These 
discontinuities are far the most frequently observed features, but where none 
are present peaks or dips in virtual heights and cross-overs of the o and w ray 
traces are also used as indicators of disturbances. 
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Fig. 3.—Diurnal distribution of occurrence of disturbances 
in September 1950-1953. 


From the time differences in occurrence, the direction and speed of horizontal 
movement are then determined from tables which have been computed for the 
particular group of stations, and listed against the earliest time of occurrence. 


In the analyses which follow, all such listed data have been used without any 
form of discrimination. 

(ii) Significance of Data.—The significance of the analytical results obtained 
will depend on the quantity and variability of the data, so this aspect requires 
some detailed consideration. 

Assuming that the apparent directions of movement are true directions 
(this will be discussed more fully in the next section) the accuracy with which they 
may be determined will depend for a given system on (a) the accuracy with which 
the time differences of arrival of a disturbance at an observing point may be 
measured and (b) the speed of travel of the disturbance. 

In practice, the times of occurrence of the more clearly defined disturbances 
are read to the nearest } min; others, less clearly defined, to the nearest } min 
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only ; whilst there may be a few disturbances where the accuracy is even less. 
All disturbances are noted, but only the first two classes are used for determining 
directions and speeds of movements. 

With the spacing of stations used at Sydney, there is little chance of wrong 
correlation of disturbances, as they seldom occur at less than 10-min intervals 
and the maximum time difference of appearance of a disturbance at two stations 
is seldom greater than 5 min. 
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Fig. 4.—Chart showing limits of accuracy of deduction of directions and speeds from observational 
data. 


For the speeds most frequently observed (5-10 km/min) the corresponding 
time differences are between 4 and 2 min. Tables have been computed to give 
the direction and speed for each possible pair of time differences at + min intervals. 
Three sheets are used, one for zero time at each observing point. From these 
tables, it is easy to examine the change in direction and speed for a difference of 
Or } min in one of the time differences. 

A plot of these points is shown in Figure 4 for the range of most commonly 
occurring velocities. The limits of accuracy are clearly shown for all directions 
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of movement. It will be seen that, where times are recorded to the nearest 
+ min, the lower limit of directional accuracy for normal velocities will be of the 
order of 5°. 


(b) Variability 
(i) Daily Scatter—It has been mentioned previously (Munro 1950) that the 
observed directions and speeds may show considerable scatter in a single day. The 
limitations of the observing system have been discussed in an earlier section, 
but the variations are frequently greater than can be accounted for by such errors. 
Moreover, the directions may show regular drifts. Typical examples of the 
amount and variability of this scatter may be seen in Figure 5. 
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Fig. 5.—Day-to-day variations in direction and speed of movement, October 21-25, 
1951. 


The method of deducing directions assumes that each disturbance has 
a straight front. Curvature of the front could introduce an error in the deduced 
direction. In addition, any fluctuation local to one reflection point may bias the 
observation at that point. It has been apparent for some years that there are at 
least two scales of irregularities in the F-region reflections, one which produces 
fading periods of the order of seconds, and the other, of the type we are 
considering here, which gives fading periods of the order of minutes. This has 
been clearly confirmed by directional observations recorded by Bramley and Ross 
(1951). These smaller irregularities will be less liable to cause errors in deduced 
direction when complexities are observed than in the case of peaks or cross-overs, 
since they will affect the magnitude of a complexity without altering its position 
(or time of occurrence), but they may change the position (or time) of a 
retardation peak. 

G 
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The tabulations will also tend to give some preferred directions owing to 
discontinuities in timing. For example, at speeds greater than 5 km/min the 
table as seen from Figure 4 gives no readings between 75 and 78°, and, omitting 
1 minutes, no readings between 70 and 78°; and the gap increases with speed. 

These limitations are taken into account in the statistical analyses which 
follow. 


SPEED (KM/MIN) 


Fig. 6.—Seasonal variation of monthly median velocities. 
Mean of 8 years: April 1948 to March 1956. 


' It should be borne in mind that the apparent direction, as observed in 
this way, will be the horizontal component of movement normal to the front of 
the disturbance. 


(ii) Day-to-day Variations.—It has been mentioned earlier that the directions 
may vary considerably from day to day. This is particularly so at the equinoxes. 
Plots of all directions and corresponding speeds recorded each day for a period of 
5 days are shown in Figure 5. It is obvious from inspection that the daily 
means of direction and speed vary appreciably. 


Simultaneous observations at two points, Sydney and Perth (Price 1955) 
which have almost the same latitude but are separated by 3500 km, suggested 
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that the day-to-day variations in number of occurrences and direction of 
movement may have a longitude variation with an apparent lag in occurrence of 
approximately a day in this interval of 40° of longitude. 


(c) Seasonal Variation—Day-time 

(i) Mean Directions and Speeds —The mean annual variations in monthly 
medians of apparent velocity of disturbances over a period of 1 year were shown 
in a previous paper (Munro 1950). Data now available cover a continuous 
period of 9 years, and the means of the monthly medians for 8 years are shown in 
Figure 6. The compact summer and winter groups appear very clearly, with an 
abrupt change in direction from September to October and a more gradual one 
from February to May; March and April being transitional months. Some 
additional features become more evident if the directions and speeds are con- 
sidered separately and in more detail. 
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Fig. 7.—Monthly mean values of (a) direction of travel and 
(b) speed of horizontal movement, for the period April 1948 to 
May 1956. 


In Figure 7 the data of Figure 6 are replotted to show in (a) the variation 
of the mean of the monthly medians of direction and (b) the corresponding 
variation in horizontal speed. The seasonal changes in direction are clearly 
shown in (a); and in (b) it will be seen that there is a definite maximum of speed 
in midwinter (June, July, and August) and a smaller maximum in midsummer. 
The minima occur in October and March, coinciding with the equinoctial changes 
of direction and also with the minima of occurrence shown in Figure 1 (ce). 

The general features of these annual variations have repeated from year 
to year with some secondary variations. The deviations from the mean curves 
are shown in Figures 8 (a) and 8 (b). In Figure 8 (a) it will be seen that, although 
there is some scatter of monthly values, which is greatest in October and 
February and greater in summer than in winter, no marked deviation from the 
mean direction persists for more than a few months. In Figure 8 (b) the year 
which shows the greatest abnormality is 1949-1950, where the speed was a record 
high value in June but fell to a record low value in July and continued low for 
the rest of the year, giving record lows for both minima. December 1948 shows 
a record summer maximum, so that we really have two high maxima in 1948 
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and 1949 followed by two low minima in 1949 and 1950. If we follow ee 
clue and observe the total seasonal variations, that is, maxima and minima 
only, we get the result shown in Figure 9. It will be seen that the winter 
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Fig. 8.—Deviations from mean of monthly medians of (a) directions, and (6) speeds. Period : 
April 1948 to May 1956. 


maximum is greatest in 1949 and least in 1953, while the summer maximum is 
least in 1949-1950 and greatest in 1953. The variations for both equinoctial 
minima are similar, with trends roughly following the inverse of the summer 
maximum. 1953 happens to be the year of sunspot minimum, which may have 
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some significance, but rising values of winter maximum have not been maintained 
in 1956, which is a year of rapidly increasing sunspot numbers. 

(ii) Distribution of Directions and Speeds.—(1) Direction.—It has been 
mentioned previously (Munro 1950) that the scatter of directions varies from 
month to month, being a minimum in midwinter. This has been confirmed in 
subsequent observations and merits closer examination. In Figure 10 are shown 
histograms of observed directions for three months—January (summer), March 
(equinoctial), and July (winter)—for each of three successive years—1951, 
1952, and 1953. It will be seen that the pattern repeats its general form from 
year to year. This applies in all months, so the monthly values for 6 years have 
been lumped in Figure 11 to give the mean monthly distribution. 
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Fig. 9.—Variations in maxima and minima of monthly medians of 
speed. 


This presentation suggests that there are two main groups of directions 
and that the seasonal drift is really due to a shift of emphasis from one group to 
the other. The winter group is the more compact and both groups are present 
in the transitional months, but the total spread for each month is approximately 
constant—about 180°. 

The abrupt change from September to October and the more gradual one 
in March, April, and May is again apparent. The greater scatter in directions 
in the summer months, particularly December, is seen to be due to the indefinite 
peaks rather than to greater total spread. 

(2) Speeds.—The monthly mean distribution of speeds is also consistent 
from year to year ; in Figure 12 the monthly averages over 6 years are shown as 
histograms. 

Very few values below 3 km/min are recorded, though there is no technical 
reason why they would not be observed. In all, 54 have been recorded im 7 
years, ranging from 1-9 to 2-9. Values greater than 15 km/min are relatively 
scarce and those recorded are considered doubtful since the possible errors 
became great at speeds above 10 km/min, as can be seen in Figure 1. 
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The whole of the data for this period, comprising 13,642 values, are replotted 
on log-probability paper in Figure 13 with, for comparison, those for July, a 
month of maximum mean speed (1299 values) and those for March, a month of 
minimum mean speed (1029 values). It will be seen that in each case the points 
approximate closely to a straight line except for values above 90 per cent. As 
these are all for speeds greater than 10 km/min it is obvious that the deviation 
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Fig. 10.—Distribution of directions during January, March, and 
July in the years 1951-1953. 


is the result of biasing due to the met 
in Figure 4 that the possible errors ar 
each increment of time. 


It appears therefore that the distribution is a normal Gaussian one. 


hod of computing speeds ; it can be seen 
© greatest at high speed and increase with 


(d) Diurnal Variation 
It has not been possible to observe disturbances consistently over the full 
24 hr. In the evening period of some 4 hr centred on sunset observable 
disturbances are rare, and interference from commercial radio Stations, and 
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from atmospherics in summer, makes satisfactory recording difficult. In the 
early morning the penetration frequency is a minimum and was below 5:8 Me/s 
for most of the years of observation ; and it also seems to be a quiet period for 
disturbances. Recording has therefore been most consistent from 0730-1730 hr. 
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Fig. 11.—Distribution of directions for each month. Mean of 
years April 1950 to March 1956. 


The night-time observations have been more in the nature of samplings during 
the most profitable periods but they have provided some significant results. 
These day and night observations will be considered separately. 

(i) Directions. — (1) Winter day-time. — A definite drift in direction of 
movement during the period 0900 to 1500 hr in June was previously reported for 
the years 1950-1952 (Munro 1953a) and this has been repeated closely in sub- 
sequent years, the greatest deviation being in 1956. Even more consistent results 
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are evident in May, July, and August. The mean of the medians for each of 
these four winter months in the years 1950-1956 are shown in Figure 14. The 
obvious feature is a steady and consistent drift towards the north. 


(2) Winter night-time.—Night observations were taken on 22 nights on a 
frequency of 2-28 Mc/s in June 1953, during the hours 2030-0200. Features 
observed were mostly branches from the main trace, which we interpret as a 
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Fig. 12.—Distribution of speeds. Mean number of occurrences 
for each month of the year: period 1951-1956. 


night-time version of a Y type anomaly (Munro 1953b), and there were some 
Z type anomalies and some sudden height changes; the results are shown in 
Figure 15. It will be seen that the directions are predominantly in the north- 
west-quadrant with a suggestion of a mean drift toward north about midnight. 

(3) Summer day-time.—In summer over the years 1949-1954 no very definite 
diurnal variation was apparent, the hourly means being consistently close to 120°. 
In the 1955-56 summer, however, there were indications of a drift towards the 
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south in the afternoon, and in the 1956-57 summer the diurnal variation for 
November, December, and January was completely changed, showing a marked 
drift to the south and west. The contrast is shown in Figure 16 in which (a) 
shows the diurnal variation of mean hourly values for the months of November, 
December, and January in the years 1951-1954 and the maximum deviations 
from the mean values, while (b) shows the values in 1956-57. 
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Fig. 13.—Distribution of speeds (probability plot). 


Examination of directions recorded each day showed that during the earlier 
years there might be a definite drift of direction evident on a particular day 
but the direction of drift was not consistent from day to day. As an example the 
results for three consecutive days, December 5, 6, and 7, 1952 are shown in 
Figure 17, where it will be seen that there was an anticlockwise drift on the pe 
none on the 6th, and a clockwise drift on the 7th. There were also, in the earlier 
years, some directions recorded in the south-west section, mostly in the afternoon, 
but these were not sufficient to appreciably affect the monthly median and the 
number fell to a minimum in 1952-53. 
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Fig. 14.—Mean day-time diurnal variation of direction in May, 
June, July, and August, 1950-1956. Broken-line curves show 
extreme values. 
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Fig. 15.—Diurnal variation of direction and speed, winter 
night (June 1953). 
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In November 1955 the midday reversals became more frequent and in 
December 1955 they showed a very marked increase. The difference between 
the morning and afternoon directions is emphasized in Figure 18: (a) shows the 
directional distributions before and after noon and it will be seen that the great 
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Fig. 16.—Diurnal variation in direction of movement: (a) Nov., Dec., Jan., 
1951-1954 (broken line curves show extreme values); (b) Nov., Dec. 1956 
and Jan. 1957. 


majority of easterly directions occur in the morning and of westerly directions 
in the afternoon ; (b) shows the time distribution of occurrences from 0 to 190° 


and from 191 to 260°, 190° being the approximate magnetic meridian direction. 


The easterly peak of occurrence is between 10 and 11 hr and the westerly peak 
between 13 and 14 hr. 
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Fig. 17.—Diurnal drift of directions (Dec. 5, 6, 7, 1952). 


(4) Summer night-time.-—In the summer 1956-57, owing to the increased 
penetration frequencies and improved observational techniques, it has been 
possible to continue the observations on 5-8 Mc/s from 22 hr each night right 
through the morning and until 18 hr the next day. 
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Fig. 18 (a).—Directional distribution of morning and 


afternoon observations. 


Fig. 18 (b).—Time distribution of directions in south-east 


and south-west quadrants (Dec. 1955) in summer. 
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The results of these observations for January 1957 are shown in Figure 19. 
It will be seen that the east-west component appears to reverse again about 
midnight. 
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Fig. 19.—Summer night directions and speeds of travelling 
ionospheric disturbances, January 1957. 
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Fig. 20.—Diurnal drift of direction, equinoctial months (April 4, 1954 ; 
October 20, 1955; October 5, 1956). 


(5) Equinoctial day-time.—In the equinoctial months, March, April, 
September, and October, directions generally show an irregular day-to-day 
fluctuation between summer and winter tendencies, with the new directions 
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progressing from a minority to a majority of days. The total change in direction 
is greater in the September-October equinox and seems to take place more 
rapidly. A clear mean diurnal variation would therefore seem unlikely and has 
not been found. There are, however, occasional days on which there is a 
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Fig. 21.—Diurnal variations of speed. Mean of medians for 
each hour. 


consistent drift. Three such cases are shown in Figure 20 for the days April 15, 
1954, October 20, 1955, and October 5, 1956. In each case the drift is in the 
same direction, i.e. anticlockwise. 

(ii) Speed.—Diurnal variations of speed have been small, with little change 
from year to year. The mean of the medians for each hour of day-time observa- 
tion during each month are shown in Figure 21, with the maximum deviations 
shown dotted. There does appear to be a consistent increase of the order of 
30 per cent. in mean speed during the day, except in the winter. 
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The night values show little change from the day values for the corresponding 
seasons as can be seen in Figures 15 and 19. 

It is of interest to note that, in the equinoctial days shown in Figure 20, 
where the direction has shown a definite drift from summer to winter directions 
the speed has also shown a corresponding drift from lower summer values to 


higher winter values. This is in agreement with the trend of the mean curves 
in Figure 21. 


V. CONCLUSION 

These observations have been all on a single frequency and therefore within 
a limited range of heights, which itself may have seasonal and sunspot variations. 
Examination of records has so far not shown any change of direction or speed 
with height. There do, however, appear to be variations in frequency of 
occurrence with height. Some indication of this from h’‘f records is given in 
a paper by Heisler (1958) in this issue, and further observations are in progress 
to provide accurate information using two or three fixed frequencies which will 
be reflected at different heights. These latter observations will also give informa- 
tion on the slope of front of disturbances, as discussed by Munro and Heisler 
(1956), that is, the ratio of vertical to horizontal components of travel. 

Improved techniques are also being used to give more complete information 
on diurnal changes. Studies of the dimensions and distance of travel of distur- 
banees are also being continued. It is not proposed, therefore, to discuss in this 
paper the physical interpretation of the results. 

The conclusions reached in Sections III and IV may be summarized as 
follows. 

The mean number observed has been approximately six per day. The 
actual number recorded varies considerably from day to day. There is a marked 
maximum of occurrence about midday and possibly a smaller maximum at 
midnight. This maximum appears to have two peaks, one mainly in summer 
before noon and the other mainly in winter just after noon. Both peaks show 
clearly at the equinoxes. There is also a seasonal-variation of occurrence with 
minima at the equinoxes. 

Directions of travel have considerable scatter, but on most days a significant 
mean is deducible. This mean direction also shows some variation from day to 
day, but monthly median directions are significant and consistent from year 
to year. 

There is a definite seasonal change of mean day-time direction from approxi- 
mately 30° in winter to approximately 120° in summer, the change taking place 
more rapidly at the vernal equinox. 

The winter diurnal variation has shown a consistent drift from approximately 
60 to 20° between 0800 and 1600 hr, apparently continuing into the north-west 
quadrant at night. 

In summer until recently there has been little variation daring: the day, but 
the very limited night observations suggest a change from the south-east quadrant 
by day to the south-west quadrant at night. During the last two summers, 
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however, there has been a definite change to the south-west quadrant near midday 
and a return change about midnight. 


The variations in speed are not great. The scatter of values is found to 
have a normal probability distribution when examined on a monthly or yearly 
basis. 

The mean monthly speed varies only between 7 and 9 km/min, with a main 
maximum in winter and a smaller one in summer, and approximately equal 
minima at the equinoxes. This variation is similar in form to that of occurrence. 
Ninety-eight per cent. of observed values fall between 3 and 20 km/min and the 
median value is 6 km/min. 


The mean total day-time diurnal variation of speed is of the same order as 
the seasonal variation, showing a rise of approximately 2 km/min from 0800- 
1600 hr in the months from January to April and September and October. 


Little correlation with other geophysical data has yet been found but the 
change in diurnal variation of direction during the last two summers suggests a 
connexion with sunspot activity. 
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THE 1956 PHOENICID METEOR SHOWER 
By A. A. WEIssS* 
[Manuscript received November 18, 1957] 


Summary 


From radio observation of this shower at Adelaide the radiant coordinates are 
estimated to be 15+2, —55+3. The radio record was obtained when the Earth was 
some 6 hr from the centre of the stream. The radio rate of 30/hr measured on an 
equipment of high sensitivity is much lower than expected from the visual rates of from 20 
to 100/hr reported from 1 to 9 hr later. Echo duration and amplitude are smaller 
than would be expected from the visual brightness of these meteors. The low radio 
rate and lack of bright radio meteors could be due to observation on the fringe of the 
stream or to low ionizing efficiency of slow meteors. 


I. INTRODUCTION 

Visual observations of a new meteor shower, active on the night of December 
5, 1956, have been reported by Ridley (1957) and by Shain (1957), who determined 
radiants in the constellation Phoenix, at 15, —45 and 15, —58 respectively. 
Orbital elements, computed by Ridley, are similar to the elements of Comet 1819 
IV Blanpain as calculated from one apparition only. 

This shower was recorded on the 67 Mc/s narrow-beam radar equipment 
at Adelaide during a routine survey of meteor activity in the southern hemisphere. 
Since the equipment was described by Weiss (1955a) the transmitter power has 
been increased considerably. At the time of the shower only one recording 
channel was in operation, and echoes were received only from the S. aerial, 
whose beam axis is directed at azimuth 14° N. of E., elevation 9°. 


II. RADIANT AND ORBIT 

A conventional range-time plot of all echoes received from 19.40 to 22.20 hr 
L.T. is given in Figure 1. As only one aerial was in use, the full potentiality of 
the equipment for accurate determination of shower radiants could not be 
realized and recourse to the envelope-fitting method was necessary. Fortunately, 
for a radiant located so close to the south celestial pole the shape of the range-time 
envelope is quite sensitive to the declination of the radiant, and the declination 
can be measured accurately. The error in Right Ascension inherent in the 
process of fitting a range-time envelope to the observed echoes is small. Range- 
time envelopes have been calculated assuming a mean meteor height of 90 km. 
As Phoenicid meteors overtake the Earth from behind, the velocity of entry 
into the Earth’s atmosphere (geocentric velocity) must be low and the mean 
height should accordingly be somewhat lower than 90 km. However, the error 
in radiant coordinates introduced by uncertainty in the height is small. | 
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The radiant coordinates are estimated to be 15+2, —55+-3, near the star 
& Phoenix. The fitted range-time envelope in Figure 1 indicates that the radiant 


area is small. 
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Fig. 1—Range-time plot of Phoenicid echoes. The fitted envelope is for radiant 
coordinates 15, —55. 
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Orbital elements have been computed for this radiant, assuming (a) para- 
bolic velocity and (b) a period of 5-1 years as suggestedjby the general similarity 


TABLE [ - 


ORBITAL ELEMENTS OF THE PHOENICIDS 


Assumed Period 
Element 
foe) 5:1 Years 
Apparent radiant 58 15, —55 15, —55 
Corrected radiant ne 15, —56 15, —58 
Apparent elongation .. 125-1° 123-6° 
True elongation .. ae 160-7° 164-1° 
Q ave nic BG 73-4° 73-4° 
ray y ae AS (ouke 0-3° 
a me 50 50 193° 15-9° 
e 1-0 0-667 
q 0-985 0-985 
Heliocentric velocity .. 42-5 km/sec 38-8 km/sec 
Apparent velocity 56 Ue a 12-7 
Geocentric velocity Sa 20-4 16-9 


of the parabolic elements with those of Comet 1819 IV Blanpain. These new 
elements are given in Table 1, along with some data on velocities. They do not 
agree with the elements of Comet 1819 IV Blanpain as well as the elements already 
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computed by Ridley (1957) for the more northerly radiant. With the exception 
of the eccentricity, it is clear that the general description of the meteor orbit is. 
not much affected by.our lack of precise knowledge of the radiant and velocity. 


III. RADAR AND VISUAL RATES 
The absolute sensitivity of the radio equipment has not been determined, 
but early in December 1956 the sporadic echo rate was about 600 per day. 
This far exceeds the visual rate, but, as the character of the diurnal variation at 
high radio rates appears to differ from the visual diurnal variation, rate 
comparisons of this type are not a useful index of equipment sensitivity. A more 
reliable index is provided by the permanent showers. 


Radar rates, measured with the Adelaide equipment at high sensitivity, are 
compared with corresponding visual rates for three showers in Table 2. Visual 
rates are corrected to a radiant at the zenith. The $-Aquarid radiant passes 
through the aerial collecting zone (inclined at an angle of 14° to the north-south 


TABLE 2 


ZENITHAL RATES OF METEOR SHOWERS 


Shower Radio Rate Visual Rate Authority for Visual Rate 
Phoenicids eu Pee 30 20—100 Ridley (1957) 
> 60 Shain (1957) 
d-Aquarids.. 5. 150 20 
Lovell (1954) 
Geminids aa ce 120 20—60 


meridian) at roughly the same zenith angle, 20°, as the Phoenicid radiant and the 
geometry of detection for the two radiants will be similar. This is borne out by 
comparison of the theoretical range-time envelopes. As the two radiants transit 
so close to the zenith, echo rates have not been corrected. Consideration of the 
geometry of detection of the Geminid radiant shows that the zenithal correction 
factor is approximately sec*—!z, where z is the zenith angle of the radiant at 
detection (here 76°) and s is the mass-distribution parameter (s~1-5 for the 
Geminids). 

Despite the heterogeneous nature of the rates for the permanent showers, 
there can be no doubt that the echo rate for the Phoenicids, in relation to the 
visual rates, is surprisingly low. The significance of this low rate is discussed 


below. 


IV. EcHo DURATION AND AMPLITUDE 
Echo duration and amplitude were not measured, but some information on 
these characteristics may be obtained in the following way. At the slow film 
speed used (12 em/hr) spot size and intensity are determined jointly by the echo 
amplitude, which was not voltage-limited, and the echo duration. As large echo 
amplitude is usually associated with long echo duration, spot size and intensity 
furnish a rough guide to the echoing area of the meteor trail. Spot intensities 
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have been divided subjectively into four classes and the number-distribution of 
59 echoes falling within the fitted range-time envelope is listed in Table 3. This 
distribution for Phoenicid meteors does not differ significantly from the 
distribution for an equal number of sporadic meteors taken on either side of the 
shower. 

The inference is that at the time of the Adelaide observations, which 
extended from 11 to 12.30 hr U.T., the Phoenicids included very few bright 
radio meteors. This is remarkable in view of the visual observations made very 
little later. Thus Shain, observing at Sydney, reports visual apparent magnitudes 
estimated to be about —2,; these observations, made from 13 to 13.30 hr U.T., 
were limited by cloud. Still later, from 16.40 to about 22 hr U.T., South African 
visual observers reported many meteors of fireball magnitude, with maximum 
activity occurring round 19 hr U.T. Unusual activity was also reported from 
New Zealand about 10 hr before the onset of the shower in South Africa. No 
unusual visual objects were reported at Adelaide, but the sky was almost 
completely obscured by cloud. 


TABLE 3 


COMPARISON OF PHOENICID AND SPORADIC ECHO 
INTENSITIES 


Echo Classification Phoenicids Sporadics 
1 Weak Bey Be 14 16 
oe we ty. ips 13 13 
3 ote =8 a 18 21 
4 Strong .. 233 9 9 


It is possible that the low radio rate and the deficiency of bright radio 
meteors resulted from detection at Adelaide whilst the Earth was still on the 
fringe of the stream. However, the visual record suggests a marked 
concentration of massive meteor particles to the centre of the stream, without any 
corresponding concentration of meteor density ; and the radiant passed out of the 
Adelaide collection zone less than an hour before bright visual meteors were 
reported from Sydney, some 6 hr before the peak activity. Under these 
circumstances there is an alternative explanation of the Adelaide observations 
which merits consideration. 

The shortest echo duration which can be resolved is limited by film speed 
and spot size, and is a little less than 10 sec. None of the Phoenicid echoes had 
durations exceeding this, and the great majority of echo durations were 
considerably less. 

The relation between visual brightness and line density « of electrons/em 
in the meteor trail is usually taken to be 


log,)%=14 -0—0 40 ee es es (1) 


The constant is determined by the condition that M,—5 corresponds to «—1012 
(see e.g. Browne et al. 1956). Substitution of Shain’s estimated visual brightness 
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of M,——2 in (1) gives «=6 1014. Trails with electron densities as high as 
this give persistent echoes whose duration (Kaiser 1953) is 


t=1:124 x10-12(2/1672D)«. 


With A=448 cm and D=4 x 104 em2/sec, corresponding to a mean height of 90 km 
(Weiss 1955b), s=21 sec. As the Phoenicid meteor velocity is low, the mean 
height is probably lower than 90 km, which implies a lower mean value for D and 
hence longer durations. In any case, the height distribution of the shower 
meteors would also provide some lower values of D. The absence of echoes with 
resolvable durations would therefore suggest that the visual brightness of the 
meteors detected at Adelaide was considerably less than that corresponding 
to M,=—2. 

However, relation (1) takes no account of a possible dependence of ionizing 
efficiency on velocity. The evidence in favour of a strong increase in ionizing 
efficiency with increasing velocity has recently been reviewed by Weiss (1957). 
If the expression given by Hawkins (1956) is adopted, (1) must be replaced by 


log;»4=11-52+1-56log,,v—0-40M,. .......... (3) 


with vin km/sec. Taking as an upper limit for the geocentric velocity v =20 km/sec 
corresponding to a parabolic orbit, (2) and (3) set an upper limit of t=8 sec for 
visual brightness M,—-—2. Even after allowing for meteors below the mean 
height of 90 km, the absence of resolvable echo durations is now consistent with 
the visual observations made at about the same time. Low ionizing efficiency 
would also depress the radio echo rate relative to the visual rate. 


Even if the low velocity of the Phoenicid meteors does not afford a complete 
explanation of the radio observations, it may well be a contributing factor, 
whose importance can be assessed by combined radar/visual observations on 
subsequent returns of this stream. 
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ELECTROMAGNETIC PROPAGATION IN AN ALMOST HOMOGENEOUS 
MEDIUM 


By V. W. Bo.is* 


[Manuscript received September 30, 1957] 


Summary 


This paper concerns the development from Maxwell’s electromagnetic equations 
of an equation of propagation in an almost homogeneous medium. The equation is 
applied to the problem of determining the secondary wave produced by an isolated 
Gaussian-shaped perturbation in the refractive index. An exact solution is obtained 
for points located on the axis of symmetry parallel to the direction of propagation of the 
incident primary wave. An approximate solution for points remote from the anomaly 
is obtained and its validity is compared with the more restricted exact solution. An 
interesting limit process is encountered in the derivation of the formula for the 
scattering cross section of the refractive index perturbation. 


I. INTRODUCTION 

In the field of radio communication there is currently a great deal of 
interest in the scattering of high-frequency waves by a turbulent atmosphere 
and the trans-horizon propagation of measurable signal strengths. Experiments 
with propagation of microwaves beyond the radio horizon show signal 
characteristics which cannot be explained in terms of free-space propagation, 
horizon diffraction, or mode theory of tropospheric ducts. In 1950 Booker 
and Gordont proposed a scattering theory based on the random space-dependence 
of the dielectric constant due to atmospheric turbulence. Although this theory 
was promising in some respects, the detail of the scattering mechanism was 
restricted to a random array of dipole scatterers. A number of other theoretical 
papers and a large amount of experimental data have recently appeared in the 
literature, none covering extensions of the simple dipole theory. 


The purpose of this paper is to develop fundamental equations for the 
propagation and scatter of electromagnetic energy in a nearly transparent 
medium, and to apply these equations to the problem of scattering by an isolated, 
Gaussian-shaped perturbation in the refractive index. The resultant solution 


for the scattered field provides a means of determining the scattering caused by 
@ refractive anomaly of arbitrary size. 


* Collins Radio Company, Cedar Rapids, Iowa; present address: Iowa State College, 
Ames, Iowa, U.S.A. 
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Il. PROPAGATION IN A NEARLY HomoGENEOUs MEDIUM 
The propagation of electromagnetic energy is, in general, described by the 
partial differential equations of Maxwell. For a linear, isotropic, charge-free 
medium of zero conductivity, Maxwell’s equations can be used to show that the 
electric intensity vector E(w, y, z, t) is governed by the equation 


Ve =V (VE) =e) CHOP), cae calt. (1) 


where uw and e¢ represent the permeability and permittivity of the medium. 
The free-space values for y and ¢ are yy=47/107 H/m and ¢,—10-°/36x F/m 
respectively. 

For a stationary, almost homogeneous medium, the refractive index 
N= /(wE/Uo&p) May be expressed as 


SUM Dl Ge Yo Za sais ib caly. VX wheels om eiereraee (2) 


where n, is a dimensionless constant slightly greater than unity, and where 
| p(x, y, 2) |<1. For a medium like the atmosphere, the permeability p=, 
may be assumed constant, so that the permittivity is approximated by the 
equation 

ps Ie 4 2 (sche 2) ec Meee a (3) 
where = Nj Uo€o/U21- 

A convenient substitution for the divergence of # in equation (1) can be 
obtained by substituting equation (3) into the Maxwell relation y-(«H)=0. 
After suitable manipulation of vector identities, followed by a logarithmic 
expansion, the approximation 


Nie = OUP aee ae eaten cbs (4) 
is obtained. The substitution of equation (4) into equation (1) gives, 
V2H +2V(#-Vp)=pre (1 +2p)07H/ot7, .......... (5) 
Assuming the sinusoidal time-dependence, H=E’ sin wt, gives, 
V2E' +V(E" Vp) +(42/Ai)(1+2p)B’=0, .......- (6) 


in which the conventional notation 4,=27/w /(u,¢,) has been used. 

It is convenient at this point to assume the total field H’ as being composed 
of a weak scattered field E, and a dominant homogeneous field # which satisfies 
the simple propagation law y2# +-(47?/A})H=0. Making this assumption, and 
neglecting the effects of secondary scattering of the scattered field, gives 


V2E + (4702/27) E= —(822/0j})pH—2V(B-Vp), .---.--- (7) 


which shows how the direct homogeneous field # produces sources for the scattered 
field E. 7 

In the foregoing propagation equation for the scattered field E it is seen 
that the scattering excitation is represented by two separate terms on the right 
gide of the equation. The scattering associated with the term (872/Ai)p has 
been examined on intuitive grounds by other investigators. The existence 
of the term 2V(£-Vyp) has been neglected or ignored in most of the literature 
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on scattering theory, even though its effect may be appreciable under certain 
conditions. If p(a, y, 2) is an arbitrary function, then Vp is a vector of arbitrary 
magnitude and direction, and y(£-Vp) will also be ee teigeg | in magnitude and 
direction. This is in contrast with the vector (872/23) )pE, which is always 
parallel to the incident direct-wave field vector E. 


III. SCATTERING FROM A NEARLY TRANSPARENT ANOMALY 

In order to examine in detail the mechanism of radiation scattering in a 
nearly homogeneous medium, it is convenient to consider the effect of an isolated 
perturbation in the refractive index. While the incident-direct field may be 
taken as a uniform plane wave without appreciable loss of generality, the 
refractive-index perturbation should be three-dimensional and continuous. 
Such a model is well approximated by assuming the fractional variation p(a@, y, 2) 
of the refractive index has its maximum value at the origin and decreases with 
radial distance from the origin in a Gaussian manner. 

This is expressed mathematically as p=p, exp (—r?/s?), where py is the 
maximum value of p, s represents the ‘‘ anomaly radius ”, and r= 4/(@*+y?+2?). 
The incident-direct field may be taken as a plane wave having its electric 
intensity parallel to the «z-axis and travelling in the g-direction. Thus 
E=4,E, exp (—j27z/,)+4,:0+4,:0, where H, is the necessary amplitude 
constant, where j is the unit imaginary number, and where %#,, w@,, i, represent 
unit vectors in the 2, y, 2 directions. 

Substituting the above assumptions into equation (7), and making use of 
the well-known retarded potential theory, shows that the components of the 
scattered-field vector E=wu,E,-+wu,E,+wu,E, are given by the integrals 


ol, Ee Sar GE, y,cidedydG, “Se sce. (8) 


_Pabat aia | JN Oren tidednda. «1. a eee (9) 


ep As 


Sill Pek ne ia} (Cron, Cente eee (10) 


h(E, ny C)=exp [—E? +4? +C?)/s?—j2n(C+0)/Aa] 


where 


and 


o?=(%—E)?+(y—n)?+(e—Z)?. 


These expressions are too complicated to be readily evaluated without the aid 
of automatic computing equipment. Fortunately, however, there are two 
important cases of practical interest for which the integrals can be simplified 
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in terms of known functions. One case is when the field point (x, y, 2) is on 
the z-axis, and the other case is when rss so that the integrands are negligibly 
small except where the value of o in the denominators may be assumed equal 
to r and the value of o in the exponents is well approximated by its projection 
in the direction of the field point. 


IV. EXacT SOLUTION IN THE INCIDENT-WAVE DIRECTION 

At points far removed from the scattering anomaly the scattered field 
integrals given in equations (8), (9), and (10) can be simplified and evaluated 
in terms of elementary functions. The resultant solutions, however, can only 
be considered as approximations which are asymptotic to the exact solutions. 
The approximations will degenerate as the field point approaches the scattering 
anomaly. In order to estimate the validity of the approximations it is convenient 
to determine the exact solutions under conditions sufficiently restricted to permit 
the evaluation of the complicated integrals. Such conditions result from assuming 
the field point is on the z-axis. 

If the field point (x, y, z) is on the z-axis, then c=y=0, and the integrands. 
in equations (9) and (10) are odd in €, with the result that E, and E, are both zero. 
This result can also be reasoned from the symmetry of the physical problem. 
In order to simplify the integral for E,, on the z-axis, it is convenient to introduce 
the translated polar coordinate notation €=p sina cos 6, yn=—p sin «sin B, 
C=z+p cosa, and to replace the volume element d&dydf by pe? sin adadfde. 
Under these conditions the integrand in equation (8) is independent of 6, 
permitting immediate integration with respect to that variable. Integration 
with respect to « is easily done by replacing cos « by a dummy variable. The: 
final integration with respect to p gives 


2 3 ‘ 
E,=[0,1, Col +Csl Poo alee exp (—j2mz/A,), .- (11) 
| 
where 
ee 1 _ __ ja/2nz ni /470222 (12) 
1 (1+ jrs?/ayz) (1+ jms?/Ayz)? (1 + jre?/Ay2)” 
a 1 jr,f2me [4 22? (13) 
2 (L+j7rs?/A2) (1+ jrs?/aye)? (1+ js? faye)? 
_ _ Ky/2xte exp (—2?/s") 14 
Cs= insta)? eae A. Obrosdlo dtu, on yt 5 clietyntpsars (14) 
and where 
L=5ti| re TNS ret ele ee a ee (15) 
0 
1 exp (—wu?/s?—j4mu/A,)du, .......- (16) 


The quantities C,, C,, and C, are complex numbers which are readily evaluated 
in terms of s, A,, and z. The integral J, is easily interpreted in terms of the error 
function of well-known statistical theory. The integral J, can be represented. 
in terms of the error function of a complex variable. 
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Equation (11) represents the exact solution for the scattered field on the 
z-axis. ‘The formula is valid for all values of z, including points at or near the 
origin, where the centre of the scattering anomaly is located. When the anomaly 
radius is large compared to one wavelength, the above solution can be further 
simplified for points near the origin. Thus, if s>2,, and —s<z<3s, it can be 
shown that the quantity O,J,—C,I,+C, is well approximated by the value 
0,1, —C,1,+03(—jr2/278?)[1+erf (z)]. Substituting this expression into 
equation (11) gives 

E, = —jp,/,[1 +ert ey i exp (—j272/A,), eae Nie 
which is valid for —s<z¢<3s when s>),. As might be anticipated on intuitive 
grounds, the magnitude of the scattered field intensity increases with z in the 
vicinity of the origin. This effect is illustrated in Figure 1, where the space factor 


Fig. 1.—Space factor for the scattered field. On the z-axis the 
scattered field is given by | E/E) |=posF'/2,. When si, and 


—s8<2z<3s, F=71/r{1+(2/s+/r) : exp (—w?/s®)du}. 
0 
F=nx/x[1-+ert (z)] is plotted as a function of z. It is apparent from the 
graph that the scattered field intensity does not attain its greatest magnitude 
until the incident wave has passed through the greater part of the refractive 
region. 

Equation (11) is easily simplified for large values of z. It is readily shown 
that when s>, and 2s <z¢<oo, the value of I 1 is nearly unity, the magnitudes 
of C,; and C,I, are negligible, while the expression for C, simplifies so that 
C11, —O,1,+0;~[1+jrs?/,2]-1. Equation (11) then reduces to 


i ve (2a) exp (—j2m2z/A,) 
09 7G 2[s-Ljns)\y 1 hoo aAwAS 


E,=P 
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which is valid when s>), and z>2s. It is seen from this expression that as z 
increases in the positive direction the amplitude of the scattered field eventually 
varies inversely with distance. Thus, when e>787/2,, the above formula 
becomes 


a 4/7 (8\ (278\ 2 ‘ 
E,=p.B.%, (2)( “4 eames (19) 


which confirms the expected inverse-distance behaviour at remote points. This 
result is also useful in checking the validity of the far field solution to be con- 
sidered in the next section. 

The actual behaviour of the scattered field in the direction of the incident 
wave is illustrated in Figure 2, where equations (17), (18), and (19) are plotted 
as functions of 2 for the case in which s=10A,._ The graph shows a rather rapid 


Fig. 2.—Scattered field intensity in the incident-wave direction 
for a 10-wavelength anomaly radius. 


increase of the scattered field in the neighbourhood of the origin, to a maximum 
value of | E, |~112| p,#,| when 23s, and then a gradual decrease, to become 
nearly identical to the inverse-distance behaviour at z~100s. The corres- 
ponding plot for the case in which s=100A, would be similar except that the 
scale markings on the vertical axis would be increased by a factor of 10, and that 
the transition to the inverse-distance asymptote would not be adequately 
completed until z~1000s. It is clear that the strongest interference between 
the direct and scattered fields occurs when z~3s. The early assumption that 
the incident field is essentially undisturbed by the scattered field is seen to be 
valid, provided that | py |<(A,/100s). This important condition is easily satisfied 
in all cases of tropospheric scattering of v.h.f. and microwaves. 


V. SOLUTION FOR THE FAR FIELD 
When the field point (7, y, 2) is sufficiently far removed from the origin, 
the expression for 9 can be approximated as pxr—«#é/r—yn/r—2C/r for use in 
the h(é,,C) function in equations (8), (9), and (10). The approximation 
ovr is adequate for use in the denominators, since each integrand is of negligibly 
small magnitude except near the origin. These assumptions reduce the formulas 
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for E,, E,, E, to expressions which yield to integration. The results show that, 
when rs, equations (8), (9), and (10) reduce to 


2Q78\? in Da Bee Z ) ) 
Bere *( (1-3) exp | oe (1 a\a3 “rt, ++ (20) 


r\ 4 f de iF Ay 
Vn s(Q7s\" wy ( 2Q72s2/ 4 j27 ) > 
= 4 cp - : Ae ee | 
Es poo ge *(7@*) Bexp } pees | ieee (21) 
Vn s(278\" xz ( Ee| z\ j2r.) 22 
E,= —py hy 5 | a ye exp / z ;) i, a's aio OPA, 


On the z-axis, these equations agree with the far field previously obtained from 
the exact solution. It is easy to confirm that the scattered field represented by 
these formulas propagates radially outward from the origin, with the electric 
vector perpendicular to the direction of propagation. 


Y=AXIS 


Z-AXIS 


ee ~SCALE 


Fig. 3.—Scattered field patterns. 
102q=10¥p, . $4/7 « (8/r)(278/24)? exp {—(27%s/A,)? sin? $6}, 
Po=10-§, A=30 cm, r=1000 m. 


In order to investigate the magnitude | E |= ./(E7+E3-+E3) of the scattered 
field at points far from the origin, it is convenient to introduce the polar coordinate 
transformation 7=r sin 0 cos 9, y=r sin 6 sin 9, z=r cos 0. The ratio g=| E/E, | 
of the scattered-field strength to the incident-field strength may then be 


expressed as 
_ f/m 8/278\? et ve ; (\ F/f2as) ee 8 
1 Purges a 4/(1—sin? 0 cos Diet) Ee sin ae 
is Cees, aeTOTtee (23) 
which exhibits the expected inverse-distance behaviour. The angular dependence 
of the scattered field in the yz-plane is shown in Figure 3, where equation (23) 
is plotted for two different anomaly sizes. 


The scattering cross section o, being the total scattered power radiated 


out of a surface enclosing the scattering anomaly divided by the incident power 
density, is defined as 


2n (Tr 
o=| [ qr? sin 0 dO dg. 
0 Jo 
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The evaluation of this expression with the aid of equation (23) shows that the 


ratio g=o/ns? of the scattering cross section c to the “ geometrical cross section ”’ 
8? is 


Tp” 
i= sralk* k?+1] —[k4+k?+1] exp (—2k?)}, ........ (24) 


where kK=278/),. The behaviour of this equation is shown in Figure 4, where 
the scaled cross-section ratio g/p; is plotted as a function of the normalized 
anomaly radius s/A,. From equation (24) it can be shown that 


lim g= (327 5p2/3)(s/A4)4, 


sc 


which is in good agreement with the well-known Rayleigh theory of small 
dielectric spheres. 


dl aad ea eee |) 
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NORMALIZED ANOMALY RADIUS, s/A; 
Fig. 4.—Cross-section ratio v. normalized anomaly radius. 
g = (mp? / 2h?) {(k4—K? + 1)—(k*-+-k? +1) exp (—2k?)}, 
where k=27s/),. 


VI. CONCLUSIONS 

The foregoing theory describes in detail the scattering of electromagnetic 
energy by a single Gaussian perturbation in the refractive index. A turbulent 
atmosphere may be considered as being composed of many such perturbations, 
distributed randomly in location, size, and intensity. A statistical treatment 
of a large number of independent scattering elements, based on the detailed 
theory discussed here, should yield a worth-while contribution to the under- 
standing of trans-horizon propagation of microwaves. 


SHORT COMMUNICATIONS 
LOW LATITUDE REFLECTIONS FROM THE AURORA AUSTRALIS* 
By T. J. SEED} and C. D. ELLYETTT 


Over the past 10 years, radio reflections from aurorae have been fairly 
extensively studied in the northern hemisphere (Bullough and Kaiser 1954 ; 
Booker, Gartlein, and Nichols 1955). The southern auroral zone, however, 
is so far removed from habitable land that very little information has yet become 
available on the aurora australis. Visual observations are relatively slight, 
and radio observations are only now commencing. 

In March of this year, at the Radio Observatory of Canterbury University 
College, situated 14 miles from Christchurch, New Zealand, at lat. 43-6 °S., 
long. 172-6 °E., geographic, and lat. 47-8 °S. geomagnetic, a search was started 
for possible radio reflections from the southern aurorae, although the station is 
at a very low geomagnetic latitude for such studies. 


Equipment parameters used in the experiment are as follows: 


Transmitter 
Radio frequency .. ar oe -. 69 Me/s 
Pulse recurrence frequency eS ean FOLD DB. 
Pulse length ai = re .. 20 psec 
Aerial 
Polarization Oe oe ts .. horizontal 
No. of half wave elements a aah 
Power gain over isotropic radiator ool ZO 
Azimuthal half-power points .. +12° 
Elevational half-power points .. 2. O0°> andil)=5; 
Direction: great circle path to geo- 
magnetic S. pole a Ae .. 195° geographic 
Recewer 
Detection sensitivity for P.R.F. and 
pulse lengths as stated .. -- 6x10-“" W at aerial terminals 
Noise figure af a a .. 4dB absolute 
Bandwidth £ aire ai .. 300 ke/s 


The maximum angle of aerial elevation from which a radio reflection can be 
expected on Chapman’s (1953) geometrical theory of auroral echoes is given by 
Emax, —tan-1 (4 tan «), where « is the co-latitude. For the present observatory 


* Manuscript received August 2, 1957. 
{ Canterbury University College, Christchurch, New Zealand. 
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a—=42-2°, giving a maximum reception angle of 24°, which lies near the upper 
half-power point of the aerial polar diagram. Since, however, aurorae are 
seldom seen below a minimum height of 90 km, the maximum elevation angle 
may be considered to be 21°. The maximum height of echo reflection will be 
about 250 km, corresponding to an angle ¢ which has fallen to the lower half- 
power point. 

A graph showing the range-height relationship in terms of aerial elevation 
angle is given in Figure 1. Following Chapman (1953), it is assumed that any 
echo region will lie along the Earth’s magnetic lines of force, and will be perpendi- 
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Fig. 1.—Auroral echo heights and slant ranges versus aerial 
elevation angle, computed for geomagnetic latitude 47-8 °S. 


cular to the radio beam. In this case long range will be associated with great 
height of the echo region, and a low pulse recurrence frequency of 75 p.p.s. 
was chosen to allow a time base range of approximately 2000 km, in case echoes 
were received from aurorae up to F-region altitudes in the ionosphere. No 
persistent F'-region auroral echoes have yet been detected at the observatory. 
Auroral radio echoes were recorded continuously at Christchurch on March 10, 
1957 between 1341 and 1626 hr U.T. at slant ranges of 325-500 km, despite 
heavy interference. Heights of 116-165 km corresponding to these ranges are 
inferred from the Chapman theory. This aurora was observed visually (in 
generally overcast conditions) over the southern part of New Zealand, Campbell 
Island, and Australia between 1030 and 1130 U.T., and over the full length of 
New Zealand between 1300 and 1400 U.T. The display was again visible in 
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Australia between 1600 and 1630 U.T. (Thomsen, personal communication 
1957). 

The next radar display was observed on April 10, commencing at 0659 U.T. 
just after the equipment had been switched on. Comparison with collated visual 
records (Thomsen, personal communication 1957) and magnetic records 
(Cullington, personal communication 1957) is given in pictorial representation 
in Figure 2. 

This shows a clear correspondence between the visual and the radar 
observations. In general an exact correspondence cannot be expected, since 
the great circle path from the aerial looks over an unbroken 3000 km of the 
South Pacific Ocean to the geomagnetic pole and visual observers are on the 
average some 100 km to the west of this path. 
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Fig. 2.—Radar, visual, and magnetic correlation for the aurora of April 10, 
1957. 


The shortest radar range recorded during this display was 250 km, 
corresponding to a height of 98 km. (The range decreased at the commencement 
and increased at the conclusion of each of the two main epochs.) Comparison 
with a record of the D-component of the Earth’s magnetic field taken on a high 
Speed flux-gate magnetometer some 40 km north of the radar station (Cullington, 
personal communication) on this occasion supported the observations of Meek 
(1954) that the commencement of an auroral return coincides with a marked 
gradient in the magnetogram. 

A number of subsequent auroral echoes have now been obtained, as 
Summarized in Table 1. 


It is clear from Table 1 that both major and minor displays of the aurora 
australis can be recorded by radar methods from the low geomagnetic latitude 
of 47-8 °S. Aurorae Nos. 3-10 in Table 1, in general smaller than No. 2 (of 
April 10, 1957) have not shown any obvious correlation with magnetograms. 
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The occurrence of 10 aurorae in 61 days’ observing is much higher than was 


anticipated for this latitude from a survey of northern hemisphere V.H.F. 
observations. 


TABLE 1 


SUMMARY OF V.H.F, AURORAL RADAR OBSERVATIONS MARCH 5 TO JUNE 11, 1957 


1967 t Radiated Periods of | Min. Range | Computed 
Observing Periods EG ks of Meteccion and Extent | Echo Height 
aaa ower urora U.T. any (ex Chapman) 
Lad (br U.T.) | (FW) ai | Pe (km) 
Mar. 5-11 0745-1800 70 Mar. 10 (described in 
text) 
Apr. 3-12 0700-1800 70 Apr. 10 Fig. 2 
Apr. 13-27 0600-1800 
May 1,3,4 0600-1800 
May 6-8 0600-1800 150 May 7 0920-0921 380 134 
0924-0938 340 120 
0940-0943 320 117 
May 12-31 0600-1800 150 May 12 1526-1532 370 131 
150 May 13 1630-1645 340-290 120-105 
150 May 20 0805-0813 275 100 
1441-1447 350 125 
150 May 31 0925-0935 440 152 
1530-1733 350-420 125-146 
June 1-4 0530-1800 150 June 2 1332-1354 360-380 128-134 
150 June 4 1035-1047 350-400 125-140 
June 6,10,11 0530-1800 150 June 10 0535-0551 300-330 110-120 
0558-0625 330 120 
0635-0646 In patches 125 
at 350 km 


The authors are indebted to the New Zealand I.G.Y. Committee for 
financial assistance with the project. They also wish to thank Mr. I. L. Thomsen, 
Director of the Carter Observatory, Wellington, for supplying the summary of 
visual auroral observations, and Mr. A. L. Cullington, Director of the Christchurch 
Magnetic Observatory, for making available magnetogram results. 
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THE DISTRIBUTION OF FLARE HEIGHTS AS DERIVED FROM 
LIMB FLARES* 


By R. G. GIOVANELLIt and Marte K. McCABEt 


In recent papers, J. W. Warwick (1955) and Constance S. Warwick (1955) 
have discussed the heights of flares—the former by examining the distribution 
of apparent areas across the disk, and the latter by measuring heights of limb 
flares. Both analyses indicate that flares have heights of the order of 
10-20 x10?km; J. W. Warwick’s height-frequency distribution is well repre- 
sented by exp (—h), where B=0-492 x10-5km, while C. S. Warwick’s height 
distribution has a maximum at about 1410? km. 

While limb observations would appear to provide the more attractive 
method for deriving the flare height distribution, one of C. S. Warwick’s difficulties 
has been the small number, 39, of limb flare observations available. Observa- 
tions with the Sydney Lyot monochromator from April 6, 1956 to April 5, 1957 
have enabled us to detect 90 flares whose tops projected beyond the limb, and 
this larger sample has been used for a flare height analysis in which uncertainties 
in the position of the base in front of or behind the limb have been avoided. 
Further, we have been able to show that the limb flares are the same type of 
event as observed on the disk, and this has enabled us to find the mean flare area 
corresponding to the derived mean height. Our observations include smaller 
flares than those analysed by Miss Warwick, so we may expect our mean height 
also to be less. 


Observational Material 

The Sydney Lyot monochromator is operated on a } min cycle, a 16mm 
diameter Ha image of the disk being recorded on Eastman Kodak IV-—B film. 
While the small image size militates against high resolution, these observations 
allow all flares of area above about 20x10-* of the Sun’s hemisphere to be 
detected ; most of the flares are, in fact, very small, of class 1-. 

There are two main difficulties associated with the analysis of heights of 
flares at the limb: 

(a) the identification of events at the limb as flares similar to those which 
are observed on the disk. In the present analysis we shall demonstrate the 
validity of the identification by comparing rates of limb and disk occurrences 
of flares ; 

(b) the measurement of the true height of a flare when the base of the flare 
is at an unknown or uncertain distance behind or in front of the limb. It is 
possible to avoid this difficulty by measuring only the distance by which a flare 


* Manuscript received October 11, 1957. 
} Division of Physics, C.S.I.R.O., University Grounds, Chippendale, N.S.W. 
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projects beyond the limb, irrespective of the position of its base, and using an 
appropriate analysis as described below. 

During the above-mentioned 12 months’ interval, covering a period around 
sunspot maximum, 90 events, classified as flares on the basis of their brightnesses 
and lifetimes, were observed with the top of the flare region projecting beyond the 
limb. For present purposes, the top of the flare has been taken as the limit of 
the region considered to be of flare brightness. We have specifically excluded 
fainter parts of brightness equal to those of the chromosphere or of the brighter 
projections such as stable plages, as well as the bright diffuse regions, ejected 
by some flares, which eventually fade to become dark surges. As a consequence, 
we believe that this analysis provides the height distribution for what are 
commonly accepted as normal flares. 


15 


 (H) 


° 


H (107 KM) 


Fig. 1— Histogram showing ¢(H), the observed number of flares, 
per 103 km projecting height H above the limb. The continuous 
curve shows the analytic function used to represent (H), the 
dotted portion between 0<H<1-19 x 10% km being the correction 
required to the analytic function to result in a zero value for the 
derived function f(h) over the same range 0<h<1-19 X 10° km, 


The observed height distribution of the parts of these flares projecting 
beyond the chromosphere is shown in the histogram of Figure 1; the uncertainty 
of the individual measurements is believed to be of the order of 210% km. , 


Reduction of Observations 

Let there be W flares per radian of longitude, of which Nf(h)dh have tops 
in a true height range h to h+dh. If the radius vector from the flare to the 
centre of the Sun makes an angle 0 with the perpendicular to the line of sight, 
the flare overlaps the limb by a projected distance 


Ghee ph) COR Gly en wien 2 HOt as (1) 
where FR is the solar radius (Fig. 2). 


’ 
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Assuming that the Earth and the flares lie in the Sun’s equatorial plane 
(a simplification that introduces little error), the number of flares in dO, dh is 
given by Nf(h)dhd0, corresponding to which there will be Nf(h)dH sec 6d0 
projecting beyond the limb in a projected height range dH. The total number 
in dH is thus 


o(H)dH =2NdH i TY fh) Bod Gale ee (2) 
0 


LINE OF SIGHT 


Fig. 2.—The geometrical relationship between the observed 
projected height H and the true height of a flare, h. 


But the line of sight, (1), gives on differentiation 


dh=(R-+h) tan 6d8, 
whence (2) becomes 
a. ° _ f(h)dh 
o(H) 20 |” (R-+h) sin 6 
eae f(h)ah 
IN |” (QR TAe Ey 


Since h+H<2R for all significant cases, 


__ 2N © f(h)dh 
= em. homt (3) 


The solution of this integral equation for the flare height distribution f(h) 
in terms of the radius #, the observed number of limb flares V, and the observed 
height distribution of the parts of flares projecting beyond the limb, o(H) (see 
Fig. 1), is obtained by assuming f(h) expressible, over the range 0<A<K in 
which f(h) has significant values, by a polynomial 


f(h)=Xa,h”, 
and that f(h)=0, h>K. With a suitable change of variable, (3) then becomes 


o(H)=a { 


-H 

20, (@ +H)? eS ee. ae (4) 
0 
where «=WN(2/R)?. 
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The integral in (4) can be evaluated term by term, yielding a series of half- 
integral powers of (K—H). If we fit p(H)/(K —H)* by a power series Xb,H”, 
we can equate the coefficients of equal powers of H on either side of the ex pression 
resulting from (4), and these lead to a solution for the a, in terms of the known 6,. 

Now, the observed function ¢(H) is such that it drops effectively to zero 
at a height H~x~17-5 x10%km, so we choose K=17-:5X10?km. The function 
?(H)/(K —H)? can be fitted by a polynomial of the fourth degree in H to within 
the limits of observational error, the corresponding curve (K —H)!Xb,H” being 
Superimposed on the histogram of Figure 1. 


Qa f (h) 


h(1O7 KM) 


Fig. 3.—The derived flare height distribution f(h) as a function 
of h. The ordinates are values of «f(h), where «—N(2/R). 


The resulting solution, f(h)=Xa,h", is given in Figure 3. We may note 
that this function has negative values (dotted curve) near the origin, indicating 
the inadequacy of the power series &b,H” near the origin. Actually, this is of 
little significance ; by allocating zero values to f(h) for heights below 1-19 x10? km 
we affect only the correspondence with observed heights in the range 
0-1-19 x10? km, and in fact the required observed value of o(H) at H=0 is 7-2, 
in better agreement with the histogram than the analytical curve at this point. 


Discussion of Results 
This analysis of limb flares leads to the real height distribution as shown in 


Figure 3, with flare heights lying between 1-2 10% and 17-5x10?km. The 
mean flare height is 7-3x10%km; the extremities of the distribution are 
unreliable because of the lack of resolving power and the limited observational 


data. 
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From these results, we can now calculate V, the number of flares per radian 
of longitude, with the result N=331. The total number of observable flares 
occurring in the period of observation should, on this basis, be ~N +one-half 
the number of limb flares (those with bases behind the limb). The expected total 
is 1084, with a standard deviation, derived from a total of 90 limb flares, of 
o=+115; the analysis and the non-random nature of flare occurrences—in 
that they are associated with active centres—would increase o somewhat. This 
total may be compared with an actual total of 1327 flares observed during the 
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Fig. 4.—Histogram showing apparent area distribution for 269 flares 
occurring within 30° of the centre of the Sun’s disk. 


same period. The agreement is sufficiently good (within about 2c) to justify 
our conclusion that the flares observed on the limb are the same type of event 
as those observed on the disk. In this case the area distribution applicable 
to flares near the centre of the disk should also be applicable to our limb flares. 
Figure 4 shows a histogram giving our observed distribution of apparent area 
for 269 flares occurring within 30° of the centre of the Sun’s disk during part of 
the observation period; from this we deduce that the average area of these 
flares is about 40x10-® of the Sun’s hemisphere (1-2 x108km?). As shown 
above, such a flare has an average height of 7-3 103 km. 
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DECAY TIME OF THE LUMINESCENCE OF A ZINC SULPHIDE 
NEUTRON DETECTOR FOR NEUTRON AND y-RAY EXCITATION* 


By G. M. Battey} and J. R. Prescorrt 


In experiments being conducted in this laboratory on (d,ny) reactions 
using fast coincidence techniques, an attempt was made to use phosphors 
containing zine sulphide as the neutron detector. 


When it was found that this type of detector did not produce the discrimina- 
tion expected between neutrons and y-rays, its response to both types of radiation 
was investigated in detail. 


Experimental Technique 

The neutron detector consisted of ZnS(Ag)§ moulded in a Lucite cylinder 
1in. in diameter by ?in. thick (Hornyak 1952), mounted directly on the face 
of a photomultiplier tube. Dumont 6292 and R.C.A. 6342 tubes were used, the 
first chosen for its low noise level, the second for its faster response. 


A direct decay measurement for y-excitation using a small photomultiplier 
collector time constant was not possible owing to the small pulse size obtained 
and the presence of a large background due to the long-term phosphorescence 
of the phosphor. Instead, the decay time was determined from a measure of 
the integrated pulse rise time. 

The collector current pulses from individual scintillations were integrated 
by a long time constant ~10 usec, and fed from a cathode follower into two 
cascaded wide band amplifiers (total rise time 3-6 musec), and finally into the 
vertical amplifier of a Tektronix 545 oscilloscope (rise time 12 musec). Pulse 
rise times were determined photographically from a short time exposure spectrum. 
The oscilloscope sweep was later calibrated using a 10 Mc/s oscillator. 


The form of the output pulse appearing across the load Ff, for an exponentially 
decaying scintillator having a time constant 7, when RCS>T, is 


V¥,)=(@,2/C)[L—exp (—t/T)], see ees (1) 


C being the stray capacitance of the collector circuit to ground. The rise time 
(10-90 per cent.) of such a pulse is 2-27. Allowance must be made for the 
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apparatus rise time 7',, and, if 7, is the measured rise time, it can be assumed 
that 
Ube i OW EV MR (2) 


K being a constant approximately equal to the theoretical value 2-2. If relation 
(2) is valid, a plot of log (T?,—T?) against log T? for different exponentially 
decaying scintillators should be a straight line of slope 1, and intercept log K? 
on the log (77,—T%) axis. 

The validity of this expression was tested by measuring the rise times of 
several organic scintillators which have known decay constants. The results are 
shown plotted in Figure 1; the points lie closely on a straight line of slope 1 as 
predicted. The value of K is found to be 2-1. 
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Fig. 1—Square of scintillator decay time plotted as a function 
of square of effective rise time, for a number of scintillators under 
y-ray excitation. / Dumont 6292; © R.C.A. 6342. 


In choosing the value of the decay constants for the various scintillators 
it was realized that the physical dimensions could be of importance (Birks and 
Little 1953). This factor largely determines the variance of values quoted in 
the literature. A large variance was evident in the case of naphthalene and 
anthracene and so these were measured using the technique of Bittman, Furst, 
and Kallmann (1952). In the other cases the mean of values quoted by Liebson, 
Bishop, and Elliot (1950), Lundby (1950), Bittman, Furst, and Kallmann (1952), 
and Swank and Buck (1955) was used. 


Decay of Zn8(Ag)+Lucite for y-Ray Excitation 

Measurements of pulses from the detector when excited by y-rays from 
Co indicated a fast decay. The resulting decay constants for the two tubes 
used, taken from the calibration line, were Dumont 6292 : 8:4+2-3 musec, 
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R.C.A. 6342: 8-5+42-7 musec, giving a mean of 8-5-+2-5 musec. The accuracy 
of the measurements of rise times was limited by the fluctuating nature of the 
pulses, due partly to the long-term phosphorescence of the ZnS(Ag) and partly 
to the superimposed photomultiplier noise ; this latter effect being more noticeable 
with the 6342 tube. 


Decay of the Scintillator for 2-6 MeV Neutrons 

Using neutrons produced by the 7H(?H,n)*He reaction from the University 
of Melbourne 750 keV electrostatic generator and the technique described above, 
it was found that the pulse rise time from the zinc sulphide was very much slower 
than that observed for y-rays. On account of the relatively slow decay, a 
direct measurement of the decay form was possible. 


The decay appeared complex, but from a number of photographs of the 
decay it was found to be satisfactorily represented by a combination of two 
exponential decay regions, together with a very much longer decaying tail of a 
few microseconds. No initial fast decay component was observed, and the results 
gave decay constants: 0-13+0-02, 0-34-+0-04 usec for 2-6 MeV neutrons. 


On closer analysis a hyperbolic decay for the light intensity of the form 


ET Ee oe, ee ee (3) 


could be fitted to the results for the first microsecond over which it was estimated 
75 per cent. of the total light intensity was emitted. The exponent ® was sound 
to be closely one. 


Conclusions 

The decay time of a ZnS(Ag)+Lucite neutron detector has been reported 
to have a principal decay constant of 40 myusec for fast neutrons, whilst ZnS(Ag) 
in powder form has this same decay time for y- and «-particle excitation (Koontz 
1953 ; Koontz, Keepin, and Ashley 1955). 


The results obtained for neutron excitation, whilst being in disagreement 
with Koontz, agree with the decay form observed by several investigators for 
a-particle excitation of ZnS(Ag) (Bittman, Furst, and Kallmann 1952 ; Hornyak 
1952; Emmerich 1954; Smidt 1955). This is to be expected since the detection 
ardecss takes place ciety from (n,p) scattering in the Lucite, and the **S(m,p)??P 
reaction in the phosphor. 

The rapid decay for y-bombardment has been noted by Emmerich (1954), 
and points to the absence of the slow recombination process between diffusing 
positive holes and electrons which takes place when the phosphor is excited by 
highly ionizing particles (Smidt 1955). 


The above work was carried out as part of a joint programme of the Physics 
Department, University of Melbourne, and the Australian Atomic Energy 
Commission. Thanks are due to Professor Sir Leslie Martin for affording us the 
facilities of the laboratory. One of us (G.M.B.) was assisted by a research grant 
from the University of Melbourne. 
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COULOMB WAVE FUNCTIONS* 


By A. LEARNER{ and B. A. Ropsont 


Introduction 

Coulomb wave functions are required for the solution of many physical 
problems involving charged particles. Recently, Froberg’s (1955) review article 
has shown the need for a skeleton table of the values corresponding to the higher 
incident energies now so readily available. The region of interest is that formed 
by the parallelogram with corners in (p, y)=(10, 0), (20, 5), (20, 15), and (10, 10). 
In the present paper, such a table of values for f; and fz; (defined in equations 
(3c) and (4a)) is given for y<10, L=5, 6,10, and 11, Ap=1 and An=1. These 
integrals were calculated on the CSIRAC (Physics Department, University of 
Melbourne). Work is in progress to obtain the corresponding values for g; 
and gz, (defined in equations (3d) and (4b)). 


Notation 
The differential equation is 


d?y/dp?+-{1 —2y/o —L(Z-+1)/p7}y=0, .......... (1) 


which has a regular solution F, (4, e) and a logarithmic solution @, (1, ), which 
are normalized to act as sine-cosine functions as p—>oo, 


Eh, py oS, Mie Gls oe eee (2a) 
G+ 0;0) COR Ui) mises eee eee (2b) 
where 
0,={p—7 Mm 29 —Em/2+6,}, ..........5. (2c) 
o,=arg ['(in4.0-11))~ ieee Jae eee ee (2d) 
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These functions are given by the integral representation (Bloch et al. 1950) 


Ap yh Wot. stu toa a ee (3a) 
ee. CHE Oe Oy 6M eae Ned cae see (3b) 
a 
fra (1 —z*)4 cos (2y artanh z—pz)dz, .............. (3c) 
0 
1 
=| (1 —2?)¥ sin (21 artanh z—pz)de 
0 
tom] (1+-u?)” exp (—up—2y artan 1/w)du, .... (3d) 
0 
and 
ee ee) A pn Oe ak eS eee ee en (3e) 
gate or Oren TRO ny 2 hain ahd (3f) 


The derivatives f7; (@F,/d9) and gz; are thus 
1 
fi=|. 2(1 —2?)“ sin (2y artanh z—pz)dz, ............. (4a) 
“1 
j,= -| 2(1 —z)¥ cos (27 artanh z—pz)dz 
0 


=a | u(1+u?)4 exp (—up —2y artan 1/u)du. .... (4b) 
0 


Use and Accuracy of Tables 
The required values of F', and F7, are obtained by using (3a), (3e), and (3f) 
with the tabulated f,, f, and noting that 


Reet oe Ll a ee (5) 


C,(q) may be obtained from the National Bureau of Standards tables (1952). 
For convenience, the tabulated values of Z are adjacent 5, 6 and 10, 11 so that 
intermediate and other LZ values may be obtained by the recurrence formulae 


o*Dfr41=2(2L4+1){no +L(L+1)} fr -4(2+1)(2* +7? )fr-1, .. (6a) 
and 
elf, =2(L? +7?) fr-1—{mptL(2L+1)} fn. occ eee eee (6b) 


These formulae permit a check on the accuracy of the tables, which was 
generally found to be at least 0-01 per cent. For the transition line p=2%, ° 
27 artanh Z—peZ~0 and one cannot expect a sensible answer for the method of 
computation used. To the left of the transition line F’, oscillates rapidly and 
this causes round-off errors to be important. Any error in /’, means an admixture 
of G,, and since G, becomes large as p decreases, the corresponding error in fF’, 
increases rapidly. For 7=10, p=10, L=5 and 6, the possible error is ~0:1 
per cent. This represents the maximum error in the table except near a zero 
of f,. Similar comments apply to fr. 
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TABLE 1 
v4 
VALUES OF f, AND f7 


0 T= | Det | L=16 | Deft 
fry fi | Ta fi | fio 75 | PF | fy 
i—10 
10 0-01157 0:006781 0-01492 0-008046 0:-02973 0-011845 0-03334 0-012424 
ll 0-02024 0-010808 0-02497 0-012242 0- 04347 0-015715 0-04756 0-016104 
12 0-03365 0-016251 0-03981 0-017629 0-06127 0-019930 0-06555 0-019918 
13 0-05320 0- 023042 0- 06056 0-024009 0-08332 0-024122 0-08734 0-023595 
14 0-08005 0-030763 0-08799 0-030866 0-10934 0-027779 0-11253 0-026636 
15 0-11475 0:-038547 0-12216 0-037323 0-13850 0-030290 0- 14022 0-028510 
16 0-15673 0-045078 0- 16210 0-042185 0-16933 0-031030 0-16899 0-028698 
7 0- 20394 0-048710 0- 20554 0-044082 0-19978 0-029454 0-19691 0-026781 
18 0- 25260 0:-047743 0-24884 0-041734 0- 22734 0-025232 0-22176 0-022538 
19 0: 29743 0-040836 0-28729 0-034272 0- 24935 0-018349 0-24122 0-016026 
n=9 
10 0-03254 0:-016329 0-03895 0-017819 0-06121 0-020245 0-06561 0-020220 
11 0-05231 0:-023429 0-060038 0-024474 0-08363 0-024541 0-08774 0-023972 
hb. 0-07974 0-031532 0-08807 0-031631 0-11010 0-028261 0-11332 0-027046 
13 0-11540 0-039691 0-12314 0-038335 0-13974 0-030763 0-14142 0-028889 
14 0- 15866 0: 046462 0-16416 0-043295 0-17100 0-031400 0-17051 0-028969 
15 0: 20726 0-050064 0- 20866 0-045050 0-20173 0-029626 0-19862 0-026872 
16 0:-25711 0-048688 0: 25274 0: 042266 0- 22934 0-025127 0- 22346 0-022395 
17 | 0-30251 | 0-040972 | 0-29138 | 0-034100] 0-25108 | 0-017931 | 0-24264 | 0-015631 
i: eee eae eee teen ee nn TSA Go seeman | Sosemoe flo y355.. ~~. 
19 | 035354 | 0-006207| 0-33102 | 0-002682 | 0-26752 |—0-002434 | 0-25626 |—0-002753 
20 | 0-34804 |—0-017509 | 0-32375 |—0-017371 | 0-25946 |—0-013644 | 0-24853 |—0-012672 
n=8 
10 | 0-07940 | 0-032379 | 0-08817 | 0-032468| 0-11092 | 0-028766| 0-11417 | 0-027471 
11 | 0-11613 | 0-040952 | 0-12422 | 0-039436| 0-14106 | 0-031250| 0-14267 | 0-029274 
12 | 0-16079 | 0-047974 | 0-16641 | 0-044483 | 0-17276 | 0-031768 | 0-17210 | 0-029235 
13 | 0-21091 | 0-051505 | 0-21203 | 0-046050| 0-20375 | 0-029775 | 0-20038 | 0-026942 
14 | 0-26199 | 0-049627| 0-25688 | 0-042755| 0-23137 | 0-024980 | 0-22516 | 0-022218 
15 | 0.30788 | 0-040972 | 0.29563 | 0-033798 | 0-25280 | 0-017459 | 0-24405 | 0-015194 
1 C088 eer. ily cetleieétet ethene | celesie Siew 4) wall weecelens)eviese™ Ih” cei\ete were! soulll) | e:iesinyetienterwet wo) IMM veusl fei ema tre? nn ene 
17 0-35646 0:-003756 0-33284 0-000623 0:-26776 |—0-003380 0°25638 |—0-003541 
18 0-34804 '!—0O-020791 0:-32323 |—0O-019904 0-25871 |—0-014619 0-24784 |—0-013466 
19 0-31517 |—0O-044420 0-29346 |—0-039144 0-23891 |—0O-024714 0-22980 |—0-022361 
20 0:26095 |—0-062834 0:-24646 |—0-053894 0-21007 |—0-032485 0-20378 |—0O-029264 
i} 
4rd 
10 0-16318 0:-049630 0-16888 0-045753 0-17460 0-032129 0-17375 0-029490 
11 0-21492 0-053032 0:21567 0-047072 0: 20584 0-029896 0-20219 0-026987 
Le, 0- 26726 0: 050532 0: 26127 0: 043175 0: 23343 0-024786 0- 22688 0-022002 
ta 0:31355 0-040784 0-30002 0-033330 0- 25450 0-016930 0-24542 0:-014716 
15 0-35907 0-000945 0:33438 /—0-001662 0:26786 |—0-004360 0-25641 |—0-004349 
16 0:34739 |—0-024348 0:32224 |i—0O-022577 0-25782 |—0O-015596 0:24705 |—0-014257 
17 0:31095 |—0-047857 0:28986 |—0-041574 0°23712 |—0-025507 0:22828 |—0-022997 
18 0:25377 |—0-065174 0:24082 |—0-055436 0:-20765 |—0-032939 0-20175 |—0O-029629 
19 0-18385 |—0-072927 0-18152. |—0-061821 0-17234 |—0O-037105 0-16995 |—0-033514 
20 0-11159 |—0-069793 0-11999 |—0O-059890 0-13465 |—0-037727 0-138575 |—0-034411 


SHORT COMMUNICATIONS 141 
TABLE 1 (Continwed) 
° | L=5 | L=6 L=10 | ein 
ts | Is | Sg | 6 | io | fio | fia | fi 
j—6 
10 | 0-27298 0-051364 | 0-26594 0:-043495 | 0-23550 0:024539 | 0-22861 0-021746 
11 | 0-31949 0-040349 | 0-30453 0-032659 | 0-25615 0-016341 | 0-24675 0-014193 
{py Sieiouel see Maumee eyeial st aielee lll lela ie (s:«,0:1eh 0 I “"eire! te) st's} oate Pah Misi eliencoleve tet) | lel ais! ise. -0,fe)erle, ill) Wveive cevieucercey clam) eee: Mrevieremelee 
13 | 0-36122 |—0-002259 | 0-33552 |—0-004177 | 0-26783 |—0-005367 | 0-25631 |—0-005174 
14 | 0-34598 |—0-028153 | 0-32069 |—0-025357 | 0:25679 |—0-016567 | 0-24614 |—0-015040 
15} 0-30585 |—0-051265 | 0-28569 |—0-043929 | 0-23521 |—0-026256 | 0-22667 |—0-023599 
16 | 0-24589 |—0-067162 | 0-23478 |—0-056716 | 0-20516 /|—0-033323 | 0-19968 |—0-029944 
17 | 0-17499 |—0-072814 | 0-17492 |—0-061635 | 0-16969 |—0-037055 | 0-16774 |—0-033491 
18} 0-10396 |—0-067513 | 0-11432 |—0-058261 | 0-13225 |—0-037266 | 0-13372 |—0-034070 
19 | 0-043023 |—0-053141 | 0-060734 |—0-047946 | 0-096220 |—0-034323 | 0-10051 {|—0-031937 
20 |—0-000601 |—0-033656 | 0-019830 |—0-033446 | 0-064397 |—0-029015 | 0-070548 |—0-027705 
o=5 
11 | 0-36278 |—0-005870 | 0-33621 |—0-006914 | 0-26765 /|—0-006395 | 0-25610 |—0-006011 
12 | 0-34366 |—0-032146 | 0-31852 |—0-028199 | 0-25560 |—0-017520 | 0-24513 |—0-015808 
13 | 0-29980 |—0-054519 | 0:28093 |—0-046134 | 0-23318 |—0-026953 | 0-22498 |—0-024161 
14 | 0-23740 |—0-068662 | 0-22842 |—0-057663 | 0-20263 |—0-033632 | 0-19758 |—0-030204 
15 | 0-16613 |—0-072029 | 0-16837 |—0-061040 | 0-16707 |—0-036929 | 0-16554 |—0-033412 
16 | 0-09697 |—0-064631 | 0-10908 |—0-056292 | 0-12996 |—0-036754 | 0-13176 |—0-033686 
17 | 0-039623 |—0-049051 | 0-057932 |—0-045186 | 0-094584 |—0-033549 | 0-099049 |—0-031344 
18 | 0-000162 |—0-029644 | 0-019850 |—0-030699 | 0-063594 |—0-028156 | 0-069735 |—0-027026 
19 |—0-019993 |—0-011204 |—0-003454 |—0-016166 | 0-038653 |—0-021631 | 0-045380 |—0-021568 
20 |—0-023861 | 0-002448 |—0-013409 |—0-004381 | 0-020357 |—0-015026 | 0-026696 |—0-015803 
n=4 
10 | 0-34029 |—0-036223 | 0-31570 |—0-031033 | 0-25427 |—0-018447 | 0-24400 |—0-016554 
ll 0-29283 |I—0-057463 | 0-27564 |—0-048105 | 0-23106 |—0-027590 | 0-22322 |—0-024679 
12 | 0-22847 |—0-069532 | 0-22184 |—0-058215 | 0-20007 |—0-033861 | 0-19546 |—0-030407 
13 | 0-15752 |—0-070520 | 0-16203 |—0-060026 | 0-16450 |—0-036725 | 0-16338 |—0-033279 
14 | 0-09090 |—0-061225 | 0-10442 |—0-054037 | 0-12778 |—0-036187 | 0-12988 |—0-033265 
15 | 0-037448 |—0-044864 | 0-055864 |—0-042386 | 0-093094 |—0-032761 | 0-097694 |—0-030736 
16 | 0-020031 |—0-026016 | 0-020510 |—0-028174 | 0-062930 |—0-027323 | 0-069028 |—0-026363 
17 |—0-015275 |—0-009205 |—0-000697 |—0-014585 | 0-038772 |—0-020920 | 0-045309 |—0-020974 
18 |—0-018159 |—0-002410 |—0-009687 |—0-004043 | 0-021077 |—0-014552 | 0-027143 |—0-015393 
n=3 
10 | 0-21935 |—0-069653 | 0-21519 |—0-058326 | 0-19750 |—0-034010 | 0-19332 |—0-030553 
11 | 0-14948 |—0-068304 | 0-15605 |—0-058616 | 0-16199 |—0-036452 | 0-16127 |—0-033096 
12 | 0-085936 |—0-057454 | 0-10043 |—0-051586 | 0-12572 |—0-035579 | 0-12809 /—0-032814 
13 | 0-036512 |—0-040813 | 0-054523 |—0-039660 | 0-091749 |—0-031971 | 0-096446 |—0-030124 
14 | 0-004712 |—0-022966 | 0-021702 |—0-025958 | 0-062393 |—0-026524 | 0-068416 |—0-025719 
15 |—0-010384 |—0-011118 | 0-002215 |—0-015514 | 0-038972 |—0-020679 | 0-045305 |—0-020693 
16 |—0-013000 | 0-001761 |—0-006202 |—0-004053 | 0-021816 |—0-014140 | 0-027616 |—0-015006 
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TABLE | (Continued) 


| 
° | L=5 | L=6 L=10 | L=11 
Fee | i | fe Wy oe) ie ee | fa | fia 
oo 
10 | 0-082219 |—0-053548 | 0-097149 |—0-049049 | 0-12379 |—0-034943 | 0-12639 |—0-032339 
11 | 0-036698 |—0-037133 | 0-053852 |—0-037117 | 0-090545 |—0-031188 | 0-095298 |—0-029515 
12 | 0-007982 |—0-020616 | 0023274 |—0-024107 | 0-061972 |—0-025766 | 0-067890 |—0-025102 
13 |—0-005664 |—0-007437 | 0-005119 |—0-012637 | 0-039236 |—0-019672 | 0-045357 |—0-019902 
14 |—0-008589 | 0-000703 |—0-003060 |—0-004320 | 0-022560 |—0-013785 | 0-028103 |—0-014659 
y=1 
10 | 0-011458 |_o-o18979 0-025065 |—0-022631 | 0-061649 |—0-025055 | 0-067448 |—0-024514 
11 |—0-001389 |—0-007453 | 0-007878 |—0-012181 | 0-039549 |—0-019133 | 0-045455 |—0-019424 
12 |—0-004991 [-0-000522 —0-000309 |—0-004743 | 0-023295 |—0-013481 | 0-028597 |—0-014350 


The authors wish to thank Dr. F. Hirst and his computer staff for their 
willing assistance in the operation of CSIRAC and Associate Professor C. B. O. 
Mohr for his interest in the work. 
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METHODS FOR NUMERICAL CALCULATIONS WITH THE TYPE I 
COUNTER 


By P. G. GuEst* 
[Manuscript received January 20, 1958] 


Summary 


Detailed schemes have been prepared for performing numerical calculations of 
frequency, expectation, and variance. Tables are given of the deviations of the 
asymptotic formulae from the exact formulae when the time of observation is small. 


I. INTRODUCTION 
A number of papers (Jost 1947 ; Feller 1948 ; Elmore 1950; Ramakrishnan 
and Mathews 1953; Hull and Wolfe 1954; Campbell 1956; Takacs 1956) 
dealing with the Type I counter have appeared in recent years. The present 
paper differs from these in being concerned primarily with the calculation of 
numerical magnitudes rather than with the derivation of general formulae. 


A Type I counter is one in which each count is followed by a fixed dead 
time + during which the counter is insensitive, the counter returning to the 
sensitive condition at the end of the period t. Any event occurring in the dead 
time has no effect. It will be assumed that the events which are being counted 
are distributed in time according to a Poisson distribution with parameter wu. 
The quantities which are of interest are the frequency function F(t) and the 
expected number W(t) of counts in time t. /(¢)dt is the probability that a count 
occurs in the interval (¢,t-+-dt) and 


N(t)= | " F(a)da. 
0 


The counting will be assumed to start at t=0, the counter being sensitive 
at that instant. #’(t) has the form shown in Figure 1, which corresponds to the 
special case pr=1. At t=0, F(t) equals p, and I(t) oscillates with decreasing 
amplitude about the value u/(1-+t) as ¢ increases. When ¢ is large F(t) may 
be assumed to have this value and M(t) may be taken as pt/(1+ ur). If the 
events occur in short bursts, as will happen when particles produced by a pulsed 
source are being counted, then the behaviour of F(t) and V(t) must be investigated 
for small values of ¢. 

Instead of supposing the counter to be sensitive at t=0, it is sometimes 
convenient to consider the case where a count occurs at t=0. Clearly, in this 
case the counter will be sensitive at t=, and the frequency, expectation, and 
variance of subsequent counts will be given by the same formulae as for the 
case where the counter is sensitive at t=0 if ¢ in these formulae is replaced by 


ae 
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Il. EXACT VALUES OF FREQUENCY AND EXPECTATION 
The function F(t) is given by the expression 


p E/fo=T\k 
F(ij)=p Dd e-ut—kr) es Pesladd 
k=0 k} 
where 
t=p7-+a, OS a=". 228s scone ponsen (2) 


The kth term of the sum gives, when multiplied by dt, the probability that the 
(k-+1)th count occurs in (t,t-+dt). The term differs from the corresponding 
term for a Poisson distribution in that the dead times following each of the 
first k counts are subtracted from t. 


O-7 


O-4 


O-3 i 
fe} 1 2 3 4 


t/T 


Fig. 1.—Graph of F(¢)/u against ¢/¢ for a Type I counter with ut. 
N(t) may be found by integrating F(t), giving 
Dp 
N(@)= 2 TR+L; pt—kyr)/TR+), 2.00... (3) 


the terms I'(k+1; «) being the incomplete gamma functions. Alternatively 
the equation 


may be used, the term in brackets being the probability that the counter is 
sensitive at the instant ¢ (i.e. that no count has occurred in (¢ —t,t)). (4) can be 
written 

P(t)=p{1—N(t) + (t—2)}, 
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giving the recurrence relation 


N(t)=1+N(t—z)—p-1 F(t), 
and so 


Pp 
N@)=p+1—u-! & Fj), 
or, using (1), ‘ 
N(i)=p +1— S e-ut—i) OXDy (b——Uht) sewer ae se oe (5) 
k=0 
where 


k 
exp, t= 2 ey tee MRR se sles Heretic: cake ratnatece (6) 
j= 


Formulae more suitable for numerical calculations are obtained in terms of 
the variable 


GE Ie) LO a ake sole aie Ave nace drs nse si (7) 
It is found that 
p 
BES ae GD fap Ole Peat notre nee sae tte s (8) 
and 
p 
N ,(8)=p +1 cane b,-.0*/k! Pelee iis Aaa carat (9) 


the coefficients a, and b, being functions of ut given by the expressions 


Bees Guede wre sjee SVee (10) 
j=0 
and 
Tr 
Re Oa ae Pe) ee a tir PEASE CENA ea MN RIE (11) 
8s=0 
TABLE 1 


SCHEME FOR THE CALCULATION OF @, AND b, 


A 1 eo, eg aut e bur gr a. b, 

n 

0 1 A by=A 

i 1 a, b,=bo +a, 
2 UT 1 a, b,=b, +a, 
3 $(ut)? 2ut 1 a, b,;=b,+ds 
4 Hur)? 4(Qut)? Sur | ay y= By tay 


A scheme for the calculation of a, and b, is shown in Table 1. The entries in 
each column are the successive terms of e/#*. a, is the sum of the products 
of corresponding elements in row r and row A. The sums in (8) and (9) can be 
evaluated by successive multiplications and additions. For example, when 


ee 
od Sa,_,{#/kb!={(0-168 +0-5a,)B-+a,}8 +45. 
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Example 1 

What is the value of W(t) when ¢ equals 450 usec, if + is 134 usec and yp is 
4070 events per second ? 

Here ut is 0°545380 and yt is 1-831500, and so p is 3 and 6 is 0-195360. 
The values a, and b, are calculated in Table 2. From formula (9) 


N (8) =4—8 -346455e 8 =1 - 247411. 


TABLE 2 
CALCULATION OF @, AND 5, FOR EXAMPLE | 


A 1 0:579622 0-335962 0-194731 a, b, 

r 

0 1 1 1 

1 1 0:579622 1-579622 

2 0:545380 1 0:652076 2-231698 

3 0-148720 1-090760 1 0-647386 2-879084 
Sum, S 1 1-694100 2-090760 1 Check, S x A 2-879085 


For values of p less than 2 the formulae for F(t) and N(t) are: 


—e-8 


p=0: pF (t)=e-, N(t)= 
—e8(1+8+e-"). 


p=1: yp F()=e%(B+e-), N(t)= 


For higher values of p it is best to-use the scheme of Table 1. 


III. ASYMPTOTIC FORMULAE 
Eiquation (4) can be integrated to give 


Nijuu vied. ee (12) 


t= 


Tf the asymptotic formula, valid for large ¢, is written 


+ and can be found by substituting this expression in (12) and equating terms 
in ¢ on each side and constant terms on each side. This gives 


yal (Ge) ba dy (er) eee (14) 


The asymptotic value f(t) of F(t) is of course equal to y. 
For Example 1, 
y=0-647090, yY)=0-062273, yt=1-831500, 
and 
n(t)=1 185145 +0 -062273 =1 - 247418. 
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This is very close to the exact value. Since the asymptotic values are 
easily calculated, it is of interest to determine by how much the asymptotic 
values differ from the exact values when-ut is small. This question has been 
investigated by determining the maximum values of the fractional divergences 


| F()—f@ |/F@ and | N(t)—n(t) |/NQ) 


for values of ¢ greater than pt, p=1(1)4. The maximum divergences (expressed 
as percentages) of f(¢) are shown in Table 3 and of n(t) in Table 4 for values of 
ut up to 2. From these tables it is possible to determine in any particular 
problem whether the asymptotic formula is sufficiently accurate. 


TABLE 3 


MAXIMUM PERCENTAGE DEVIATION OF ASYMPTOTIC VALUE f(é) FROM 
EXACT VALUE F(t) WHEN t>pt 


p 1 2 3 4 

UT 
0-0125 0-01 
0-025 0-03 
0-05 0-12 
0-075 0:27 0:01 
0-1 0:5 0-01 
0-15 1-0 0-04 
0-2 1-8 0-09 
0-3 3°8 0:24 
0-4 a 0:4 0:02 
0:5 10 0-7 0-05 0:01 
0:6 14 0-9 0-11 0:02 
0:7 18 1-0 0:21 0:04 
0:8 24 1-2 0:37 0:05 
0:9 29 1:8 0:6 0-07 
1-0 36 2°5 0-9 0:10 
1-2 51 4 1-6 0:27 
1-4 69 7 2-4 0:6 
1-6 91 11 3-1 1:0 
1-8 116 15 3:6 Mf 
2-0 146 21 5 2°6 


For Example 1, pt is 0-55 and p is 3, and so n(t) should differ from W(t) 
by an amount not exceeding 0-01 per cent. . 

It is shown in Section IV that the standard deviation is approximately equal 
to +/(y%ut), and so the ratio of the constant term yy in n(t) to the standard 
deviation is )/+/(yyt), which will be considerably less than unity unless ¢ is very 
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small. This term can then often be omitted and n(t) taken as simply yp4. 
However, when the experiment consists of a large number of repeated determina- 
tions over the time ¢ it is advisable to retain the constant term to avoid bias. 


TABLE 4 
MAXIMUM PERCENTAGE DEVIATION OF ASYMPTOTIC VALUE 7(¢) FROM 
EXACT VALUE N(t) WHEN t>pt 


— 


p 1 2 3 a 
V9 
0-025 0-01 
0-05 0:04 
0-075 0-08 
0-1 0-13 
0-15 0-25 
0-2 0:39 0-01 
0:3 0:7 0:01 
0:4 1-0 0-02 
0-5 1:2 0-04 0-01 
0-6 1:3 0:07 0-01 
0-7 1-4 0-12 0-02 
0:8 1-4 0-18 0-02 
1:0 1-4 0:35 0:03 0-01 
1:2 2-1 0-6 0-06 0-02 
1:4 2-8 0:8 0-10 0-04 
1:6 3°7 1-0 0-17 0-05 
1:8 4-6 1-2 0-26 0-06 
2-0 5:6 1:3 0:37 0-08 


IV. VARIANCE 
The variance of the observed number of counts is given by the formula 


V@= 2 {2(p —k) +1}e—¥¢—*) exp, u(t—kt) — {2 2 @—¥—K) exp, wt —tey 
k=0 k=0 


Sa eee (15) 


For purposes of numerical calculation it is convenient to introduce the variable 6 
defined by equation (7), and to write 
2 a p At 
V ,(8)=e* = Gp—j0) [9 | fo" = Dy pty poeta eae (16) 
= j= 
where 


g= Ef. and f= ¥ Qj+ljeM(juayIr—f)!.... (17) 
= = : 


Tt will be observed that the terms of f, differ from those of a, only by the factor 
(2) +1), and so the scheme of Table 1 can be used to calculate f, and g, if the row A 
is replaced by a row F' whose elements are (2j-+1)e—i. 


CALCULATIONS WITH THE TYPE I COUNTER 149 


Table 5 shows how the calculations given in Table 2 for Example 1 may be 
extended to include the variance calculations. Using (16), with B=0-195360, 


V3(8)=9 -923019e-8 — (3 -346455e-8)2 = 0 -585318. 
For values of p less than 2 the formulae for V(t) are: 


p=0: eb—e-%, 
p=1: e%(1+8+3e-*) {e8(1 +8 +e-vt)}2, 


For higher values of p it is best to use the scheme of Table 5. 


TABLE 5 


EXTENSION OF TABLE 2 TO PERMIT THE CALCULATION OF VARIANCE 


fF 1 1-738866 1-679810 1-363117 

A 1 0-579622 0-335962 0-194731 

r a, b, ty Gy 

0 1 1 1 il 1 

1 1 0-579622 1-579622 | 1-738866 2-738866 

2 0-545380 1 0:652076 2-231698 | 2-628153 5-367019 

3 0-148720 1-090760 1 0-647386 2-879084 | 3-453991 8-821010 
Sum, S 1 1-694100 2-090760 1 Check, 2-879085 | Check, 8-821009 

AXxS FXS 


The asymptotic formula v(t) for the variance is 


BE) 7 F(UE yy he ateee cre se eae wt, Go (18) 
where 


=U (+p), yay vles)4O8+4ur (ue). oe (19) 


For Example 1, 
y=0-647090, y3=0-270953, y=0°328465, yt=1-831500, 


and so 
v(t) =0-585249. 


This is very close to the value given by the exact formula. Calculations 
have been made of the divergence of the asymptotic value v(t) from the exact 
value V(t) when ptissmall. Since the variance is seldom required very accurately, 
a detailed table similar to Table 4 will not be given. It is found that the per- 
centage difference between the two values is less than 10 per cent. for all t>7r 
when prt<0-89, and for all ¢>27 when pr<1-78. 

For small values of ut the standard deviation (the square root of the variance) 
will be of the same order as the expectation. However, if the average number 
of counts is taken over a large number & of intervals of duration ¢, the standard 
deviation will be divided by the factor +/k. 


150 P. G. GUEST 


V. ESTIMATION OF up 
In many investigations an experimental determination n of the counts in 
time ¢t is made and an estimate of the parameter p is required. The value py 
derived from the asymptotic formulae (13) and (14) is 


_ V(t? +207?) —(t—2nr) 
oT 2tt —(2n —1)x? 


Example 2 
For a counter with dead time 134 usec the average number of counts in 
350 usec is 1-276. What is the value cf u? 
From (20), 
410-27 —8 -03 


Yo= (93800 —27868) x10-6 00'S: 


Since p is 2 and uyt is 0-82, the error through use of the asymptotic formula is, 
from Table 4, less than 0-2 per cent. 


TABLE 6 
CALCULATION OF VALUE OF N(t) CORRESPONDING TO UU) (EXAMPLE 2) 
Ut =0-817507, uot=2-135280, p=2, B=—0-500266 


Cc 0 0-441531 0-389900 
A i 0:441531 0-194950 
r a, b, Cc, 
1 ie 1 0 
1 il 0-441531 1-441531 0-441531 
2 0:-817507 1 0:555905 1:997436 0-750855 


N(t) =3—2-843718e-8 =1 - 275656 


As a check, the value of N(¢) corresponding to py, is calculated in Table 6. 
This differs from n by 0-000344, which is negligible in the present case. However, 
if it is desired to obtain the value uw for which M(t) is exactly equal to n, the 
formula 

dN (t) i a 
Ode =e%(BXa,_;0)/j!-+urde,_,84/7!) S 6: Oi. w ie ne cee (21) 


may be used. The quantities ¢, are calculated in the same way as the quantities 
a,, with e~4+* replaced by je-#*. In Table 6 the ¢, are calculated for Example 2 
by intermultiplying row C and row r. From (21), the change dy required to 
increase V(t) by 0:000344 is given by 


0-000344—=(du/u)e*(BXa,_;B4/j!+-wrLe,_,(4/j!) 
= (d2/{49)0 -606370(0 -451200 +0 -794403), 
and so 
4] Lo= (Uo +d p2)/ U9 =1 -000455, 
and 
u=6103 +58. 
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A recalculation of Table 6 with this new value of u does in fact give 
N(t)=1-276000. 


By differentiation of (20) it is found that 


Apr 1 (1 ppt -+/24/(t?-+2n2%) sa 
dn i 1—(2n —1)t)2t roe RCO Ors (22) 

and an estimate of the variance of uy, may be obtained from 
POL == (Ag ey Vad tinea hehe Soe oe. SRS en eels (23) 


For Example 2, dyu,/dn is 8052. To obtain an estimate of varn, the 
approximate value uy, may be substituted in equations (18) and (19), leading 
to the value 0-467622. The standard deviation of y, is then 5506. If the 
estimate n is the average of k determinations, this quantity should be divided. 


by Vk. 


VI. ScALING CIRCUITS 
The probability Q(k+1,t) that k+1 or more counts occur in time t is given. 
by the kth term of the expansion (5) of M(t), 


QO(k+-1,t) =1—e-“t—-™) exp, u(t—kt). ........ (24) 


This differs from the corresponding formula for the Poisson distribution in that ¢ 
is replaced by t—kr. Molina (1942) in his Table II tabulates a sum P(c,a) which. 
may be used to obtain Q(k,t), the relation being 


ON Pig 6 oi (bts Ges ee 0 (25) 


The square root approximation to the significance limits of the Poisson distribu- 
tion (Blom 1954) leads to the formula 


Ama tit (b= Lia = 9G ee eee (26) 


where X is the value of the standardized normal variate corresponding to the: 
significance level Q. 

Since mechanical recorders have dead times t* of the order of 0-1 sec, it is. 
often necessary to interpose a scaling circuit between the counter and the recorder 
to reduce the number of counts reaching the recorder by a factor m. If more 
than m counts occur in the time t*—t during which the counter has become: 
sensitive again following a recorded count while the recorder is still insensitive, 
there will be a counting loss in the recorder. It is customary to choose the 
scaling factor m so that this loss can be neglected. This means choosing m so 
that Q(m,r*—t) is negligible, using either Molina’s table with 


Q(m,c* —t) =P(m,ur* — Myr), occ eee eevee (27) 
or the square root approximation 
a/m—v/(pt*® —myt)=FX. ...ee ecw eee (28) 


When m is small the estimate from (28) will be slightly higher than the exact: 
estimate from (27). 
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Example 3 

If + is 134 psec and p does not exceed 4000 events per second, what scaling 
factor is required in front of a fast mechanical recorder of dead time 0-02 sec 
if the scaling loss is to be less than 0-1 per cent. ? 


The values yt* and yz are 80 and 0-536. Molina’s table gives 
P(66,44-6)=0-0017, P(67,44-1)=0-0008, 


and so m must exceed 66 if the scaling losses are to be less than 0-1 per cent. 
For the square root approximation, X is 3-09 for the 0-1 per cent. level, while 


4/66 —4/44-6=1-45, 1/67 —+/44-1=1-54, +/68—1/43-6=1- 64, 


which would imply that m must be greater than 67. 


VII. Two CoUNTERS IN SERIES 
If the functions for the second counter are distinguished by an asterisk, 


F*(t)=Fi(t) (fy F*(¢—a)F(e—t)da, .......... (29) 
and ; 


N*(t)=N()— | yee ripen ee ee (30) 


‘The exact expressions for #*(t) and N*(t) will be quite complicated, but the 
asymptotic forms can be found fairly easily. It will be observed first that, when 
t* <1, N*(t) is equal to M(t) and the second counter has no effect on the counting 
rate. This condition should clearly be aimed at in the design of the equipment. 


To find the asymptotic formula n*(t) for N*(t) when t*>7, 
n¥(t)=y*(ut-+Y*) and n(t)=y(ut+y) 


are substituted in (30), and terms in ¢ equated and constant terms equated. 
This gives 


t= 1 +N (2-1, Y=b4 (*/y) ie ouF(e—t)de. .. (31) 


tT 


The integral can be put in the form 


{ : muh (o—a)dle=49(q-+1)(L-+ys)—"S (ur +a—p) uF (8), 132) 


v p 


where 
pt*=qut + B*. 
Hxample 4 
A Geiger counter with a dead time of 100 usec is. operating a recording 


circuit whose dead time is 240 usec. If the rate of arrival of the particles being 


counted is 1000 per second, find an expression for the average number of counts 
‘in time ¢. 
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In this case 
ut=0°1, utt=0-24, g=2, B*=0-04, 
N(<* —z) =, (6*)=0-131422, 
p-1F')(B*) =0-960789, p—-1F,(6*)=0-907789, 
y=0-909091, Y=0-004545. 


Hence, from (31) and (32), 
y*=0-803494, l*=0-004545 +0 -022174y*/y —0 -024143, 
and the average number n*(t) of particles counted in time ¢ will be given by 
| n*(t)=0-803494(1000¢ +0 -024143). 


No detailed investigation of the deviations of the asymptotic values from 
the exact values has been made for the case of two counters in series, but it 
seems probable that the percentage deviations are similar to those for a single 
counter of dead time t*. The variance of the number of counts is quite close to 
y*3ut when ut is large; in fact, 


Or(t)=yt (pt +7"), sees SB tae weer a (33) 
where 
n={2y"(L+y*)—Diy? 


is very close to unity. The expression for. the constant term y* is very 
complicated. 
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THE GENERAL RELATIONSHIPS BETWEEN. THE ELASTIC 
CONSTANTS OF ISOTROPIC MATERIALS IN n DIMENSIONS 


By N. W. TsScHOEGL* 
[Manuscript received December 30, 1957] 


Summary 


The relationships between the elastic constants of homogeneous isotropic materials 
in n dimension are derived and are shown to depend on n. The maximal value of the 
generalized Poisson’s ratio is 1/(m—l). The n-dimensional formulae reproduce the 
well-known three-dimensional relations for n=3, while m=2 produces the relations 
appropriate for monomolecular films. The correct degeneration is shown for n=1. 


I, INTRODUCTION 

In the physical chemistry of monomolecular films it is customary to regard 
the film (or monolayer) as a two-dimensional system since there is no bonding 
between molecules of the same kind in the third dimension. One accordingly 
defines a surface bulk (compressional) modulus and a surface shear modulus having 
the dimensions of surface traction (force per unit length) instead of traction 
(force per unit area) (Langmuir and Schaefer 1937).+ This procedure prompts 
the development of a general n-dimensional elastic theory comprising both two- 
and three-dimensional theory as special cases. 


In this paper it is proposed to derive the general relationships connecting 
the four elastic material constants of homogeneous isotropic bodies in n dimen- 
sions. It will be shown that these relations are generally dependent on the 
number of dimensions considered. 


II. THE FUNDAMENTAL ELASTIC MODULI IN n DIMENSIONS 
An infinitesimal elastic deformation of a homogeneous isotropic body can 
be resolved into a change in size (dilatation or contraction) and an independent. 
change in shape (distortion). Homogeneous isotropic bodies therefore possess 
two fundamental elastic moduli, the bulk modulus relating to changes in size 
and the shear modulus relating to changes in shape. 


It follows from the independence of the two fundamental moduli that the 
general n-dimensional stress tensor s;; 18 not proportional to the strain tensor e,, jo 
These tensors may, however, be resolved into separately proportional component: 
tensors such that 


* Bread Research Institute of Australia, North Sydney, N.S.W. 
} Lanemurr, I., and Scuanrmr, N. J. (1937).—J. Amer. Chem. Soc. 59: 2400. 
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where sj; and e; may be called mean normal tensors while sj; and ¢; are termed 
deviators. 


We can now state 


where K, and G, are the n-dimensional bulk modulus and shear modulus 
respectively. 

The dimensional factor in (2a) appears because K, is traditionally defined 
as the proportionality constant between the mean normal stress s,,/n and the 
(hyper)volumetric strain e;, 


‘That (2a) and (2a’) are equivalent may be seen from the following development. 


Since the deviatoric tensors relate to changes in shape only, the sums of 
their principal components vanish. Using the summation convention 


Ree) ey Sa ohare ans nin ae (3a) 

Ges) Seen ies ee once wee (3b) 
and, from (la) and (1b) 

Bes Sys chia desl al un se sie dahe= SIE (4a) 

C=C; AW OO GIO OeGem loa 5.0 OF BO (4b) 


The mean normal tensors relate to changes in size only. Clearly their non- 
principal components must vanish while their principal components must be 
equal. It then follows from (4a) and (4b) that 


Regee Bip hlte digs eich ca veer (5a) 
Cy=E,,/% ° di; ;, Olis eile] te/ei toro) seh deren oie? olkes 6 (5b) 


where d,; is the unit tensor. Substituting (5a) and (5b) into (2a) then leads 
to (2a’). 

The numerical factor 2 in (2b) arises because of the traditional definition 
of shear which is twice the corresponding shear component of the strain tensor. 


III. THE RELATIONSHIPS BETWEEN THE ELASTIC CONSTANTS 

To derive the general relationships between K,, G@,, the n-dimensional 
extensional (Young’s) modulus Y,,, and Poisson’s ratio wu, we consider a pure tensile 
stress in the nth dimension. For such a stress all components of the stress 
tensor vanish except s,,. All non-principal components of the strain tensor 
also vanish since a pure tensile stress produces no distortion. The extension 
€nn 10 the nth dimension is accompanied by (n—1) contractions —uy.,,¢,, in the 
remaining dimensions. Consequently 
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Substituting into (5a) and (5b) and introducing Y, from Hooke’s law, the: 
mean normal tensors become 


8j=8,,,(2 . d;;, cee Sw 6 68 6 Owes 6) 8 ne We, a2 Oo 1S (7a) 
Cig —=[L—(M—1) yg M8 nn/MXn - dij ee eeeeeeeee (7b) 


The non-principal components of the deviators also vanish since there is. 
no distortion. The principal components can be expressed by the following 
set of equations 


$1 =sae—=. C= 8 yan iy = 0 — 8 ees (8a) 
Son 8 58%, a Sa eens eee (8a’) 

C1 Ca2=- - -=C(n—1)(n-1) = —Urnnn—Cii|My + +++» (8D) 
Cag = 6, — Clie” Swag oe eee eee (8b’) 


obtained by subtracting the principal components of the mean normal tensors. 
from those of the total tensors according to (la) and (1b). 


Substituting for s;; from (6a) and for e;; from (6b) and using Hooke’s law 


831 = 8g" = SE 8g 1-1) — ely ens we oe (9a) 
San (18s IN Rae are ee (9a’) 

611 ===. « 1=Cn—1y~n-1) = — (1 +p, )8.n/MY,, ~--- (9B) 
Ong = (= 1) Fi 6. exes mee « (9b’) 


Defining a tensor g;; such that 


9341 =—Jon=- - -=9Jm-1)n-1)= —1, sie coifevehaksnciete (10) 
Gupte aly ia Dawes a ois en 5 6 Spee ee ee eee (10’) 
while all non-principal components vanish, the deviatoric tensors may be written 
Sy =O Gigs be alas Osos oar oe (11a) 
Gg =s(1 i) 8 In gs as sane eee (11b) 
Now from (2a), (7a), and (7b) 


Y, 
agear stn: . 0 6 @.P 2) Oe; ww Cae (12) 
and from (2b), (lla), and (11b) 
a 
Eph wnas. 16 SG rouae ete Ce eee (13) 
From (12) and (13) 
y= 2n*7K_G, 
1 a(n) eo) aceite (14) 
nK,, —2G4 
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IV. THE MAXIMAL VALUE oF Porsson’s RATIO 
Writing (15) in the form 


WW a Tm Ec he a ee a (15’) 


it is apparent that pw, cannot be less than —1 and cannot exceed 1/(n—1). The 
maximal value of Poisson’s ratio, un max), is thus seen to depend on n. 

The identical result can also be obtained directly by the following con- 
sideration: let an n-dimensional hypercube of unit length be extended by a 
small amount A in one dimension. The. change AH in the hypervolume then is 


Rie Ce lene alae we ote (16) 


Expanding (1—y,A)”-) by the binomial theorem and neglecting all higher 


powers of A 
AH =(1-+A)[1—(n—1)p,A]J—1. .........00- (17) 


If the hypercube is incompressible (K,,= 00), AH=0, and again neglecting 
A, 
Un (max.)=1/(n —1). uate). (olve) sete lieiiel_siiaueliel ele (18) 
Hither from (13) by substituting y,—1/(n—1), or from (14) by substituting 


K,=©, we obtain the general relationships between the extensional and shear 
moduli of incompressible bodies (for n>1) as 


V. SPECIAL CASES 
For n=3, (12)-(15) and (18) and (19) reproduce the well-known three- 
dimensional relationships. The two-dimensional relations can be obtained 
simply by substituting n=2 and are seen to be different from the relations in 
three dimensions. For n=1, (12) and (14) correctly show that the bulk modulus 
of a ‘‘ one-dimensional body ’’ degenerates into the extensional modulus 


This modulus is the only elastic constant a ‘‘ one-dimensional body ”’ can 
have. Neither G, nor yp, have any meaning for n=1. In fact, expressing G, 
and p, in terms of HK, and Y, from (14) and (12) and using identity (20) we 
obtain, for n=1, 


THE IONIZATION OF LIQUID ARGON BY o-PARTICLES 
By F. D. Stacry* 
[Manuscript received February 19, 1958] 


Summary 

Calculations suggest that in liquid argon the column of ionization produced by 
an a-particle consists of a core of positive charge 0-6—1-5 x 10-5 cm in diameter concentric 
with a larger cloud of electrons extending to a diameter of 40x10-*cm. This leads 
to a new description of charge separation in an applied electric field, in which the positive 
and negative charges are drawn apart slightly (polarized) and the more energetic electrons 
escape from the edge of the column. The remaining electron cloud reaches a state of 
dynamic equilibrium with the excess positive charge in a time short compared with 
that required for ionic recombination, which does not have a significant effect on the 
ionization current. The distribution of electron energies in the column of ionization 
is calculated from the results of recent ionization current measurements, and indicates 
that a 5-3 MeV a-particle expends 0-5 MeV as kinetic energy of the liberated electrons. 


I. INTRODUCTION 

Measurements of ionization currents in «-irradiated liquid rare gases 
(Williams and Stacey 1957) showed that the currents were too large to be explained 
by either of the existing theories of ionic recombination (Jaffé 1913 ; Kramers 
1952). Both of these theories assume that the electrons released by ionization 
form heavy negative ions by attachment. to neutral atoms, immediately they are 
formed. This is a questionable assumption for any material, but in liquid argon 
it is quite certain that the electrons remain free altogether (Williams 1957). 
Liquid argon is therefore probably the simplest material to re-examine 
theoretically. 

The theories of Jaffé (1913) and Kramers (1952) describe columns of positive 
and negative ions which have similar mobilities and which, in the absence of an 
applied field, remain completely superimposed. The application of a field to 
such a system was considered to draw the two opposite charge clouds apart at 
a rate dependent upon the field, while ionic recombination removed ions of both 
signs from those parts of the charge clouds which overlapped. The increase of 
ionization current with field was thus explained as the reduced opportunity for 
recombination when the two charge clouds were drawn apart more rapidly, and 
the general features of the ionization current versus field curve were explained 
for a number of materials. 


Gerritsen (1945), who experimented with a number of liquids, including 
argon, and who was responsible for the posthumous publication of Kramers’ 
theory, maintained that this theory fitted his data for liquid argon reasonably 
well. It appears, however, that neglect of the mutual attraction of the opposite 
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charge clouds makes the theory quite invalid in the case of liquid argon, and 
possibly for most other materials. 


Considering. only the charge collected from a single «-particle track in a 
small field and neglecting the charge which is lost in ionic recombination, we see 
from the experimental data (Williams and Stacey 1957) that about 7 ion pairs 
are collected per volt/em of applied field; i.e. in a field of 7 V/em, =V e.s8.u., 
a total charge of (7eF) is collected per «-particle. The charges are drawn apart 
with a force (7eF)V, but at a separation d, significantly larger than the column 
diameters, they experience a mutually attractive force 2(7 ef )*/eld, where 1 is 
the length of the columns and ¢ is the dielectric constant of the liquid. Thus 
for the applied field to succeed in drawing the charges apart 


Te V > 2(TeF)?/eld, 
or 
d> (14e/el) - F/V=2-8 x10-4 em. 


The charge clouds were considered to have diameters less than one-tenth of this 
value, so that the applied field only competes favourably with the mutually 
attractive force when the charge clouds are already well separated. This 
indicates that the observed charge collection cannot occur by the Jaffé-Kramers 
process. 

In the theory considered here the kinetic energy imparted to the electrons 
by the ionization process plays an important part in overcoming their strong 
attraction to the positive ion column. The fraction of the «-particle energy 
which goes into kinetic energy of the electrons is estimated in Section IV. The 
electrons lose their kinetic energy only after many collisions, of the order 105 
- in argon (a discussion of this point is given by Williams (1957)) so that they form 
a diffuse cloud of greater diameter than the positive ion column. 


The electron cloud remains in dynamic equilibrium in the central field of the 
positive charge, while it is gradually reduced by recombination in the central 
region and loss of energy by collision of electrons with atoms. 


- In an external field perpendicular to the column of ionization the centres 
of the positive and negative charge clouds are separated or polarized by an 
amount which is calculated in Section III. This enhances the probability of 
escape from the column of. the more energetic electrons, which during their 
random motion have sufficient energy to reach the critical radius at which the 
applied field becomes greater than the central field. 


The motion of the electrons is such that, if a particular electron has sufficient 
energy, it will escape from the column merely because by chance it will eventually 
cross the critical radius in a direction favouring escape. The remaining less 
energetic electrons are more tightly held by the excess ‘positive charge of the 
column, so that, however long the column lasts before recombination destroys 
it, it can make no further contribution to the ionization current but drifts bodily 
to the negative electrode. 

A rigorous analysis of the model presented is virtually impossible since it 
depends essentially upon the initial distribution of electron energies, itself only 


B 
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obtainable by numerical methods (e.g. Erskine 1954). This distribution is 
further complicated by the fact that the fastest electrons cause secondary or 
feather ionization, in tracks of low density, thus producing slow electrons well 
clear of the main column of ionization. 

However, the main features of the theory are examined quantitatively in 
the following sections. 


II. STRUCTURE OF AN Ion COLUMN 

The mean free path of positive ions is short, and collisions of heavy ions 
with neutral atoms rapidly reduce the kinetic energy of the ions to thermal energy. 
With respect to electrons, which are slowed down only after many collisions, 
the positive ions are thus considered to remain in a stationary column. The 
kinetic energy of the electrons then enables them to expand to a cloud of larger 
diameter against the potential energy of attraction to the positive ions. The 
density distribution of electrons in the ion column is not needed for approximate 
calculations, but the potential energy of a simple distribution can be calculated 
as a demonstration of the magnitude of the electron cloud expansion which is 
possible with a moderate electron kinetic energy. 

The field 7’, at a distance r from the centre of any cylindrically symmetrical 
charge distribution of infinite length is due to the charge per unit length, ne/l 
inside a radius 7, and has the value 


Bis De Leb, is OS yetene oe a ee ee (1) 


where « is the dielectric constant of the medium. Charge outside r does not 
contribute to the field at r. An electron in the ion column which is “‘ expanding ” 


past the radius r experiences a retarding field according to equation (1), where 


(ne) is the net positive charge inside r and 1 is the length of the column, supposing 
it to be much greater than the diameter. If r is outside the positive ion column, 
then n is also the number of electrons which have already expanded past r. 


For the purpose of making an estimate of the potential energy of an 
‘expanded ” electron cloud for comparison with the kinetic energy available 
to the electrons, we may consider an ordered collapse of a uniformly dense 
cylinder, radius &, of N electrons into a smaller uniform cylinder radius R, 
of positive ions, exerting a field as in equation (1). The electrons inside R, 
may be considered as neutralizing (NR>/R2) positive ions, leaving N(1 —R3/R?2) 
positive ions inside A, and the same number of electrons outside. The collapse 
occurs by electrons crossing Ry, beginning with the innermost shell, and neutraliz- 
ing the first available positive ions. 

An elementary cylinder of electrons, thickness du, collapsing from a radius u, 
experiences a central field 


_2Ne(1—u?/R) 


a ely 


at radius 7. 


It reaches the first un-neutralized positive ions at radius v given by 


u?/R2=1 +02(1/R? —1/R?). 
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The number of electrons starting from the element du is NV. UTE sO 
that the energy of collapse of electrons from this element is 


ap tell —u2/R2)du ¢ dr 4N%¢? uO u(1/Ri —1/R?)2 : 
- elk? ae he u(1— 5] ( aera) ; 


The total energy of collapse is found by integrating with respect to u between 
fi, and R: 
E=(Ne?/el){In (R/Ry)—4+4(R,/R)?}. we eee ee (2) 


Numerical solution of equation (2) shows that if the electrons reach a total 
potential energy of 0:5 MeV, they could expand to a uniform cylinder of radius R 
approximately three times the radius R, of the positive ion column. 

This result can serve only as an order of magnitude because it is not imagined 
that uniform distributions describe the actual state of the ion columns. 


III. POLARIZATION OF THE ION COLUMN 
If the electron density in the central region is uniform the polarization or 
separation of the centres of the positive ion and electron distributions by am 
applied field is readily calculated. The density of electrons is defined by the. 
characteristic radius R, the radius of the cylinder which the electrons would 
occupy if the whole distribution were of the same density as the central region. 


Fig. 1—Calculation of the attractive force between overlapping 
cylinders of positive and negative charge. 


Consider the force of attraction of an elementary hollow cylinder of dW 
positive ions, with radius R, and centre Q, to the centre P of a uniform cylindrieal 
cloud of electrons, at a distance d from Q as in Figure 1. The component in the 
direction PQ of the force on an element d@ at 0 is 


QN (ri /R2)e . dNe(d0/272) 
el, 


df= 


COS 4g, 
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since only the electrons inside radius 7, are effective, where 


7, CoS o=d—R, cos 0. 

Integrating over 0: 
7= 2Ne*d . dN 
"(oR cL 


Since this is independent of R,, the force on a solid cylinder of N positive ions 
with any radial distribution is 2.N?e?d/elh?. 

This is equated to the force of the applied field, ', tending to pull the electrons 
away from the positive ions. Assuming n of the N electrons to have escaped 
from the column, this is 

F(N —n)e=2N7e"d/elhk?, 
d= RAI Nn) (2.026, 9 seen ee ee (3) 


The parameter Rk is a function of n, since, by virtue of the escape of n 
electrons, the density in the central region is reduced. However, the fastest 
electrons would have spent only a small fraction of the time in the central region 
and not very greatly added to the density ; also the net positive charge remaining 
tends to reduce the size of the electron cloud slightly, so that the overall error 
which results from taking R as constant is not great. 


IV. ENERGY SPECTRUM OF THE ELECTRONS 

The process of expansion of the electron cloud is similar to diffusion ; each 
electron may traverse the positive ion column several times before the equilibrium 
state is reached. At equilibrium each electron conserves its total (kinetic plus 
potential) energy, the potential energy being gained by motion outwards against 
the central field described by equation (1), in which » is a function of r, deter- 
mined by the electron distribution. During the expansion this distribution is 
time-dependent, so that any attempt to derive it from a given initial distribution 
of electron kinetic energies would be difficult, and this would be a necessary 
preliminary to determining the loss of kinetic energy during expansion and the 
ionization current. Here a much simpler calculation of the electron energy 
spectrum from measured ionization currents is made. 

If the n most energetic electrons escape from the column in a field F 
perpendicular to the column, then the remaining cloud of (N —n) electrons has 
a critical outer radius r, at which the total field is zero in the direction of F. 
The (n+1)th most energetic electron does not quite have enough initial kinetic 
energy to reach 7,. 

Allowing for polarization as in Section III, we have for the field at r, 


2Ne  2(N—n)e 
el(r,+d) ely, 
where the first term is attraction to the V positive ions, the second term is 


repulsion by the (NW —n) remaining electrons, and the third term is the applied 
field. This gives 


LF(N oe 
r= | ap = “ure | +/] [= ee get. (4) 


F, 


a 


> 
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A maximum value of R is set by the conditions that r, must be real at all 
values of F. Measurements at the highest field used by Williams and Stacey 
(1957) give 

it =0*9.<10-* cm. 


In the following numerical calculations the value R=0-75 x10-5 cm is taken ; 
this is negligible at all but-the highest fields and indicates that polarization is 
only important at high fields. 


TABLE 1 
CALCULATION OF SPECTRUM OF ELECTRON ENERGIES 
F n r. AE E—E’ 1 dn 
(Vem) (10-5 em) (eV) (eV) Nae 
1 4-90 19-3 5+ 29,5 0-139 
0-494 x 10-8 
3-162 18-6 23-3 5-294, 0-139 
1:41 «10-3 
10 57:6 22-8 B29 0-138 
5-29 x10-8 
31-62 2-04 x 102 25-5 5+ 28r¢ 0-139 
2-21 x10-2 
100 7-25 x 102 28-6 5+ 2655 0-109 
4:86 x10-2 
316-2 1-70 x 108 21-3 B+ Qleo 0-095 
0-126 
108 3-99 x 103 15-7 5+ 09g 0: 0881 
0-258 
3-162 x 108 8-32 x 108 10-4 4+ 83n4 0-0812 
0-485 
104 1:68 x 104 6-56 4-345 0:0751 
0-955 
3-162 x 104 3-02 x 104 3-65 3-39, 0-0670 
1:64 
105 5-31 x 104 1-89 1-755 0-0721 
1°75 
3-162 x 105 9-12 x 104 0-815 0 0-1772 


Tf n electrons reach r, in a field F and (n-+dn) electrons reach (r,-++dr,) in 
a field (F +d?) then the energy difference dH between the nth and (n-+dn)th 
most energetic electrons is 
dH = (2ne?/elr,)dr, —{(F +4F)(r;+dr,—1r9)e —F (r,—19)e}, 
dH /dn=(2ne?/elr,—eF)dr,/dn—(r,—ro)edF /dn, —...-.. + ees (5) 


where 7, is the effective radius from which the electrons have expanded, for which 
the r.m.s. radius of the positive ion column is taken. To obtain an approximate 
value of r, we may put r,=R,/+/2, where R, is the characteristic radius of the 
positive ion column. Adopting the result of Section II, ky =3h, we have 


To =R/3+/2~0-2 X 10-5 cm. 
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In equation (5) n is the number of electrons with energy E or greater, 
equated to the number of electrons escaping to give the observed ionization 
current in an applied field J’. 

Values of r, were calculated from equation (4), using the results of Williams 
and Stacey (1957). These were used to find dr,/dn graphically and hence dH/dn, 
from which the spectrum of electron energies shown in Figure 2 was obtained 
by numerical integration. Details of the calculation are given in Table 1. 
E’ represents an arbitrary energy because the lower end of the spectrum is 
experimentally inaccessible, but a reasonable estimate of HZ’ can be made from the 
fact that the area under the curve must integrate to unity. 


0:20 
G 


O 


0-05 


fe) 1 2 3 4 Se 6 
E—E' (eV) (E~2 EV) 


Fig. 2.—Energy spectrum of electrons in g-ionized liquid argon. 


Drawing the spectrum with a sharp cut-off at (H —H’)=5-3 eV is necessitated 
by the fact that the experiments extended down to the collection of 5 electrons 
per a-particle, so that the area under the curve beyond the last experimental 
point is almost invisibly small. 

The peak extending from 5-3 eV downwards is evidently a result of secondary 
ionization, by which the very energetic electrons produce secondaries well clear 
of the main column of ionization. In terms of the present theory the secondary 
electrons are produced with appreciable potential energy. The spectrum of 
Figure 2 thus represents final energies of electrons in the column, being a modi- 
fication of the spectrum of initial kinetic energies. The sharpness of the cut-off 
at (H—KH’')=5-3 eV is evidently due to an excitation of argon atoms at this 
energy, so that more energetic electrons rapidly lose their excess energy. 


The cut-off is. clearly at a lower energy than the first ionization energy of 
argon at 16eV. This would require the curve of Figure 2 to double back to low 
values of (1/N)dn/d# at low # in order that the area under the curve shall 
integrate to unity, and then the total energy represented by the spectrum would 
be at least 2MeV. Since this would allow no energy for excitations, double 
ionization, and positive ion kinetic energy, it is clearly inadmissible, although the 
results of Ward (1954) indicate that the energy lost by excitation is small. 
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More reasonable is the simple extrapolation of the curve to the point at which 
the area under it is unity. This indicates H’~2 eV, in which case the total 
energy in the spectrum is approximately 0-5 MeV. This is the result used in 
Section IT. 


V. DISCUSSION 
In the preceding sections a number of assumptions have been made, requiring 
more detailed consideration. 


Ionic recombination has been ignored, but its importance depends upon 
the time scale of the processes described. However, the mean free path for 
Scattering of the electrons can be calculated from the electron mobility data of 
Williams (1957). It varies with energy, being of the order 10-5 cm, so that an 
electron would bé expected to experience an average of one scattering collision 
per traversal of the positive ion column. The density of positive ions in the 
column averages less than 10-° of the neutral atom density, so that encounters 
with positive ions are of the order 10-5 times as frequent. The electrons would 
therefore need to make some 10* traversals of the positive ion column during the 
expansion for recombination to have a noticeable effect on ionization current, 
and the relatively long mean free path clearly indicates that this is highly 
improbable. 

That the electron cloud should retain a cylindrical form in an applied field 
is a simplifying assumption. The cloud will be misshapen but the polarization 
considered in Section III gives an approximation to the field experienced by an 
escaping electron. The fact that the polarization effect is negligible except in 
high fields suggests that only at high fields (low electron energies) could the 
results of the present calculation be in error on account of distortion of the 
electron cloud. 

In deriving equation (5) it was assumed that the energy expended by an 
electron in moving outwards against the central field of the positive ions is 
independent of the applied field. The correctness of this assumption depends 
upon the mechanism of electron cloud expansion. At low fields an electron of 
average energy may be partially screened from the positive ions by more energetic 
electrons, which are temporarily at a smaller radius, but which would escape 
from the column at an early stage in the expansion in a high field. The magnitude 
of this effect is not known, so that in equation (5) it is assumed that the expansion 
of electrons to any particular potential energy has the same form independent 
of the applied field. 

Experimental data are not available for ionization currents due to «-particles 
from collimated sources. These would be necessary for correct application to 
the theory presented which concerns only the escape of electrons in fields per- 
pendicular to the «-particle tracks. . Jaffé (1913) recognized this problem, but 
merely stated that the fields considered in his theory were the components of 
the applied fields perpendicular to the particle tracks, i.e. that escape from the 
ends of the columns of ionization could be neglected. This was reasonable in 
the Jaffé-Kramers theories, since the probability of recombination during the 
drift of an ion through a large fraction of the ions of opposite sign was almost 
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unity. In the present theory, recombination is much less probable since the 
positive ions and electrons have very little overlap and therefore escape of 
electrons in a field parallel to the column cannot be neglected altogether. The 
pulse experiments of Williams and Stacey (1957) indicate that the direction of 
a-particle emission with respect to'the applied field does influence ionic collection, 
although the effect is smaller than that of Jaffé’s theory. This effect is not 
considered in the foregoing theory, which therefore uses a ‘‘ smoothed out ” 
ionization current curve. Its influence on the calculations may introduce an 
error up to 50 per cent. in the estimated radii of the column and the energy 
spectrum. 

The estimate of 7, which was made in Section IV must be regarded as a 
lower limit, since it was obtained by considering the characteristic radius & of 
the central region of the electron cloud to enclose all the electrons, whereas it 
merely reflects the density of the central region. The upper limit is set by 
ro —Rk=0-75x10-5 cm. This range of values puts an additional 20 per cent. 
possible error on to the value of —(1/N)dn/d# at (H—EH’)=0 in Figure 2, in 
which the upper limit is indicated. 

The values of n and r, in Table 1 do not give the electron density at any 
radius in zero field, since r, has been calculated as the radius which n electrons 
can reach with the assistance of an external field. In the absence of an external 
field, the extreme radius of the column is approximately 20 x10-5 cm. 


A primary electron energy spectrum may be inferred from the results of 
calculations by Erskine (1954), who plotted the cross section Q for ionization 
of helium atoms as a function of the wave number k of the liberated electrons. 
The distribution may be approximately represented by a simple analytical 
expression 


Q=Ck exp (—k?/o?), 


where C and o are constants. This leads directly to a spectrum of primary 
electron energies : 
av_4 


W nH, oP (BB AL, 


in which EH, is the average energy. When modified by a cut-off energy and 
secondary maximum as discussed in Section IV, this is not inconsistent with the 
appearance of Figure 1, but the energy range indicated by Erskine (wave numbers 


of the order 108 cm-}) is clearly too large, giving an average electron energy in 
excess of 100 eV. 


. Liquids or gases with positive electron affinities evidently still require the 
Jaffé-Kramers treatment, although a modification of the assumption of identical 
positive and negative ion distributions must be strongly suggested. A large 
diameter of the negative ion cloud would result if the electrons began the expansion 
process as in argon before becoming attached to neutral atoms. This allows a 
larger ionization current than the original Jaffé-Kramers theories and avoids 
the objection to these theories which is raised in Section I. 
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THERMAL STRUCTURES IN THE LOWEST LAYERS OF THE 
ATMOSPHERE 


By R. J. TAYLOR* 
[Manuscript received January 22, 1958] 


Summary 


An analysis has been made of a number of records of simultaneous fluctuations 
of temperature at four heights. The results show that the correlation between temper- 
atures at two heights is greatest when the records are displaced relatively to each other, 
so that earlier points in the upper record are considered together with later points in 
the lower, by an amount depending on the mean wind speed difference between the 
two heights. The correlation increases with height relatively to what would be expected 
in a locally isotropic turbulence. 


This and other evidence points to the existence of organized thermal structures of 
considerable vertical extent which are superimposed on a background of random turbulent 
disturbances. It is probable that these structures represent convection plumes. 


I. INTRODUCTION 

During the summer and autumn of 1956 a number of simultaneous records 
of temperature at four different heights were made in order to investigate a 
phenomenon first noticed by the author in 1949 and briefly mentioned by 
Priestley (1952). It was found then that, when the correlation coefficient is 
calculated between simultaneous records of temperature at two heights, the 
maximum value is attained, not when the correlation is between temperatures 
at corresponding instants, but when earlier temperatures at the upper level are 
taken with slightly later temperatures at the lower. The general impression 
given is that temperature anomalies which are big enough to affect both recording 
points in general reach the higher levels first. A similar effect for velocity 
fluctuations in a wind-tunnel boundary layer has been reported by Favre, 
Gaviglio, and Dumas (1957). 

The earlier observations mentioned were confined to two simultaneous 
temperature records (one thermometer fixed at either 1 or 2m above the ground 
and the other at a variable height) and were not accompanied by detailed wind 
and temperature profile measurements. It was therefore decided to make a 
completely new set of observations with temperature fluctuations at four heights 
and vertical velocity fluctuations at one of them, in order to permit a qualitative 
comparison of the natures of the two types of record. 


II. RECORDING AND ANALYSIS 


Temperatures were measured using fine wire resistance thermometers of 
approximately 2000 Q of 0-0005 in. diameter nickel wire included in suitable 
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Wheatstone bridge networks provided with zero-shift controls and fixed resistors 
for rapid calibration-checking. The maximum dimension of each thermometer 
coil was less than 2in. Since temperature fluctuations only were of interest, 
the thermometer bridges were calibrated for sensitivity but not for absolute 
value. The anemometer used for measuring the vertical velocity fluctuations 
was of a new design which has been described elsewhere (Taylor 1958). The 
records were made using the galvanometers and photographic arrangements 
incorporated in the atmospheric fine structure recorder described by McIlroy 
(1955). The thermometers were mounted at 1-5, 4, 16, and 30m above the 
ground and the anemometer at 1-5m. Response times of all the instruments 
were so small that the resolution obtained in the traces is determined by the 
recording galvanometers (natural period 2 sec) rather than by the sensing parts. 
All records were made over 10-min periods. 

Simultaneously with the fluctuation recordings, measurements were made 
of mean wind speed at a number (eight or nine) of heights and of mean temper- 
ature difference over four height intervals. 

The records were in the form of sheets of photographic paper about 
45 cm by 200m, each carrying traces of temperature at the four heights (7}.; 
ete.) and of vertical component at 1-5m (w). The analysis was carried out on 
the differential analyser described by Taylor and Webb (1955), the quantities 
calculated being : 


(1) Root-mean-square fluctuations denoted by o7q.s5) ete. 

(2) Correlation coefficients R between temperatures at two heights as a 
function of time-lag (t). between the two traces. Special interest 
attaches to three values; & at zero lag (R,), the maximum correlation 
(R,,), and the lag t,, when R=R,,. Values of + are counted positive 
when earlier times at a higher level are coupled with later times at a 
lower. 

(3) On four occasions, a graph of the progressive total of the covariance 
between temperatures at two heights was written by the analyser as a 


£7 
function of record length # That is, the relationship of [. Ty .514dx 


(and similar quantities) with x was displayed, where the primes indicate 
deviations from means. This permitted the location on the original 
record of those features contributing most strongly to the correlations. 


Bach record analysed (with certain exceptions) thus gave five values of o 
and six sets of values of R at various t. Because of the time-consuming nature 
of the calculations only 20 complete records (16 day-time observations and 
4 from the evening) were analysed in this way. The results, however, are 
sufficiently consistent for valid conclusions to be drawn. 


III. RESULTS 
In almost every case the values of R showed a clear-cut maximum at a 
moderate positive value of + (mostly between 1 and 10 sec). Qualitative 
inspections of the day-time records clearly show this time lag at maximum 
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correlation, and obvious “ structures” affecting all heights not quite simul- 
taneously are frequent. These structures appear on the records as asymmetrical 
triangular waves of temperature (gradual rise followed by sudden drop) and 
frequently attain several Centigrade degrees in magnitude with duration mostly 
about 10-20 sec. An example has been used by Priestley (1956) and the reader 
may be referred to his Figure 3 for illustration. An interesting feature of the 
temperature traces is that there frequently seem to be a fairly constant “* base ” 
temperature and temperature fluctuations which are almost exclusively positive 
relative to it. The effect is particularly well shown in a record obtained by I. C. 
McIlroy (unpublished data) in another connexion. Part of this record (which 
was made with + sec galvanometers and refers to a height of 7 m above the ground) 
is reproduced in Figure 1. Although the asymmetrical, triangular nature of 
the temperature fluctuations is less evident here, the separation of temperature 
into quiet and disturbed periods is well marked, as is also the virtual absence of 
fluctuations negative with respect to the “‘ quiet”? temperature. Figure 1 also: 


air a re T = T a 


INCLINATION OF WIND VECTOR 
+3094 TO HORIZONTAL 


1°C | TEMPERATURE 
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Fig. 1.—Record showing “ quiet” and “ disturbed ”’ periods in temperature at 7 m.. 


shows the angle of inclination of the wind vector to the horizontal, and it is: 
clear that the motion is predominantly upwards during the “ disturbed ’” 
temperature periods although the inclination record is strongly influenced by 
random motion at all times. These features also appear in the w-traces of the: 
present records. 

The association between thermal structures and vertical velocity component: 
is also very well shown in a record made at 23 m above the ground by £. L. 
Deacon (unpublished data), a part of which is reproduced here in Figure 2. 
Particularly striking is the virtual absence of negative contributions to. the 
turbulent heat flux. 

Of the 16 day-time observations (involving 96 (R, 7) graphs) only five 
negative t,, were found and for three pairs of traces (all in the same record) 
it was impossible to locate a maximum R in any reasonable range of t. The 
four evening runs analysed lacked a 4 m temperature record but showed positive: 
t, in all but one case. In general, the evening runs differed from the day-time: 
ones in the absence of structures such as those referred to above, in having legs. 
well-marked maxima, and in having an occasional very large +, The last 
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two points are illustrated by calculating, separately for day-time and evening 
observations, the ratio of the average of (,,—R) to the square of the average 
tT, The values are 0-005 sec-? (day-time) and 0-001 sec-2 (evening). Table 1 


Shows values of Ry, R,,, t,,; G7, and o,, for those traces which have been analysed, 
together with the Richardson number at 1-5m (Ri,. Bs 

An obvious explanation for the existence of a positive T» lies in the distorting 
effect of the mean wind shear on any atmospheric structure having sufficient 
vertical extent. If there is any process in the flow creating temperature 
disturbances over the height range of the observations, then the wind shear will 
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Fig. 2.—Association of temperature fluctuations with vertical velocity. 


tend to give them a rotation in the observed sense. However, the narrowness 
of the range of t,, observed makes it appear improbable that we are here dealing 
with the effects of wind shear on disturbances originally oriented at random in 
all possible directions. 

The suggestion that wind shear is responsible for the observed displacement 
of maximum FR is given weight by a detailed comparison of the profiles. The 
means of day-time observations of both t,, and wind speed difference (Aw) show 
fairly smooth curves when divided by the height interval (Az) concerned and 
plotted against the geometric mean of the extremities of that interval. Figure 3 
shows these values of +,,/Az and Au/Az expressed as fractions of the values over 
the whole height range 1:5-30m. There is good agreement except in the layer 
closest to the ground where disturbing influences are generally likely to be 
greatest. The suggestion that the observed thermal structures are convection 
columns will be examined in more detail later ; here it is sufficient to note that 
the general pattern of t,, observed is consistent with the existence of convection 
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columns travelling down wind at a speed less than the wind speed at any of 
the heights of observations. 


The mean values of correlation coefficients at zero lag from Table 1 are 
repeated in Table 2 which also shows the standard errors of the means as derived 
from the observed scatter in Rp. 
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Fig. 3.—Profiles of t,, and wind speed difference. 


It will be noticed that R, is generally smaller by night than by day and, at 
least in the layer 16-30 m, there is no doubt that the difference is significant. 

When considering the variations of R, with height, one must take account 
of the fact that the correlations are measured over unequal height intervals 
and some system of normalization must be adopted. The present author 
(Taylor 1955) has shown that, as far as the velocity field is concerned, the 
predictions of similarity theory apply up to eddy sizes which may be several 


TABLE 2 
MEANS AND STANDARD ERRORS OF CORRELATION COEFFICIENTS 
Layer (m) he avs 1-5-4 1-5-16 1-5-30 4-16 4-30 16-30 
Day-time mean Ry .. 0:68 0:34 0:29 0:48 0:38 0:65 
Standard error of mean 0-02 0-04 0:04 0-04 0-03 0-02 
Evening mean fy os 0-24 0-20 0-31 
Standard error of mean 0:03 0-03 0-08 


times the height of observation. It is probably reasonable, therefore, to apply 
similar considerations to the analysis of the temperature field. Theoretical 
discussions of temperature fluctuations in locally isotropic turbulence have 
been made by Obukhov (1949) and Corrsin (1951). The former writes in terms 
of ‘ structural functions ”*—the mean square temperature difference between 
two points—while the latter uses spectrum functions, but both agree in deter- 
mining the temperature field over the intermediate range of wave numbers 
in terms of the distance involved (or wave number), the rate of dissipation of 


ae! 15 Ce cA Mae may t? 


kinetic energy (<), and a quantity NV which describes the rate at which temperature 
differences are being destroyed by the action of molecular conduction. NV has 
dimensions (temperature)? x (time)-! and is defined by 


N =k (grad T)?, 


where k is the thermal diffusivity and 7 is temperature. Dimensional analysis 
then indicates that 
(7,—T,)?=CNe-t, 
where 7, and 7, are temperatures at two points separated by a distance r and 
Cisaconstant. Tatarsky (1956) discusses this expression, produces observations 
to demonstrate that (7,—T,)? does indeed vary as the two-thirds power of 7, 
and relates the constant C to the mean meteorological conditions. In locally 
isotropic turbulence, the mean square temperature difference can be written in 
the form 
(T, —T,)?=2T'*(1—R), 


where 7” is the mean square temperature fluctuation and we therefore have 
(1 —R) ccri. 


This relationship has been taken as the basis of a scheme of normalization for R, 
to make allowance for the varying height interval Az, and Table 3 shows the means 
and standard errors of the means of y=(1—R,)/Az?. 


TABLE 3 
MEANS AND STANDARD ERRORS OF y=(1—R,)/Az* 


Layer (m) ne oF 1-5-4 1-5-16 1-5-30 4-16 4-30 16-30 
Day-time mean y (m~*) 0-174 0-112 0-076 0-100 0-071 0-060 
Standard error of mean 

(m-3) Ags 7 0-013 0-007 0-004 0-007 0-004 0-004 
Evening mean y (m-%) 0-128 0-085 0-118 
Standard error of mean 

(m~3) er ot 0-006 0-003 0-013 


It is clear from these results that, by day, y does decrease significantly 
with increasing height in a systematic way and therefore that the correlations 
are relatively greater with height than would be expected in a locally isotropic 
turbulence. The presence of some sort of eddy, directionally influenced by the 
boundary, is thus indicated. 

By night, the picture is less straightforward. There is some evidence 
for a significant difference between the layers 1-5-16 m and 1-5-30 m, but the 
layer 16-30 m provides no support for the trend thus suggested. The difference 
between day and night in the 16-30 m layer is very clear. 

The suggestion that the directional influence of the boundary is. greater 
by day than by night is consistent, of course, with the fact that the vertical 
turbulent fluxes of heat and momentum are larger in the former case. 
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An example of a graph of progressive total of covariance is shown in Figure 4, 


7 
which gives [- T}.5T'4da as a function of record length « for Run 1 of J anuary 17, 


1956 with t=t,,. Parts of the curve are obviously much steeper than the general 
trend and these parts are those which contribute particularly strongly to the 
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Fig. 4.—Events contributing most strongly to covariance. 
covariance. There is clearly some subjectivity in defining them but seven 


“events”? have been chosen (as indicated by braces and numbers in Figure 4) 
and, for this run, these events contribute 63 per cent. of the covariance in 24 per 
cent. of the total recording time. Table 4 summarizes the results from the four 
’ records so. analysed. 


TABLE 4 
EVENTS CONTRIBUTING STRONGLY TO COVARIANCE 
Fraction of | Fraction of 
Date Run Height Covariance Time 2, No. of 
No. Interval Contributed | Occupied p Events 
(m) p q 
17.i1.56 Lee 1-5-4 0-632 0-242 0-383 if 
17.i1.56 2 1-5-4 0-652 0-223 0-342 9 
17.i1.56 2 1-5-16 0-734 0-191 0-260 8 
17.i1.56 2 16-30 0-364 0-089 0-244 4 


An examination of the graph of cumulative covariance in conjunction with 


the original records discloses that almost all the special events listed in Table 4 
can be identified with structures similar to those referred to above. The few 
cases where this is not so are associated with broader oscillations of temperature 
of rather smoother character. As far as they go, the results shown in Table 4 
would indicate that these special events become rarer, but more intense, with 
increasing height. 

o 
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IV. DISCUSSION 
The evidence provides a convincing picture of a turbulent flow of the usual 
random character, on which are superimposed organized structures of considerable 
vertical extent. Briefly recapitulating, the main points in this evidence are: 


(i) the fact that temperature excursions affecting all four heights nearly 
simultaneously can be identified on the original records, 


(ii) the presence on the graphs of cumulative covariance of special events 
corresponding, in most cases, to these excursions, 


(iii) the increase with height of correlation coefficient relative to what 
would be expected in a locally isotropic turbulence, 


(iv) the fact that the temperature excursions affect all heights at times 
which are consistent with their being continuous vertically but distorted 
by wind shear. 


The observations, however, let us go further than this. The structures 
do not appear by night and when they do appear, by day, they are generally 
associated with upward vertical velocity component at all heights. Moreover, 
there exist occasions (similar to that illustrated in Figure 1) when these structures 
are almost the only temperature disturbances existing and then they clearly take 
the form of positive deviations from a nearly constant base temperature. These 
considerations make it extremely probable that they represent some sort of 
convection process. Priestley (1956) has discussed the various sorts of possible 
convection plume and the present observations are generally consistent with the 
models he there proposes. 
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THE WILSON EFFECT IN SUNSPOTS 
By R. E. LOUGHHEAD* and R. J. BRAy* 
[Manuscript received December 20, 1957] 


Summary 


New observations of the Wilson effect in a small regular sunspot have demonstrated 
the reality of the phenomenon. The measurements are based on 38 photographs selected 
from some 24,000 obtained during the passage of the spot from the east to the west. 
limb. 

It is pointed out that the changing appearance of a sunspot during its passage 
across the disk is essentially a problem in the theory of radiative transfer. On the 
basis of a simple model a qualitative explanation is found for the Wilson effect and for 
the anomalous foreshortening of sunspot areas. 


I. INTRODUCTION 

The question of the structure in depth of sunspots is of considerable interest 
both in connexion with the properties of the photosphere and the mode of 
formation of the spots themselves (Cowling 1953). The changing appearance of 
a spot during its passage across the disk must depend on the absorption and 
emission coefficients of the spot material and of the photosphere, and on the 
variation of these quantities with depth. In particular, observations of the 
foreshortening effect as the spot approaches the limb of the Sun may be expected. 
to provide some elucidation of this structure. 


Many solar observers have noticed that, as a spot approaches the limb, the 
width of the penumbra on the inner side decreases at a greater rate than that on 
the side of the spot nearer the limb (Abetti 1957, cf. p. 65). This phenomenon: 
was first described by A. Wilson in 1769 and is termed the Wilson effect. The 
work of subsequent observers has in general confirmed the reality of the effect, 
although the observed magnitude has decreased with the application of more 
modern techniques. Discrepancies among the results of the early observers cam 
be attributed mainly to the smallness of the quantities to be measured. Near 
the limb the width of the highly foreshortened penumbra may be reduced to 
2 sec of arc or less; this can be measured only with the aid of a high-resolution 
instrument under conditions of good atmospheric seeing. In addition, by 
confining their measures to the limb, many early workers failed to take account: 
of any possible asymmetry in the spot. To avoid systematic error due to this 
cause (cf. Abbot 1912) measurements should be made at both limbs and at the 
centre, where the foreshortening is negligible. 

In recent times Unsold (1955) and Waldmeier (1955, cf. p. 169) have even 
inclined to the view that the effect has a psychological origin. 
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In the present paper observations are described of a small, fairly regular, 
stable sunspot which was photographed on all but one day of its passage across the 
disk with a 5 in. photoheliograph. The 38 photographs upon which the 
measurements are based were selected from some 24,000 obtained during this 
period. The interpretation of the observations is briefly considered in the 
final section. 


II. OBSERVATIONS 

The spot selected for this study was first seen at the east limb on May 19 
and last seen at the west limb on May 30. During this period it was photographed 
repeatedly (except on May 27, when cloud intervened) with the 5 in. photohelio- 
graph (Loughhead and Burgess 1958) of the ©.S.I.R.O. Division of Physics 
Solar Observatory. This instrument is designed to photograph any selected 
region of the solar disk on 35 mm film at 5-sec intervals; the diameter of the 
solar image is 20 em. The effective wavelength is 5400 A with a bandwidth of 
800 A. 

Plate 1 shows the changing appearance of the spot during its passage across 
the disk. Each photograph is orientated so that the direction of greatest fore- 
shortening is horizontal. It will be noticed that, although the spot is fairly 
regular when seen near the central meridian, at both the east and west limbs the 
width of the penumbra on the side of the spot nearer the limb is significantly 
greater than that on the other side. This illustration leaves no doubt as to the 


reality. of the Wilson effect for this particular spot ; it remains to determine its 
magnitude. 


III. REDUCTION 

‘The quantities required are the apparent widths of the penumbra AW and 
A'N’ (Fig. 1) measured along the line of greatest foreshortening on the sides of 
the’ spot directed towards and away from the solar limb respectively. This 
line lies along the arc of the great circle whose plane contains the solar radius and 
ithe line-of-sight to the centre of the spot. 

_ The ratio 
at [RANGBEN 5 bo meena «re ee (1) 


which varies with the heliocentric angle 0 of the spot, is a measure of the Wilson 
effect. A minor difficulty arises in that the spot, as seen from the Earth, appears 
to rotate about the direction of greatest foreshortening as it moves across the disk. 
Measurements made on successive days along this line therefore refer to different 
lines in the spot itself. However, for the 3 days during which the spot is close to 
the limb, the apparent rotation is so small (~2°) that it may safely be ignored. 
Measurements of f were first made for the 3 days during which the spot was close 
to the east limb, and the results compared with measurements for the two days 
during which the spot was near the central meridian, where the foreshortening is 
negligible.. The line in the spot corresponding to the limb measurements was 
transferred to the centre photographs with the aid of Stonyhurst disks. All 
measurements were therefore made along the same line in the spot. A similar 
set of measurements! was made for the west limb and the results also compared 


THE WILSON EFFECT IN SUNSPOTS 179 


with the centre observations. For the reasons mentioned above the east and 
west limb measurements were made along different lines in the spot, the angle 
between the lines being approximately 7°. 


The 38 photographs upon which the measurements are based were selected 
from some 24,000 contained in the 35 mm records. This selection provided 
five good photographs for each day, except May 19, when only three of sufficient 
quality were obtained. By choosing from such a large number of photographs it 
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Fig. 1.—AA’ is the arc intercepted by the spot on the great circle 

whose plane contains the solar radius and the line-of-sight to 

the centre of the spot. AWN and A’N’ are the apparent widths of 

the penumbra on the sides of the spot towards and remote 
from the solar limb respectively. 


is usually possible to obtain several of high quality even on days of relatively 
poor seeing. Enlargements were made of the 38 photographs on such a scale that 
1 mm corresponded to 0-9 sec of arc. Kodak waterproof bromide paper was used 
to avoid possible distortion during processing. 

The technique of measurement consisted of tracing the outlines of the umbra 
and penumbra from the enlargements onto transparent paper. In tracing the 
penumbra irregularities in the outer boundary were averaged out and similarly, 
in tracing the umbra, small dark projections into the penumbra were ignored. 
No difficulty was experienced except at the extreme limb where foreshortening 
reduces the apparent width of the penumbra to a few seconds of are. In addition, 
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at the extreme limb, the boundary between the umbra and penumbra, while quite 
sharp on the side nearer the limb, appears rather diffuse on the other side 
(cf. Plate 1). This phenomenon has been noticed in other sunspots near the 
limb and merits further study. To avoid either over- or underestimating the 
width an attempt was made to trace upper and lower limits to the boundary, the 
mean then being taken. For the limb photographs the penumbral widths were 
measured along the line of greatest foreshortening. This line in the spot was 


TABLE 1 
PENUMBRAL MEASUREMENTS* 
(a) East Limb 


East Limb Centre 
Date 19.v.57 20.77.07 21.v.57 24.v.57 25.v.57 
(3) Teo? 59-3° 45-2° 8-6° 1 BASS Nid 
AN 4-1+0-2” 5:6+0-3” 6:4+0:3” 9-3+0-3” 7°9+0-6” 
A‘N’ 2-2+0:-2” 3-5-0: 3” 5:4+0:2” 8-1+0:37” 8-6+0:-3” 
i 1:88-0:15 1-57+0:°15 1:18+0-07 1-15+0-06 0-91+0-08 
(b) West Limb 
Centre West Limb 
Date 24.V.57 25.v.57 28.v.57 29.v.57 30.v.57 
6 8-6° ipso g2e 2° 64-2° 76-7° 
AN 7°9+0-2” 9-0+0-2” 6-1+0:2” 4-810-1” 2-7+0-1” 
A’N’ 9-7+0-4” 7:-410-2” 5-5+0:2” 3°5-+0:-1” 1-8+0-1” 
i 0-82+0-04 1-22+0:04 1-10+0:06 1:38+0-07 1-51+0:11 


*@ is the heliocentric angle of the spot; AN, A’N’ are the apparent penumbral widths 
on the sides of the spot directed towards and away from the solar limb respectively, and 
S=AN/A'N’. Itshould be noted that the AN of Table 1 (a) corresponds to the A’N’ of Table 1 (6), 
and vice versa. The r.m.s. errors of the mean values AN and A’N’ are calculated from the 
formula s=4/[X (residuals)?/{n(n—1)}], where n is the number of determinations; the corres- 
‘ponding errors in f are derived from these errors in the usual way. The east and west limb 
measurements were made along different lines in the spot, the angle between the lines being 
approximately 7°. 


then transferred to the centre photographs and the measurements repeated. 
Errors due to seeing have been reduced by taking the mean of the five measures 
for each day (three for May 19). As experience has shown, even on a photograph 
of good quality, seeing can appreciably distort structures many times larger than 
the smallest detail resolvable on the photograph. 


Tables 1(a) and 1(b) give the results of the measurements (expressed in 
seconds of are) for the east and west limbs respectively, as well as the corresponding 
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MAY 19-0 


MAY 22+1 


The changing appearance of the sunspot during its passage from the cae te the west limb. Each 
photograph is orientated so that the direction of greatest foreshortening is horizontal. It wane 
noticed that, when the spot is near the limb, the apparent width of the penumbra on the side 
remote from the limb is less than that on the limb side. The heliographic coordinates on May 24 


were 10°S., 204 °W. 
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values of the ratio f defined by equation (1). The r.m.s. errors of the mean 
values are also given. However, these only represent the internal consistency of 
the measurements and systematic error may also be present. It will be noticed 
that the values of f steadily increase towards either limb by amounts much 
greater than the r.m.s. errors. 


IV. DISCUSSION 
The reality of the Wilson effect is demonstrated by Plate 1. 


The photographs for May 19, 20, and 21 show the appearance of the spot 
near the east limb. On May 19 it is seen that the width of the penumbra on the 
limb side is nearly double that on the other side, while the same disparity is 
present, though to a lesser degree, on May 20.* By May 21 the ratio of the 
penumbral widths is approaching unity and thereafter, until May 26, the spot 
displays a fairly regular structure as it moves across the central portion of the 
solar disk. The photographs for May 28, 29, and 30 show the appearance of the 
spot near the west limb. On May 29 the width of the penumbra on the limb 
side is again greater than that on the other side and this disparity is even more 
marked on May 30. However, as shown by a comparison of the results in 
Tables 1(a) and 1(b), the effect here is less marked than at the east limb. This 
reduction in the value of f may reflect the fact that the penumbral widths in the 
two cases are measured along somewhat different lines in the spot which, however, 
differ only by about 7° (cf. Section III). On the other hand it may be connected 
with the decay of the spot which occurs during its passage across the disk. 


The fact that the Wilson effect is observed at both limbs precludes the 
possibility that the changes in the relative penumbral widths at either limb are 
due to a persistent elongation of the umbra on one side of the spot. For, since the 
two fixed lines of measurement in the spot differ by only 7°, the effect of any 
such asymmetry would be reversed at the two limbs and the results would be 
correspondingly discordant. The substantial agreement between the results 
obtained at the two limbs confirms the reality of the effect. 


It is also possible that the observed effect could be due to short-lived 
elongations of the umbra in the direction of measurement, which develop and 
decay during a period of a few days or less. However, in order to explain the 
appearance of the limb photographs any such distortion would have to extend 
over at least a quarter of the umbral boundary. No such distortion can be seen 
on the photographs for May 21 or 22, although on the 23rd the umbra-penumbra 
boundary shows some irregularities. The east limb results can therefore be 
accepted with confidence. Such a distortion does in fact develop in the umbra on 
May 24. It so happens that the lines fixed in the spot corresponding to the 
directions of measurement at the two limbs pass through this region. However, 
although the distortion had increased even further by May 25, it appears to be 
declining on May 26. The change in this region is reflected in the discordance of 
the measurements for May 24 and 25 (cf. Tables 1(a) and 1(b)). But it seems 


* The two small bright regions bordering the left-hand side of the umbra on this photograph 
are phenomena of the type recently described elsewhere (Bray and Loughhead 1957). 
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unlikely that the projection, even if it had continued until the spot reached the 
west limb on May 30, could account for the magnitude of the observed effect. In 
fact the measurements show that the reduction in the penumbral widths on the 
side of the spot remote from the limb due to this projection is probably insufficient 
to account for the observed effect. 


V. REMARKS ON INTERPRETATION 

Although there has been controversy about the reality of the effect, previous 
observations have generally been explained on the hypothesis that sunspots are 
shallow, saucer-shaped depressions in the photosphere (Young 1895; Menzel 
1949 ; Cowling 1953, cf. pp. 569-72, 576, 578 ; Kiepenheuer 1953 ; Abetti 1957, 
ef. pp. 65-7, 245). However, such a geometrical interpretation is inadequate, 
since the whole question of the changing appearance of a sunspot during its 
passage across the disk is essentially a problem in the theory of radiative transfer. 
The principal factor in causing the Wilson effect is the greater transparency of 
the spot compared with the surrounding photosphere (Michard 1953; Sweet 
1955), so that a line-of-sight from the observer penetrates to a greater depth in 
the spot than in the surrounding photosphere. Accordingly, the spot appears as a 
depression, whose depth depends on the heliocentric angle and on the relative 
- transparencies of the spot and the photosphere. 

Theoretically, a knowledge of the emission and absorption coefficients in the 
photosphere, umbra, and penumbra would yield the intensity profile of the spot 
along the line AA’ (Fig. 1), and hence the Wilson effect. Conversely, 
measurements of the intensity profile at different heliocentric angles might 
provide some information about the emission and absorption coefficients in the 
spot and their variation with depth. However, any attempt at a detailed 
comparison of theory and observation would face serious difficulties, both 
observational and theoretical. The observations would require correction for 
scattered light and for distortion by the combined instrumental profile of the 
telescope and atmosphere. These corrections become very large near the limb, 
where the width of the foreshortened penumbra may be less than 2 sec of are. 
On the theoretical side there is the difficulty of matching the scales of optical 
depth in the spot and photosphere respectively (Michard 1953, cf. p. 280; Sweet 
1955). 

Some insight into the cause of the Wilson effect can be obtained by considering 
a simple model in which the sunspot is represented as a cylindrical structure 
extending through the photosphere, and in which the absorption coefficients 
%1, %2, x3; Of the photosphere, penumbra, and umbra respectively are constant 
(Fig. 2). The photosphere and the spot are assumed to have a sharp upper 
boundary. Making the reasonable assumption that x,>x .>x, and taking the 
directions of the apparent photosphere-penumbra and umbra-penumbra. 
boundaries to be such that the corresponding lines-of-sight pass through unit 
optical thickness, it is easy to show that the apparent width of the penumbra on 
the side of the spot remote from the limb decreases more rapidly than a geometrical 
foreshortening law would imply, while on the other side of the spot the reverse 
applies. This is the Wilson effect. Moreover, in agreement with observation 
(Waldmeier 1955, cf. p. 163), the area of the whole spot decreases faster than 
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implied by geometrical foreshortening. This simple model therefore explains. 
qualitatively not only the Wilson effect but also the anomalous foreshortening 
of sunspot areas.* However, values of x, and %3 Obtained from the observations. 
on the basis of this model probably have little meaning. The observations 
indicate that in this particular sunspot the Wilson effect is due mainly to the 
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Fig. 2.—A simple model of a sunspot. The figure shows a section 
of the spot by the plane of the great circle containing the solar 
radius and the line-of-sight to the spot. 


reduced foreshortening on the limb side of the spot and not to the increased 
foreshortening on the other side. If this is true for spots in general then the 
model implies that the dominant factor is the great transparency of the umbra, 
rather than that of the penumbra, compared with that of the photosphere. 
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THE LIFETIME OF SUNSPOT PENUMBRA FILAMENTS 
By R. J. Bray* and R. E. LougHHEap* 
[Manuscript received December 23, 1957] 


Summary 


Twenty-seven photographs of a sunspot showing a particularly distinct filamentary 
structure are analysed in order to obtain an estimate of the lifetime of the penumbral 
filaments. The photographs have been selected from some 2400 taken over a period 
of 5hr. Although the measurements are rendered somewhat uncertain by observational 
difficulties the results clearly indicate that some filaments remain identifiable for periods 
of the order of hours. 


I. INTRODUCTION 

No measurements of the lifetime of the filaments observed in the penumbrae 
of sunspots have hitherto been published, though various authors (Kiepenheuer 
1953 ; Macris 1953; Waldmeier 1955) have stated that it exceeds the lifetime 
of the photospheric granulation, which is of the order of a few minutes. In 
this paper an account is given of a systematic attempt to measure the lifetime 
of penumbral filaments in a sunspot photographed near the time of its maximum 
development. Although the measurements are rendered somewhat uncertain 
by the narrow width, low contrast, and confused structure of the filaments, 
the results clearly indicate that some filaments remain identifiable for periods 
of the order of hours. It is not known, however, whether these results are 
typical of other spots at other stages of development. 


II. OBSERVATIONS 

The observations were made with the 5 in photoheliograph (Loughhead and 
Burgess 1958) of the C.S.I.R.O. Division of Physics Solar Observatory. This 
instrument is designed to photograph any selected region of the solar disk on 
35mm film at 5-sec intervals; the diameter of the solar image is 20cm. 
Plate 1 (a) shows the spot selected for study ; this particular spot was distin- 
guished from others contained in the film records of the Observatory by possessing 
‘an unusually clear filamentary structure. Even so, the structure is not equally 
distinct all round the penumbra. Measurements were therefore restricted to the 
lower, right-hand quadrant, where the filaments are clearest. An enlargement 
of this region, made with enhanced contrast, is shown in Plate 1 (D). 

Even on photographs of the quality of Plate 1, where the filamentary 
structure of the penumbra is well resolved, it is extremely difficult to identify 
individual filaments on successive photographs. The reason for this is that the 
‘structure is complex, the contrast between the bright filaments and the darker 
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penumbral material is low, and the filaments are very narrow. In most cases: 
the apparent width of the filament lies between 0-5 and 1 sec of arc, so that the 
detail is even finer than the photospheric granulation and is, in fact, comparable 
with, or less than, the theoretical resolving limit of the telescope (0-8 sec of arc). 
Consequently, the structure of the filaments can be seriously distorted by 
atmospheric seeing even on photographs on which the granulation is well resolved. 
For example, a filament which is seen on a given photograph as a continuous 
line might appear on a subsequent photograph, taken only a few seconds later, 
broken into two or more segments. Similarly, two neighbouring filaments might 
appear similar in shape on adjacent photographs, but with a different separation ; 
or one filament might be completely obliterated, although its neighbour remains 
intact. For these reasons it is impossible to follow in detail any structural 
changes undergone by individual filaments. However, as shown below, it is 
possible to estimate their lifetimes. 


The spot shown in Plate 1 was photographed over a period of 5 hr on June 7, 
1957. Although none of the 2400 odd photographs on the film equals the best 
hitherto obtained with the instrument, the film contains 27 good photographs. 
distributed fairly uniformly over a period of about 200 min. The measurements. 
described in the next section were made from enlargements of these photographs, 
which are on such a scale that 1mm corresponds to 0-9 see of arc. 


III. REDUCTION 

In view of the difficulty of identifying individual filaments on successive 
photographs it was decided to make maps of the filaments for each of the 27 
photographs. This procedure introduces a considerable simplification without 
losing the essential features of the structure. The maps were restricted to the 
region of the spot shown in Plate 1 (b), where the filamentary structure is particu- 
larly clear. In tracing out the filaments a gap was left where there intervened 
either a dark region or a bright diffuse patch of the type described by Macris 
(1953). All maps were drawn independently, without reference to one another. 
Also, to facilitate the intercomparison of the maps, the outlines of the umbra and 
of a few small adjacent spots were included. However, owing to displacements 
(~1 sec of arc) due to seeing, the final matching of any two maps could only be 
made by slightly displacing one until the best fit was obtained for the filamentary 
detail. 

To systematize the intercomparison of the 27 maps a “‘ key ” map was first 
selected : from the 27 maps, 13 were chosen which appeared to show the clearest . 
filamentary structure; these evidently represent the 13 photographs least 
affected by seeing. Each of the 13 maps was then compared in turn with the 
remaining 12, and the degree of correlation in each case subjectively assessed on a 
scale of 1 (good) to 3 (poor). The number of correlations of class 1 for each map 
was adopted as a figure of merit for this map. A low value for this figure indicates 
that the corresponding photograph is affected by seeing; a high value indicates 
that it closely represents the structure under study. It is interesting to note 
that, although on visual inspection the 13 photographs appear to be of comparable: 
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(a) Appearance of spot at 11" 58™, June 7, 1957. Heliographic coordinates: 17 °S., 8 °W. 
(b) The region of the penumbra selected for study ; the enlargement was made with enhanced 
contrast. 
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quality, figures of merit ranging from 1 to 9 were obtained. The map having 
the highest value for this figure was selected as the key and is shown in Figure 1.* 
-Six§particularly distinct filaments on this map are numbered. 


SS 
hsom 2 
= 


Fig, 1 


10" 49™ 


--—- 152m 


Fig. 2 


Fig. 1—Penumbral structure at 112 52™. This figure is the ‘‘key”’ map (see 

text). In Figures 2—6, the structure at 11" 52™ (shown dotted) is compared 

with the structure at earlier and later times respectively. Note that the 
umbral outlines correspond to the times of the figures. 


In Figures 2-6 the key map is compared with five other maps corresponding 
to earlier and later times. At 10" 49™ (Fig. 2), 63 min before the time of the key 
map, the correlation is weak, only filament 2 being identifiable. At 11 8m 
(Fig. 3), 44 min before the key, the correlation is somewhat stronger, filaments 


* This method of selecting the most representative of a number of photographs, al apparently 
affected by atmospheric seeing more or less equally, is essentially an aescestieiriery technique. 
It is clearly only applicable if the interval between successive photographs is significantly shorter 
than the average lifetime of the features under study. The oe favours good. photographs 
occurring near the middle of the sequence. It could be useful in determining the lifetime of other 


solar features, e.g. the photospheric granulation. 
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1, 2, 3, 5, and 6 being identifiable. At 115 58™ (Fig. 4), only 6 min after the key, 
the correlation, as one would expect, is very marked; the close agreement 
shown here confirms the reliability of the procedure adopted. At 12) 39m 
(Fig. 5), 47 min after the key, filaments 1, 2, and 3 are identifiable. At 13h 12m 
(Fig. 6), 80 min after the key, the correlation is much reduced. Figures 2-6 
indicate that certain filaments remain identifiable for periods of the order of 
hours. 


11h gm 
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Fig. 3 y : 


1h 58m 


—--—- 1h 52m 


Fig. 4 


Estimates of the lifetimes of the 6 particularly distinct filaments labelled in 
Figure 1 were obtained by a comparison of the key map with each of the 26. 
remaining maps. In carrying out this comparison, a given filament was arbitrarily 
taken to be present if it had the same Shape, occurred at nearly the same position 
and occupied at least 50 per cent. of the length of the same filament shown a 
the key map. With this criterion the following results were obtained : filament 
No. 1 can be identified on 12 maps extending from 11> 7m to 12h 39m ; two maps 
during this period fail to show it. No. 2 is visible on 18 maps extending from 
105 24™ to 14h Qim; 7 maps during this period fail to show it. No. 3 is visible 


on 10 maps extending from 114 7m to 19h 39m ; 4 maps during this period fail 
to show it. 
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Filaments Nos. 4, 5, and 6 are rather uncertain. They are visible on a 
photograph taken near 114 8™, but several other photographs taken within a. 
minute fail to show them. No. 4 is only certainly present from 115 52™ to 
115 58™ (3 maps). No. 5 is present from 112 52™ to 12h 39m (5 maps) ; 3 maps. 
during this period fail to show it. No. 6 is visible on 3 maps extending from 
11” 52™ to 12516™; 1 map during this period fails to show it. 


124 39m 
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Figs 5 
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Fig. 6 


The results of the measurements may be summarized by stating that values. 
ranging up to several hours have been found for the lifetimes of the six filaments 
which were distinct enough for a determination to be made. 


IV. Discussion 
Observations of the lifetime of penumbral filaments may be expected to 
throw some light on the question of the dynamical stability of sunspots and, in 
particular, on the Evershed effect. The simplest interpretation of the Evershed 
effect is that it consists of a laminar flow of matter outwards from the umbra 
along the filaments, which are probably shallow structures of depth comparable 
with their width. With an average filament length of 7500 km for the spot under 
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study and a mean Evershed velocity of 1 km/sec (Kinman 1953) the time taken 
by matter to flow along the entire length of a filament is about 2hr. It may be 
significant that this figure is of the same order of magnitude as some of the 
observed lifetimes. 

However, the observations of St.John (19134, 1913b), who found that the 
Evershed velocity decreases with height, ultimately reversing its direction, throw 
doubt on this simple interpretation of the Evershed effect. St.John deduced 
his result from measurement of strong Fraunhofer lines, whose cores are formed 
higher in the Sun’s atmosphere than those of the weaker lines normally used. 
However, the effective level of observation in the case of a strong Fraunhofer 
line observed with a spectrograph of moderate resolving power may differ from 
that of a weak line by only a few tens of kilometres (cf. Hart 1956). This is 
due to the effect of the outer parts of the instrumental profile, which throw light 
from the wings of a Fraunhofer line into the core. St.John’s results therefore 
indicate that the Evershed velocity may change appreciably over a very small 
depth. In view of the great length of the filaments compared with their width 
it is hard to understand how they can maintain such a steep velocity gradient 
without disintegration. 
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THE FLARE-SURGE EVENT 
By R. G. GIOVANELLI* and Marre K. McCasr* 
[Manuscript received January 21, 1958] 


Summary 


Studies of flare-surges recorded on low magnification H« flare patrol films show 
that dark surges on the disk come directly from flares, the initial direction of motion 
being almost invariably away from the nearest large sunspot. 


The basic feature of the event is the emission of a substantially continuous particle 
stream having different appearances at different stages. The first trace is usually 
the ejection from the flare of diffuse matter, brighter than the chromosphere, which 
fades and disappears by becoming transparent, though it can be detected if the stream 
crosses the limb. The dark surge subsequently appears at the base of the stream, 
close to the flare. 


Dark surges, bright streamers on the disk, and ejected flares seem to be closely 
related phenomena. It is shown that dark surges can develop only if the temperature 
is decreasing, while in ejected flares whose brightness increases during flight the temper- 
ature must be increasing. 


I. INTRODUCTION 
The term ‘ surge ” is usually applied to ejections of matter from the solar 
chromospheric regions, observable on the disk or at the limb because of significant 
absorption or emission in H« and certain other spectral lines ; the term does not 
include ejections arising from pre-existing filaments. 


The occurrence of surges at times of flares has often been noted, but one 
vital aspect of the association has remained obscure, namely, the location of the 
surge with respect to the flare. The main papers on surges agree that, when 
first observed, the surge appears near but not usually in contact with the flare. 
The question arises whether the surge comes from the flare or whether it is an 
allied event occurring simultaneously in another part of the active region and 
having a cause in common with the flare. We propose to describe observations 
which settle this matter and enable a clearer description of the flare-surge event 
to be given. 

The surges which accompany some flares, appearing dark against the 
chromospheric background when viewed with a suitable Ha monochromatic 
telescope, had been studied first by Giovanelli (1940), Ellison (1942), Newton 
(1942), and Bruzek (1951). From visual observations they had found that 
surges were associated with about one-third of the flares of class 1 or greater, 
being ejected with velocities of 100 km/sec or more ; and that when first observed 
these surges were usually displaced from the flare by a gap of some 104-105 km. 
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It is well known that flares themselves do not generally show velocities of 
such magnitudes, though Giovanelli (loc. cit.) had already observed in 1939 a 
limb flare rising at 78 km/sec. Severny and Shaposhnikova (1954) have pointed 
out, however, that in some flares there are motions of matter in the shape of 
streaks and ejections. Earlier, Dodson and Hedeman (1949) had recorded the 
ejection from several flares of long streamers, initially brighter than the undis- 
turbed chromosphere, but subsequently becoming dark; they suggested that 
some flares are the root points or bases of surges, and in particular that the bright 
streamer on the disk is the counterpart of the rarer limb surges which are more 
brilliant than usual. Dodson and McMath (1952) drew attention to some 
exceptionally bright surge-type prominences which, they said, might or might 
not be the limb aspects of features that would appear as small flares or flare-like 
brightenings if seen on the disk. Also they reported a very small number of 
major prominence phenomena believed to be the limb aspects of important 
flares; in one case, portion of a very brilliant formation rose with a velocity 
of 700 km/sec to a height of 50,000 km. Dodson and Hedeman (1952) described 
the presence of a short-lived prominence, bright in projection against the disk, 
after a flare. More recently, Bray et al. (1957) noted the ejection of a bright 
flare on the disk, at a velocity of 300 km/sec. This severed contact with a. 
stationary base flare and reached maximum brightness at a height of 25,000 km 
above the chromosphere. This ejection later crossed the limb, where its 
appearance resembled an ordinary surge. 


The observations described below reveal no new phenomena, but enable us 
to obtain a coherent picture of the flare-surge event. In particular, it appears. 
that dark surges observed on the disk come directly from the flares ; but almost 
invariably, at least when the resolution permits it, the first trace of the surge is 
the ejection of diffuse matter, brighter than the chromosphere. The stream of 
ejected matter generally fades and disappears by becoming transparent, though 
the ejection of invisible material continues. Subsequently, absorbing matter 
appears in the stream, either superimposed on or close to the flare, and travels 
outwards to appear as the normal dark surge. The ejection of high speed flares. 
of the type observed by Bray et al. is interpreted as an extreme case of the flare- 
surge event. 


II. OBSERVATIONS 

The Sydney Lyot-monochromator, with a bandwidth of 0-7 A centred on 
Ha, is used in conjunction with a 5 in. telescope to obtain, for “ flare patrol ”” 
purposes, 16mm diameter photographs of the solar chromosphere on 35mm 
Eastman Kodak IV E film at 0-5 min intervals. While these records lack much 
of the resolution obtainable with higher initial magnification, they have enabled 
us to observe a great number of flares over the past 2 years. We believe that 
most flares occurring during the time of observation have been recorded if their 
areas exceeded about 2 <10-° of the Sun’s hemisphere. Surges are also observ- 
able, though not necessarily with maximum contrast, since line-of-sight velocities. 


shift the centre of the absorption line away from the wavelength of maximum 
transmission. 
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The present discussion is based on observations from November 9, 1955 to 
July 4, 1957. The numerical analyses are based on observations from 
November 9, 1955 to August 16, 1956, and November 5, 1956 to December 12, 
1956, though not all flares observed during these intervals have been included. 
For convenience, before July 23, 1956 our study has been confined to periods 
when simultaneous radio-frequency spectrum observations were being made 
at Dapto, N.S.W. For the subsequent period flares have been included only if 
they occurred within about 45° of the central meridian. These two sets cover 
482 flares, the majority being very small, of class 1—. The distribution of 
apparent flare areas is given in the histogram of Figure 1; the drop for areas 
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Fig. 1.—Distribution of apparent areas of 482 flares (millionths of the 
Sun’s hemisphere) observed in Sydney during the period described 
in Section IT. 


below 1-4 10-5 of the Sun’s hemisphere is probably due to the limits of resolu- 
tion. Of the above flares, 78 were accompanied by dark surges on the disk, 
some large, some very small. In 46 other casés, the observations were inadequate 
to decide ; deducting these from the total, we find that 18 per cent. of the flares 
were associated with surges. There was no statistically significant variation with 
flare size. 

During this whole period we have discovered no dark surges which were not- 
associated with flares. We conclude that all dark surges are associated with 
flares, most of which are of class 1—. 

Plates 1-4 and Plate 5, Figure 1, show a number of flares and associated 
surges which are typical of the general range of surge appearance. Descriptions 
of interesting features are given below; times are U.T. 


oF anuary 24, 1957 | 
This flare developed in a region with only a very small sunspot group. The 
flare expanded rapidly northwards until 005 53™ 15s. A minute later, traces of 
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a dark surge appeared superimposed on the flare; as the flare faded, the surge 
gradually extended outwards in the same direction as the bright expansion. 


July 4, 1957 

A bigger flare, this time near a larger sunspot, showing a similar sequence of 
events. An initial diffuse bright expansion of the flare occurred away from the 
sunspot, with maximum development at 005 33™ 08. The diffuse part faded 
rapidly. A dark surge appeared in the same region at 005 37™ 08, and expanded 
radially away from the sunspot. 


November 26, 1956 

One of a number of fine flare-surges associated with this sunspot. The 
flare, expanding away from the sunspot, had a very diffuse outer edge. The 
major dark surge can be traced back to the appearance of absorbing matter 
superimposed on the flare at 01" 08™ 308; this gradually expanded outwards 
until about 01250™. In its earlier stages the dark surge appeared fairly trans- 
parent—it is possible to detect underlying structure through it—though it 
would seem to have been fairly opaque over most of its length at 015 29™ 30s, 
Faint bright extensions of the flare were present on either side of the dark surge, 
e.g. at 012 22™, but these gave place to the much wider dark surge later. 


The stream of ejected matter seemed to have been in existence during 
most of the event. It was never of very high opacity ; the substantial changes 
in appearance during the event (e.g. from 01" 25™ 308) seem to have been due 
more to changes in excitation and opacity than to major changes in overall 
dimensions. 


May 18, 1956 

The flare, beginning at 01" 23™ 528, showed a rapid bright expansion away 
from its neighbouring sunspot, starting at 012 29™ 22s and with maximum 
extent at 014 30™ 528. It then faded back from the tip of the flare until the 
appearance at 01" 36™ 528 (not shown) resembled that shortly after commence- 
ment. At 015 37™ 528 (not shown), however, a small spike appeared on enhanced 
exposures made at the limb. A dark surge also made its first appearance at this 
time in the position formerly occupied by the bright flare expansion. This 
dark surge moved out, joining the limb spike at about 015 47™ 528; the con- 
tinuous outward development of this spike demonstrated the continuity of the 
stream of ejected matter throughout the event. 


The time between the initial flare expansion at 015 29m 298 and the first 
appearance of the limb spike at 01" 37™ 52s was about the same as that taken 
by the dark surge to reach the limb, so that the average velocity of the stream 
was approximately constant over this period, while a time plot of the position 
of the tip of the dark surge shows that the transverse velocity was effectively 
constant along the stream. Now, except perhaps just after its first appearance, 
the dark surge was separated from the flare, with the chromosphere apparently 
visible between ; certainly the chromosphere was plainly visible in the later 
stages. The continuous increase in length of the dark surge therefore seems 
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to have been due to the continual formation of new absorbing material at the 
rear of the dark surge; in other words, an invisible stream of matter ejected 
from the flare became opaque. 


The resolution was not sufficient to establish whether the same material 
forming the base of the diffuse bright stream at 015 34™ 528 formed the tip of 
the dark surge further out at 01 38™ 525, 


August 24, 1956 

This was rather similar to the event of May 18, 1956. A flare expanded 
away from a neighbouring sunspot, having maximum extension at about 
045 09™ 35s. A minute later, an enhanced exposure revealed a small projection 
beyond the limb, though the high transparency of the stream was indicated by 
its non-appearance immediately within the limb. The bright stream faded, 
particularly near the flare, leaving a distant brightish part near the limb at 
045 13™ 358. In the meantime a dark surge developed on the upper side of the 
stream. At about 045 12™ 35s it extended out to the limb. Even allowing 
for the movement along the stream, it seems very likely that some of the originally 
bright matter at the base of the stream at 045 10™ 358 had moved out and 
become dark by 042 12™ 358, The enhanced limb photograph at 042 23m 35s 
showed that the particle stream was much more extensive than indicated by its 
appearance on the disk, providing clear evidence for the high transparency of 
most of the stream. 


January 18, 1957 

Immediately after its outbreak this flare showed a bright diffuse expansion 
away from the small neighbouring sunspot, reaching maximum extent at 
045 03m 128, A dark surge appeared first at 045 06™ 125, in contact with the 
flare. From 045 07™ 128 the rate of expansion of the surge was approximately 
constant, much less than the apparent rate between 045 06™ 128 and 042 07™ 128 ; 
furthermore, backward extrapolation of the rate of growth indicates that the 
material was ejected initially at the time of bright expansion. This is a clear 
case where the dark surge was formed by a pre-existing invisible particle stream 
becoming opaque. It is uncertain whether any of the material participating 
in the bright diffuse expansion of the flare at 045 03™ 128 was identical with 
that forming the top of the dark surge, but it seems very likely. 


May 30, 1956 

In this event a bright streamer was ejected from a tiny flare near the limb. 
The bright streamer crossed the limb, beyond which its faintness showed that 
it was fairly transparent. An enhanced limb exposure at 00" 51™ 358 showed. 
a surge, providing evidence of the diffuseness of the edges of the ejected stream. 


May 7, 1957 

This is a rare type of ejection, similar to that described by Bray et al. (1957 ), 
in which part of the flare was itself ejected. By 025 38™ 378 no trace of the 
ejection could be seen on the disk ; it had become quite transparent. However, 
an enhanced exposure half a mmaTTAtS later revealed a surge beyond the limb, 
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from whose size it is clear that the stream was more extensive than appeared 
on the disk. At 02" 39™ 075 first traces of a dark surge were seen in contact 
with the stationary flare. This travelled out along the same path, disappearing, 
however, before reaching the limb. 


August 23, 1956 

This event consisted of a flare in contact with a sunspot. At 03" 32™ 15s 
the flare expanded away from the sunspot and began to fade a few minutes later. 
About 035 36™ 158 a dark marking could be seen adjacent to the western edge 
of the now fading flare and extending radially away from the sunspot. The 
subsequent frames show the development of the dark marking into a fine dark 
surge. Simultaneously the bright matter ejected by the flare moved further 
outwards, apparently in contact with but below the dark surge, and appeared, 
particularly at 035 39™ 158, as a bright marking separate from the remnants 
of the flare. 


III. RELATIVE POSITIONS OF FLARE AND SURGE 

As illustrated by Plates 1-4 and Plate 5, Figure 1, most surges have been 
found to overlap or to start almost in contact with their associated flares. In 
cases where the surge has not originated in contact with the flare, almost 
invariably the direction of motion has been such that, if projected backwards, 
it would have crossed or touched the flare. However, .as seen clearly in the 
events of July 4, 1957 and August 23, 195€, the surge has not always come from 
the centre of the flare. 

In 2 cases out of 78 the surge appeared to originate near the flare but not in 
the flare itself. 


IV. DIRECTION OF SURGE 
Since our observations do not yield line of sight velocities, we are able to 
deal only with the projected paths of the dark surges on the Sun’s disk. 
In the examples already given the initial paths of surges lie generally radially 
away from the nearest sunspot. To see whether this is a general conclusion we 
have carried out two sets of analyses : 


(a) November 9, 1955-June 21, 1956. Sketches have been made of the 
positions of 29 surges in spot groups well away from the limb, without any 
attempt to correct for foreshortening. 

(b) June 19, 1956—December 14, 1956. The solar image has been projected 
onto a hemispherical screen, sketches of the positions of surges in spot groups 
thus being approximately corrected for foreshortening. The 48 surges involved 
all occurred within about 45° from the centre of the disk. 


For each set the sketches have been Superimposed, with the nearest large 
sunspot at a fixed position (Figs. 2 (a), 2 (b)). With only one or two exceptions, 
the initial paths of these surges are more or less radially away from the sunspot. 
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V. DIFFUSE BRIGHT EXPANSION PRECEDING SURGES 

We have noted an interesting feature which is almost always followed by a 
dark surge. This is a diffuse, usually asymmetric, expansion of the flare. As 
the diffuse bright material fades, it gives place to the dark surge which then 
moves outwards. Plates 1-4 and Plate 5, Figure 1, all show this effect, though 
it is much more evident when the films are examined in cinematographic 
projection. 

Of 78 flare-surge events studied on the disk, this feature could be identified 
in 39, with 16 doubtful cases. Discarding the latter, it appears that at least 
60 per cent. of our events are of this type. Further, they include 82 per cent. 


(a) (b) 


SCAL | | | | | 
e ORIENTATION E Ww 


° 0-2 o-4 
(SOLAR RADIUS = 10) 
s 


Fig. 2 (a).—Positions of 29 surges superimposed with respect to the nearest sunspot. 
Surges occurred between November 9, 1955 and June 21, 1956. All regions are well away 
from the Sun’s limb, and the surges have been drawn without correction for foreshortening. 
Directions of surges are substantially away from the sunspot. 


Fig. 2 (b).—Positions of 48 surges superimposed with respect to the nearest sunspot. 

Surges occurred between June 19, 1956 and December 14, 1956. The solar image has 

been first projected onto a hemispherical screen, sketches then being made of the positions 

of surge and sunspot. All surges occur within about 45° from the centre of the disk. 

Directions of surges are substantially away from the sunspot except where indicated by 
arrows. 


of events involving flares of apparent area exceeding 2-8x10-° of the Sun’s 
hemisphere, as against 30 per cent. of events involving smaller flares. We believe 
that the difference is due solely to our inability to resolve the smaller flares 
adequately. 

This is the type of event described first by Dodson and her collaborators. 
We can now state, however, that it is probably the normal mode of development 
of all flare-surge events. 


VI. Lime APPEARANCES OF SURGES 
It is of interest now to consider the appearance of similar flare surges at the 
limb. 
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The best example we have observed occurred on the west limb on 
November 30, 1956, when the large spot group at 25 °S. was just disappearing. 
This group had been remarkable in surge productivity, some of our finest examples 
being observed in its neighbourhood on November 26, 1956 (see Plate 2, Fig. 1). 
Flare surges were noted on succeeding days. On November 30, a similar type 
of event occurred on the limb (Plate 5, Fig. 2), where a flare broke out at 
055 05™ 508, rising slowly to a height of 7000 km by 05" 09™ 508. The edges 
of the flare were very diffuse, and the brightness exceeded that of the chromo- 
sphere out to a height of 28,000 km at this time. Photographs of longer exposure 
showed the feature to be much wider and higher. The flare faded soon after 
054 09™ 508, but a fine surge had developed to a height of 130,000 km by 
055 19™ 505. 

Many spikes or surges seen at the limb would be invisible if on the disk. 
Not only are they of low brightness, requiring longer exposures for registration, 
but they are highly transparent. This is illustrated by limb surges associated 
with the spot group at 20 °S., 70 °W. on May 30, 1956. On this day 17 distinct 
small flares were observed at a mean longitude 75 °W. from the central meridian. 
Enhanced limb exposures showed that 10 of these flares emitted small surges, 
following the emission of faint bright matter which in most cases did not appear 
to extend to the limb. Only in one case did the bright matter turn dark on the 
disk ; in all other cases the ejected surge was of very low optical thickness. 


VII. THE TRANSITION FROM FLARE TO DARK SURGE 

In the transition from flare to dark surge the question arises whether the 
ejected material passes through a completely transparent stage or through an 
opaque stage in which it is of the same brightness as the background. One of 
our difficulties in studying this point has been the small scale of the photographs, 
because of which there are very few events suitable for examination. 

The flares of Plate 1, Figure 2; Plate 2, Figure 2; and Plates 3 and 4 show 
quite conclusively that the bright expansion which occurs at the beginning of the 
flare disappears by becoming transparent. The clearest example is that of 
May 18, 1956, in which enhanced limb exposures showed the ejected matter 
passing beyond the limb while previously invisible on the disk. This conclusion 
is reinforced by numerous other such examples. 

The flares of November 26, 1956 and January 18, 1957 provide clear examples 
in which the dark surge forms as the result of an invisible cloud of ejected particles 
becoming opaque. In many other events, such as those of November 26, 1956 
and July 4, 1957, the appearance strongly suggested the same mode of develop- 
ment. There are no incontrovertible examples of material, initially bright, 
becoming dark, though we suspect that this was so in a number of events, 
including those of August 24, 1956 and January 18, 1957. 

All the evidence is in favour of the initial bright expansion disappearing 
by becoming transparent, and the dark surge appearing by a transparent stream 
becoming opaque. We consider this to be the normal behaviour. 

Our observations have been made with a 0-7 A filter centred on the normal 
Ha line. The surge Ha line in general suffers Doppler displacements, so that the 
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Fig. 1—Flare-surge on January 24, 1957 (26°N., 0°W.). No sunspots are visible in these 
prints, but a very small group was indicated near this position on the Fraunhofer Institut chart 
for this day. 

In this and all subsequent plates the Sun’s polar axis runs from top (N.) to bottom (S.), with the 
east and west limbs respectively on the left and right-hand sides. 

Fig. 2.—Flare-surge on July 4, 1957 (13 °N., 23 °E.). Note the initial diffuse bright expansion 
‘of the flare and the subsequent development of the dark surge almost radially away from the 

sunspot, rather than from the flare. 


Aust. J. Phys., Vol. 11, No. 2 


Ao 


Me. 


x 


ew 


i 


Fees 


a 
ie 
x I> 


GIOVANELLI AND MCCABE PLATE 2 


THE FLARE-SURGE EVENT 


oh osm 305 


orh 22m os 


_o1h 25™ 305 o1h 29™ 305 oh 50m ‘9s, 


1 NOVEMBER 26, 1956 


o1h 30m 52s 


o1h 23™) s2s oh 29m 


oth 47™ 52s 


o1h 38™ 525 


2 MAY 18. 1956 


Fig. 1.—Flare-surge on November 26, 1956 (24 °S., 38 °W.). This is one of many such events 
observed near this spot group. The limb appearance of a flare-surge from the same group is 
shown in Plate 5, Figure 2. 

Fig. 2.—Flare-surge on May 18, 1956 (26 °S., 52°.). Enhanced exposures have been given 
to the limb by covering the image of the Sun’s disk after a suitable exposure ; faint prominences, 
otherwise invisible, are then recorded on the same frame as the disk. 

‘The present sequence demonstrates the continuity of emission of the surge particle stream, initially 
in the form of a bright expansion of the flare, then becoming faint and transparent while moving 
outwards to be visible beyond the limb on enhanced exposures. The dark opaque surge forms a 


lower part of the emitted particle stream. 
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Fig. 1.—Flare-surge on August 24, 1956 (25 °S., 63 °W.). Note the diffuse bright expansion 

of the flare. Enhanced limb photographs at 04" 10™ 358 and 044 23™ 358 show the development 

of a faint transparent surge prominence during this period. 

Fig. 2.—Flare-surge on January 18, 1957 (7 °S., 18 °W.). Note the rapid development of the 

dark surge between 042 06™ 128 and 04 07™ 128, after which the dark surge has an approximately 
uniform outward velocity. 
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Fig. 1—Bright streamer on May 30, 1956 (20 °S., 70 °W.). An enhanced limb exposure shows 
the development of the streamer into a faint transparent surge. The tiny flare at the base of 
the bright streamer lasted from 00> 36™ to 00" 43™, and can be seen best by studying the film 
in cinematographic projection ; it is difficult to detect on these prints. 


Fig. 2.—Ejected flare on May 7, 1957 (30°S., 55°E.). Enhanced limb exposures show the 
ejection, now faint and transparent, crossing the limb at 025 39™ 078; simultaneously a dark 
surge starts moving outwards along the same path. 
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Fig. 1.—Flare-surge on August 23, 1956 (19 °S., 41 °W.). 


Fig. 2.—Flare-surge at the limb on November 30, 1956 (25 °S., 90 °W.). This occurred in the 
same spot group as the event of Plate 2, Figure 1. Enhanced limb exposures demonstrate the 
extent of diffuse faint matter surrounding the brighter regions. Maximum flare brightness 

occurred early in the event. 
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observed changes in transparency refer to wavelengths displaced by unknown 
amounts from the surge line centre. There is little doubt, however, that similar 
changes occur at the centre of the surge Ha line. 


VIII. EJECTED FLARES 
These events, comprising the ejection of November 12, 1956 described 
by Bray et al. (1957) and that of May 7, 1957, are very rare. So far we have 
not observed such flares on the limb, though Dodson and McMath’s observation 
mentioned in Section I may have related to one of this type. 


Both events showed the ejection of part of a flare, the main bulk of the flare: 
remaining stationary. In each case the ejection faded, eventually crossing the 
limb to appear as a surge. The brightness of the November 12, 1956 ejection 
passed through a maximum in flight; it did not disappear against the disk,. 
though its much greater extent on the limb, revealed by enhanced exposures, 
showed much of the material to be highly transparent ; it is interesting to note 
that on falling back towards the Sun’s surface some of the matter appeared 
dark, some slightly bright, against the disk. The ejection of May 7, 1957 became 
transparent and disappeared before crossing the limb where it, too, was revealed 
on longer exposures. In each case the bright ejection was followed, some time 
later, by a small dark surge on the disk. 


The events of August 23 and 24, 1956 provided intermediate cases in which 
bright matter was ejected from and eventually separated from the flare. While 
brighter than the normal chromosphere, neither ejection was bright enough to. 
be classed as an ejected flare. 


IX. DISCUSSION 

We have shown that the flare-surge is a common event and that probably 
all dark surges originate in flares. Matter is expelled from the flare itself or from 
its immediate neighbourhood, and in most cases the surge appears in contact with 
the flare. Initially the surge moves in a direction generally radially away from the 
nearest large sunspot. However, we have been unable to find any preferred 
location for this type of flare within the spot group, or any spot group 
characteristic favourable to surge production, though some are obviously far 
more prolific than others. We have not found any substantial difference in 
surge productivity between large flares and small. 


The essential feature of all these events is the ejection of a stream of particles. 
soon after the beginning of the flare. The first indication is an expansion of the 
flare, usually asymmetric and diffuse though at times in the form of a streamer, 
which soon fades and becomes transparent. The particle stream continues on 
its path, outward though invisible. Usually, though not always, part of the 
stream becomes opaque above or near the flare and extends outwards as the dark 
surge. 

The varying appearances of the stream depend on changes in the physical 
conditions. Jefferies (1955, 1956, 1957) has recently shown that both in bright. 
flares and in stable prominences the temperature is of the order of 10-15 x 10° °K, 
but thatthe electron concentration is somewhat higher in flares (5 x 1011 —10¥ cm ~*) 
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than in prominences (101-5 x10 cm-*). That flares are about as bright in 
Ha as a 6000°K black body, despite their much higher temperature, but 
prominences are much fainter is due to their large departures from thermo- 
dynamic equilibrium. It follows also that relative temperatures in various 
parts of a flare-surge cannot be deduced solely from brightness observations. 


In this regard it is important to note that in the outward particle stream 
there is an expansion, demonstrated by the initial bright phase of the flare and 
by the shape of the dark surges which expand with height. This is also to be 
expected as the material rises into the low pressure corona. But, at temperatures 
of the order of 104 °K, if the expansion were to occur isothermally or with 
increasing temperature, the recombination rate would drop rapidly and so would 
the optical thickness. The increase in opacity during the development of a 
dark surge therefore indicates that the temperature is decreasing. On the 
other hand, in the ejected flare described by Bray et al. (1957) the brightness 
increased during flight; according to Jefferies’ (1957) analysis, this can happen 
during expansion only if the temperature increases suitably. 


In our view, dark surges, bright surges on the disk which fade without 
' turning dark, and ejected flares are basically similar phenomena, in which a 
particle stream is expelled from the flare. They differ in rate of heating, density, 
thickness, and rate of expansion; the one stream can exhibit a wide variety 
of appearances at various stages of its life. 
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POLARIZATION MEASUREMENTS OF THE THREE SPECTRAL TYPES 
OF SOLAR RADIO BURST 


By M. KoMESAROFF* 
[Manuscript received December 19, 1957] 


Summary 


A swept-frequency technique was used for measuring the polarization of solar 
radio bursts occurring at the beginning of the present sunspot cycle. Of special interest 
were the results for bursts of spectral type III. Contrary to the inference drawn from 
earlier work, it was found that many of these bursts are highly polarized. Furthermore, 
there were strong indications that the polarization is produced at the radiation source 
and is not imposed by propagation conditions in the overlying media. 


I. INTRODUCTION 

Radio spectroscopic observations of intense solar disturbances have shown 
that these emissions may be classified into a number of distinct spectral types 
(Wild and McCready 1950). Observations at discrete frequencies had first 
suggested the possibility of such a classification, and they had also indicated 
that each type of burst has its own polarization characteristics (Payne-Scott 
1949; Payne-Scott and Little 1951). 

During “ noise storms ” (spectral type I) the polarization was found to be 
often almost complete, while outside noise-storm periods randomly polarized 
bursts were found to occur. However, Payne-Scott and Little also recognized 
certain large ‘‘ outbursts’ whose polarization was random during their initial 
phase and later became elliptical. The identification of Payne-Scott’s 
*¢ unpolarized bursts ’’ with spectral types is not clear. Many of these were 
certainly of spectral type III, and it was suggested by Wild and McCready that 
the type: III burst characteristically showed no circular polarization. 

In the investigation reported here, the spectrum and polarization of solar 
disturbances have been measured simultaneously over a wide range of frequencies. 
The observations were made using a modification of the spectroscope described 
previously (Wild, Murray, and Rowe 1954) and the technique (details of which 
are given in Section II) provides simultaneous records of the dynamic spectrum 
and polarization. Thus it has the advantage over previous methods of measuring 
polarization, that it provides a positive identification of the spectral type under 
investigation. In addition measurements can be made rapidly, permitting the 
study of short-lived spectral features. A broad survey is obtained of polarization 
as a function of time and frequency rather than accurate measures of the polariza- 
tion ellipse at individual frequencies. The results largely confirm the suggested 
association between polarization and spectral type, but they also reveal a new 
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feature. A considerable number of type III bursts have been found to be strongly 
polarized. A few of the polarized bursts displayed a ‘‘ harmonic - structure 
(see Section III (c)) and, in the cases examined, the sense of rotation of the 
harmonic component agreed with that of the fundamental. The degree of 
polarization of the two components appeared to differ, however. 

A preliminary report on this work was given by Wild (1955) at the I.A.U. 
symposium on radio astronomy at Jodrell Bank. 


AERIALS 


RECEIVER 


Fig. 1.—Block diagram of the equipment for measuring polariza- 
tion. One unit of this type was used for each of the three 
frequency ranges which together covered the band 40-240 Me/s. 


Il. A SWEPT-FREQUENCY TECHNIQUE FOR MEASURING POLARIZATION 
(a) The Method 
The method of polarization measurement is a variant of the crossed-aerial 
technique, adapted to a swept-frequency instrument. 


Three pairs of mutually perpendicular rhombic aerials, each pair equatorially 
mounted and mechanically driven to follow the Sun, are used to cover three 
adjacent bands of the 40-240 Mc/s frequency range. Each aerial pair has a 
corresponding receiver and the individual aerials of each pair are connected to. 
the common receiver by twin-wire transmission lines of different lengths, as 
shown in Figure 1. If AZ is the difference in line length, the system accepts one: 
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circularly polarized component when the receiver is tuned to a wavelength A 
such that ALD=(2n+4)a, where n is an integer, the sign being determined by the 
sense of rotation of the electric vector. As the receiver tuning is varied the 
output goes through a series of maxima and minima. Examples of such patterns 
for type I radiation are shown in the record of Plate 1. (It should be noticed that 
the frequency scales are non-linear and that different values of AL apply to the 
different frequency ranges.) 

In the general case of partial elliptical polarization, the plane-polarized 
components may be unequal. The phase angle 0, by which the plane-polarized 
wave component parallel to aerial II lags that parallel to aerial I, may assume 
any value between +7 radians. If the type of polarization remains constant 
across the frequency range and the receiver is continuously tuned, a record is 
obtained of the radiation power spectrum modulated by a sinusoidal pattern 
whose maxima occur at wavelengths i, such that (0+27zAL/A,)=2nz, where n is 
an integer. Hence 0 may be determined from the frequencies at which these 
maxima occur, since 


0=2n(n—f,/Af), where Af=c/AL and f,=c/),, 


ec being the velocity of electromagnetic radiation. Figure 2 is a schematic 
representation of a record for the case where 0<0<n. 

In order to specify the polarization completely at any one frequency, we 
need four independent measures of the radiation parameters. However, if 
we assume that the polarization does not change rapidly with frequency, we 
may derive considerable information from the modulation pattern alone. 

The sense of rotation may be immediately determined from the phase 
angle 0, being left-handed for 0<0<7 and right-handed for —7~<0<0. (The 
convention adopted by the International Astronomical Union is followed in 
describing sense of rotation. The polarization is right-handed if the vector, 
viewed along the direction of propagation of the ray, rotates in a clockwise sense.) 


The percentage polarization may be defined as 
100(Ht +B2)/(2R?-+Ei +B), 


where HE, and H, are the phase-coherent voltages received on the individual 
aerials and R is the random component of voltage received on each aerial. 

For circular polarization the percentage polarization is equal to the per- 
centage modulation of the power spectrum given by 


100(Pmax. —P in.) /(Pmax.t+Pmin.) (See Fig. 2). 


This is approximately true also for fairly broad ellipses, but, as the modulation 
for a given percentage polarization usually decreases as the ellipse becomes 
elongated, a knowledge of the degree of modulation enables us only to set a 
lower limit to the percentage polarization. 

It is possible to estimate the shape of the polarization ellipse, which may be 
specified by a parameter p, defined as the ratio of the minor to the major axis 
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of the ellipse. Sufficient information is not available to determine this parameter 
from individual measurements at single frequencies, but a mean value may be 
calculated for activity extending over a range of frequencies. 

It is known that, when polarized radio waves traverse an ionized medium 
in the presence of a magnetic field, the polarization ellipse undergoes rotation 
due to the Faraday effect, the amount of the rotation being a function of both 
frequency and path length in the medium (Cohen 1956). Murray and Hargreaves 
(1954) have shown that even at 100 Mc/s there may be several complete rotations 
in the ionosphere, and a much larger effect may be expected in the solar corona. 
The magnitude of this effect is sufficiently great for polarization ellipses observed 
at the different frequencies within the range of our equipment to show all possible 
orientations. Now an ellipse whose axes lie in the aerial planes yields a phase 


Pmax 


POWER 


Pmin 


ndf (n+1) df (n +2) Af (n+ 3)4f 
FREQUENCY ————> 


Fig. 2.—Schematic representation of a record of polarized 
radiation having a flat spectrum. The frequency interval Af is 
defined in Section IT (c). 


measurement of --}7 or —}7z, and, as the axes rotate from this position about 
the direction of propagation, || departs from 47 at a rate which depends on 
the parameter p. Therefore the probability of observing a particular value of 0 
is determined by the shape of the ellipse. The problem is formulated in 
Appendix I, and probability histograms for various values of p are presented 
in Figure 3 (a). On the assumption that the ellipse shape does not vary rapidly 
with either frequency or time, we may compare the results of a large number of 
phase measurements extended across a range of frequencies with this set of 
computed histograms and so obtain a mean value of p. 


(b) Calibration 


The intensity scale is calibrated by injecting signals from a diode noise 
generator into the receiver, and the frequency scale is calibrated against the 
harmonics of a crystal oscillator. 
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The differences in length AZ of the pairs of feeders are measured by a standing 
wave technique. Lach line is short-circuited at the aerial and fed by a signal 
generator at the receiver end. The approximate length being known, the exact 
length is determined from the positions of standing wave minima near the 
receiver, the determination being carried out at a number of frequencies, As 
in each case it is required to determine the difference of two lengths and not their 
individual values, no error is introduced by imperfections in the short circuits. 


(c) Accuracy 
The two quantities which are measured from the records are the phase angle 
and percentage modulation. Because many of the measurements, particularly 
in the case of type III bursts, had to be made from intensity-modulated records 
the ‘‘ probable errors ” quoted refer to this type of display. Measurements on 
‘** A scan” records yielded somewhat better accuracy. (For a description of 
the two methods of display see Wild, Murray, and Rowe (1954).) 


(i) Measurement of Phase Angle.—Reading error is the most serious 
limitation to the accuracy with which the phase angle 0 may be determined. 
The error is a function of both intensity of activity and frequency and its assess- 
ment is difficult. The mean “ probable error” of phase measurement across 
the low and medium frequency ranges is estimated to be about +47 (‘ probable 
error ”’ is taken to mean that scatter which includes 50 per cent. of observations). 


(ii) Measurements of Percentage Modulation.—The probable error in the 
measurement of percentage modulation is also a function of intensity of activity 
and is estimated to be about 25 per cent. It is unlikely that the modulation 
would be detected if its absolute value were less than this. 


TIT. THE POLARIZATION OF THE THREE SPECTRAL TYPES 

Polarization measurements summarized here began in January 1955—the 
beginning of the new sunspot cycle. The data for type I and type III bursts 
cover the period between January and October 1955, and the type II burst data 
cover most of 1955 and 1956. The new feature revealed by the measurements 
is that a substantial number but by no means all of the type III bursts are strongly 
polarized. From earlier observations it had been inferred that their polarization 
was random. 

Because of calibration and other difficulties with the high frequency range 
of the equipment, most of the results presented here were derived from the low 
and medium frequency records covering the band 40-140 Mc/s. 


(a) Type I Bursts (Storm Bursts) 
The records of 13 days’ activity were examined, and the conclusion of earlier 
observers confirmed, that Type I bursts display a high degree of quasi-circular 
polarization. The radiation was polarized at all frequencies and usually showed 
the same sense of rotation throughout the frequency range and during any one 
day. For the more intense storms during this period the sense of rotation was 
left-handed. ‘The sense of rotation data are presented in Table 1 (a). It will 
be seen that there was only one case in which the sense of rotation changed 
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throughout the day—this was on January 10, 1955, when there was a sporadic 
storm during which both senses were observed, but on different frequency ranges 
and at different times. The letters L.F. and M.F. in the table refer to the low 
(40-70 Mc/s) and medium frequency (75-140 Mc/s) ranges of the equipment 
respectively. 

Generally the polarization was greater than 50 per cent. 


TABLE 1 
SENSE OF ROTATION OF POLARIZATION ELLIPSE 
(a) Type I Bursts (6) Type III Bursts 
Date Sense of Date Sense of 
(1955) ee Rotation (1955) a Rotation 
Jan. 6 0423-0845 L 
Jan. 10 0434-0450 L (M.F. range only) Jan. 10 0801 L 
0514-0521 R(L.F. range only) 2052-2054 L 
Jan. 11 0338-0530 1G 
Jan. 12 0834-0837 IEE Jan. 12 0705-0815 L 
2140 L 
Jan. 13 2318-0634 L 
Jan. 15 0351-0841 L 
Jan. 16 2216-0511 L 
2150-2211 L 
Feb. 2 0226-0436 R Feb. 2 0634 R 
0712 R 
0754 R 
Mar. 3 0300 R 
Mar. 4 0435-0488 R 
Aug. 12 0307-0609 R Aug. 12 0536 R 
0538 R 
Sept. 6 0003-0720 L 
Oct. 10 2242 
Oct. 11 0714 L 


Using the method outlined in Section II and Appendix I, frequency 
distributions of phase measurements have been prepared for some of the longer- 
duration noise storms, and are presented as histograms in Figure 3 (b), together 
with the set of histograms computed for a number of values of p in Figure 3 (a). 
It would appear from this figure that p generally lay between 0-5 and 1-0. 


(b) Type II Bursts 

Polarization observations were carried out for 13 type II bursts. Hight 
of these records were completely unmodulated. In the case of four of the 
remainder no conclusion was reached. For two of these, very weak patterns 
were observed which may have been spectral fluctuation. The other two 
occupied so narrow a band of frequencies that the observation of a modulation 
pattern would probably have been impossible. 

Only one record was probably polarized for a short period but the modulation 
at its maximum was not greater than 30 per cent. 
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(c) Type III Bursts 
In the course of the present investigation about 500 type III spectra were 
recorded, and of these, some 50 per cent. exhibited the modulation pattern 
characteristic of fairly strong polarization (examples of polarized and unpolarized 
type III records are shown in Plate 2). 


It is possible that terrestrial effects were responsible for some of the modula- 
tion. This was first suggested by the observation that, in the period J anuary—May 
1955, the ratio of modulated to unmodulated bursts rose sharply for the higher 
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Fig. 3 (a)—Probability distributions of phase angle 0, for various values of the parameter p, 
calculated according to the method described in Appendix I. 


Fig. 3 (b).—Observed frequency distributions of phase angle for type I and type III radiation 
occurring on the days indicated. 


solar zenith angles. Two terrestrial mechanisms capable of producing spurious 
polarization effects are differential absorption of oppositely polarized modes 
in the ionosphere and ground reflection. 

Tt can be shown that polarization produced by differential absorption in 
the ionosphere is not likely to exceed 5 per cent. Moreover, Slee (unpublished 
observations), observing at 85 Mc/s, found that the polarization of the source in 
Taurus (at about 56° from zenith) was less than 2 per cent. These figures are 
below the threshold of detectability of our equipment. 

The effect of ground reflection is more difficult to assess. The broad lobes 
of the rhombic aerials are capable of receiving both direct and ground-reflected 


E 
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radiation components over a large range of solar zenith angles, and these com- 
ponents may give rise to interference patterns. Determination of the amplitudes 
of these patterns involves extremely lengthy calculation and has been carried 
out for only a few special cases. However, the fact that only three of a total of 
thirteen type II records show evidence of (extremely faint) modulation, suggests 
that over considerable periods the effect is not large. 

Although terrestrial effects cannot be completely ruled out, there is consider- 
able evidence of a solar origin for much of the type III polarization. This may 
be summarized as follows : 

(1) Observations for the period May—October 1955 do not show the trend 
with zenith angle shown by the earlier results. 


(2) Measurements of phase angle have been made for about 40 bursts and 
are presented in the histogram of Figure 4. Clustering of phase values about 
+in and —4n indicates components of genuine quasi-circular polarization. 


30 


20 


NUMBER OF OBSERVATIONS (PER CENT.) 


—7 —1/2 re) He 
PHASE ANGLE @ (RADIANS) 


Fig. 4._Frequency distributions of phase angle of 40 type III bursts 
occurring throughout the year. 


(3) Polarization of type IIT bursts occurring on the same day showed the 
same sense of rotation ; furthermore, this was. the same as that of any type I 
radiation occurring within a period of one or two days (see Table 1). 


(4) The occurrence of bursts showing a harmonic structure (see below) in 
which the fundamental component is more deeply modulated than the harmonic, 
cannot be explained in terms of any local mechanism. 


To establish more definitely the solar origin of the polarization of type III 
bursts and to determine the features of this polarization, a sample record was 
chosen for detailed analysis, the record being one for which instrumental effects 
appeared to be negligible. The record selected was that of June 9,1955. Table 2 
is a summary of this day’s activity. 


Both highly polarized and unpolarized bursts were observed between 
0008 and 0248 U.T. during which period the solar zenith angle changed by only 
about 65°. Furthermore, polarized bursts were observed at 0129 and 0153 U.T. 
on the previous day, June 8, whereas bursts occurring at 0118 on June 9 were 
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unpolarized. The depth of modulation to be expected from ground reflection 
was calculated for these bursts and no significant difference was found between 
the depth of modulation due to ground effect at the times when the records 
were modulated and those when they were not. In any case the effect was 
near the threshold of detectability of the equipment. 


As there were no “A scan” records available, a microphotometer was 
used to evaluate the depth of modulation of the cluster of bursts occurring 
between 0246 and 0250 U.T. This was found to vary between about 30 and 
70 per cent. Phase measurements made on this same cluster are presented in 
the histogram of Figure 3. Although there is considerable “ scatter ”’, it can be 
seen that the values cluster around $x, indicating that the polarization was 
elliptical, with the left-handed sense of rotation. 


TABLE 2 
SUMMARY OF ACTIVITY JUNE 9, 1955 


Time. Bursts Observed 
(U.T.) Modulation 
0001—0002 Type III None 
0008-0019 Main part of type II burst | None 
0032 Tail of type IL burst No evidence of modulation 
00334 Cluster of type IIT bursts | High 
0118-0120 Cluster of type III bursts | None 
02464-0250 Cluster of type III bursts | High—up to 70 per cent. 
some showing harmonic 
structure 


Several ‘‘ harmonic ” bursts were observed during the present investigation, 
and of these some were polarized, though not all. The spectrum of these bursts. 
consists of two components, one duplicating the features of the other at about. 
twice the frequency. Their occurrence was first reported by Wild, Murray, and 
Rowe (1954), who attributed the spectral structure to the emission of a funda- 
mental frequency and its second harmonic from the same coronal level. 


Of the cluster of (polarized) bursts observed between 0246 and 0250 U.T. 
on June 9, two show a well-defined harmonic structure. This record is repro- 
duced in Plate 2. In each case it appears that the fundamental is more deeply 
modulated than the harmonic. This visual impression is confirmed by micro- 
photometer measurements, and Figure 5 is a plot of degree of modulation versus 
frequency for each component of these two bursts. 


IV. DISCUSSION OF RESULTS 
(a) Comparison with Other Observations 
As noted earlier, the present work confirms the conclusion of earlier observers 
(notably Payne-Scott and Little 1951) who have reported that the bursts now 
known as type I (“‘ storm bursts ”’) are strongly polarized. For bursts of spectral 
types II and III, a perfectly definite comparison of the present results with those 
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of earlier observers is not possible because of the uncertainties involved in 
attempting to identify features observed at single frequencies with those observed 
with the spectrometer. . 

Our observations of type II bursts have indicated that polarization, if it is 
present at all, is very slight. Payne-Scott and Little (1951), on the other hand, 
reported surges of activity whose intensities and durations would suggest type IT 
bursts, but they found that, although these were initially unpolarized, they often 
went through a period of elliptical polarization. The apparent conflict may be 
resolved if we assume that the period of elliptical polarization represented the 
beginning of a type I storm. The single-frequency records do not, however, 
provide sufficient information to settle this point. 
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Fig. 5.—Degree of modulation as a function of frequency for the two 

polarized harmonic type III records of June 9, 1955 shown in Plate 2. 

‘The full line refers to the fundamental and the broken line to the 
harmonic component in each case. 


Type III bursts, largely as a result of Payne-Scott’s earlier work (1949), 
have been thought to be unpolarized, whereas it is clear from the present investi- 
gation that many, though not all, are strongly polarized. In this case the 
conflict would appear to be terminological rather than real. Payne-Scott 
used “ unpolarized burst” as a definitive term, and showed that short-lived 
bursts of this kind occurred almost simultaneously at widely separated fre- 
quencies, that is, that they corresponded to what were later designated spectral 
type III. She did not discuss the converse problem—whether all bursts having 
this spectral feature were unpolarized. Single-frequency records available 
in this laboratory have been examined in the light of the present results, and a 
number of examples have been found in which bursts occurring nearly simul- 
taneously at 85 and 60 Mc/s were quite highly polarized. In the case of type III 
bursts there is, therefore, no conflict between the earlier and the present results. 
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(b) The Origin of Polarized Radiation 
The present results enable us to draw some general conclusions about the 
origins of type I and type III polarization. We may explain the occurrence of 
polarized radiation either in terms of the generation mechanism or in terms of 
propagation conditions in the medium between the source and the observer. 
Polarization imposed by the medium may arise in two ways, as discussed below. 


(i) Polarization by Total Internal Reflection in a Birefringent Medium.— 
The radiation may pass through a region in which the refractive index for one 
propagation mode is zero. In this case only the mode for which the refractive 
index remains finite will be transmitted, and the radiation will be completely 
polarized. Now, it is well known that, for radiation to escape from the corona 
(see for example Smerd 1950), it must originate above the level for which the 
refractive index for the ordinary propagation mode is zero. The height of this 
level is determined by the electron density distribution. In the presence of a 
magnetic field, there is another level, above the first, at which the refractive 
index for the extraordinary_mode is zero. The separation of these two 
levels increases with the intensity of the magnetic field. Radiation generated in 
the region between them is polarized because only the ordinary mode escapes. 
For quite a wide range of angles between the direction of propagation and the 
magnetic field, the polarization is very nearly circular. If radiation extending 
over a broad frequency range is to be polarized in this way, each frequency 
component must originate between the corresponding levels of zero refractive 
index. Figure 6 is a plot of the heights of the levels of zero refractive index in 
an extreme case—above a very large unipolar spot group whose magnetic field 
at the chromospheric surface is 3600 oersteds. For more common spots ‘the 
separation between the two levels is less than that shown. 


It is possible to explain the polarization of type I radiation in terms of total 
internal reflection, but such an explanation implies that the radiation source is 
vastly extended in space. It can be seen from Figure 6 that, for radiation 
occupying the frequency band 40-140 Mc/s to be polarized by this means, its 
source must extend over a radial distance of at least 10° km. 


On the other hand, we cannot explain the polarization of harmonic type IIT 
bursts in terms of total internal reflection. The fundamental and harmonic 
frequency components originate from the same source (Wild, Murray, and Rowe 
1954), and, referring again to Figure 6, we see that in no case do the regions 
between the two reflection levels overlap for frequencies whose ratio is 2 : 1 when 
the lower frequency lies in the range 20-40 Mc/s. 


(ii) Polarization by Differential Absorption.—A second way in which the 
medium may impose polarization is by differential absorption of modes, an 
effect which depends on the electron collision frequency. Although differential 
absorption possibly contributes to the polarization of the fundamental, it is. 
quite inadequate to explain the high polarization of the harmonic components: 
of type III bursts. Because the absorption is most marked in the vicinity of 
the region at which the refractive index is zero, the polarization impressed on 
the second harmonic radiation (which is propagated outwards from a region 
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in which the frequency of zero refractive index is only about one-half of the wave 
frequency) is negligible. 

It is difficult to escape the conclusion that at least the type III bursts 
showing harmonic structure originate in a source which emits polarized radiation. 


FREQUENCY (Mc/s) 


HEIGHT (105KM> 


Fig. 6.—Heights of the levels of zero refractive index in the corona 

above an extremely large unipolar sunspot group having a surface 

magnetic field intensity of 3600 oersteds. The field and coronal 

models used are those described by Smerd (1950). The numbers 

(i) and (ii) refer to the ordinary and extraordinary mode 
respectively. 
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APPENDIX I 
Estimate of Ellipse Shape based on Many Phase Measurements 

Consider elliptically polarized radiation incident on a pair of crossed rhombic 
aerials, the direction of propagation being along the common aerial axis. 

Then the voltages induced in the aerials are proportional to the coordinates, 
with respect to a pair of Cartesian axes lying in the aerial planes, of a point 
describing an ellipse having the same shape and orientation. Therefore, if the 
ellipse axes lie in the aerial planes, the voltages are proportional to x, and 2, 


where 
#1=COS wt, 
L,=p sin wt, 


and p is the ratio of the minor to the major axis. If the ellipse rotates through 
an angle » about the direction of propagation, then «7,7, must be replaced by 
002, where 

L1=2, COS p—*, SiN 9, 

%2=2, COS +a, sin op. 
Therefore, 

x= (cos? p+-p? sin? ~)?. (cos wt+a), 

Ly = (p? cos? p+sin? ¢)*. (cos wt+d), 
where 

a=artan (p tan 9), 

b= —artan (p cot 9). 


Therefore the angle 0 by which # lags «; is 
§=a—b, 
and 


COREG one aes 4 ae tl areas (1). 


ny 
2S ey! 


Now, if an ellipse of given shape (denoted by p) may assume all orientations in 
the plane perpendicular to the direction of propagation and all orientations are 
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equally probable, then the probability of observing a particular value of 0, lying 
in the range 0,—0,, is proportional to the corresponding range, 9;— 2, given 
by equation (1); 

Hence, using equation (1), we may construct a set of histograms, each for a 
constant value of p, indicating the way in which the probability of observing 
values of § lying in a range centred on 4, varies with 0). This has been done in 
Figure 3 (a). 


EXPLANATION OF PLATES 1 AND 2 


PLATE 1 
Sample records of strongly polarized type I radiation. The bright streaks parallel with the time 
axis are maxima of the modulation patterns. Unmodulated sections of record obtained with 
single aerials are included for comparison in each case. The faint sloping lines crossing the records 
are due to radiation from power lines having a 50 c/s modulation. 
(a) January 13, 1955 at about 0040 U.T. 


(b) January 15, 1955 at about 0800 U.T. ‘This record shows the effect of reversing the aerial 
connection, causing the pattern to shift by one half-fringe width. 


PuatE 2 = 
Sample records of type III bursts. 


(a) Record of a typical group of unpolarized type III bursts observed on August 15, 1955 at: 
0155 U.T. The dark spaces on this record and on records (b) and (c) at 70 and 140 Me/s are 
produced by switching of the three receivers which together cover the frequency range. The 
absence of a modulation pattern of vertical dark lines in this record (cf. records (b) and (c)) shows 
that the radiation was unpolarized. 


(0) Polarized type III bursts observed on January J2, 1955 at 0749 U.T. These bursts were 
part of a polarized type III “ storm” lasting several hours. 


(c) Cluster of polarized type III bursts observed on June 9, 1955 between 0246 and 0250 U.T. 

* The numerals (i) and (ii) indicate bursts showing a definite harmonic structure. The fundamental 

and harmonic components are denoted by the letters f and h respectively. At any time, the 

frequency of maximum intensity of component h is very nearly twice that of component f. In 

each of the examples marked, the two components start at frequencies of about 130 and 65 Me/s 
respectively. 
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EVIDENCE OF ECHOES IN THE SOLAR CORONA FROM A NEW TYPE: 
OF RADIO BURST 


By J. A. ROBERTS* 
[Manuscript received January 6, 1958] 


Summary 


A new spectral type of solar radio burst is described. The bursts contain two 
elements, the second being a repetition of the first after a delay of 1}-2sec. In each 
element the frequency increases with time at a rate of 2-8 Mc/s per sec. The bursts. 
are of very short duration and are confined'to the longer metre wavelengths. Occasionally 
they occur within, and evidently form part of the structure of, a burst of spectral type III. 


It is suggested that the second elements of the bursts are echoes of the first, reflected 
from lower levels of the solar corona. If the burst radiation is assumed to occur at the 
second harmonic of the coronal plasma frequency, the delay between the elements 
can be quantitatively explained providing the coronal density gradient is 1-5 times 
steeper than in the Baumbach-Allen model. 


Two alternative explanations of the rising frequency characteristic are considered. 
Either the exciting disturbances travel in‘through the corona at speeds between 2 and 
5 x 104 km sec—!, or the outward travelling disturbances responsible for type III bursts 
encounter “hills” of electron density in the corona. 


I. INTRODUCTION 

It is known from the work of Wild and McCready (1950) that the dynamic: 
frequency spectrum provides a natural means of classifying solar radio bursts.. 
Furthermore, observations over the past 5 years with a spectrograph covering 
the range 40-240 Me/s (Wild, Murray, and Rowe 1954) have shown that the great. 
majority of solar bursts fall naturally into the three spectral classes defined by 
the former authors. Of the rarer events which do not fit this classification there 
are some which form a distinct class characterized by a double structure in which 
two short-lived features drift rapidly from lower to higher frequencies. This. 
positive frequency drift is in contrast to the negative drift in spectral types IT 
and III. These bursts are therefore termed reverse drift pairs, or more briefly,. 
reverse Paws. 

In the following section a detailed description of the reverse pairs is given 
under a number of headings, and in Section IV a possible theory of the origin of 
the bursts is considered. Section III contains a brief description of certain 
other bursts which have some features in common with the reverse pairs, but. 
which, on present evidence, appear to form separate classes of phenomena. 


A preliminary account of this work was presented by Dr. J. L. Pawsey at. 
the U.R.S.I. Assembly in Boulder, Colorado, in August 1957. 


* Division of Radiophysics, C.S.I.R.O., University Grounds, Chippendale, N.S.W. 
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Il. A CLAss OF DOUBLE BURST WITH POSITIVE FREQUENCY DRIFT 

The reverse drift pairs were first recognized in records taken on December 1 
and 2, 1955. More than 20 of these quite characteristic bursts were observed 
at that time, and many hundreds of such bursts have been recorded since. There 
are therefore sufficient data available to delineate the basic characteristics of 
the type. 

Spectral records showing examples of the bursts are reproduced in Plates 1 
and 2, and in Figure 1 the appearance of the bursts on a single-frequency 
(40 Mc/s) record is compared with that of bursts of spectral types I and III. 


(a) Fe 


otis ieee 


0440 0500 0520 0540 


0020 0040 is 0100 


Fig. 1.—Single-frequency (40 Mc/s) records of (a) bursts of spectral type I (April 30, 1957), 
(6) bursts of spectral type III (April 4, 1957), (c) reverse drift pairs (March 13, 1957). In (b) time 
marks at intervals of } min are shown by negative deflections (Universal times). 


It is seen that in the frequency-time plane the reverse pairs have the appearance 
of two parallel ridges drifting rapidly from lower to higher frequencies at rates 
typically between 2 and 8 Mc/s per sec. The two elements of the bursts are 
usually very similar in form, although the intensities are sometimes markedly 
different. Many of the bursts begin at frequencies below 40 Me/s, but from 
examples in which the full form of the burst is visible it is clear that both ridges 
commonly begin at the same frequency, the second ridge being delayed by 
approximately 2 sec after the first. In many cases the two ridges also terminate 
near the same frequency. 
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Each ridge is quite sharp—the duration at a single frequency is usually less 
than 1 sec, while the instantaneous bandwidth lies between 1 and 10 Me/s. 
‘These durations and bandwidths are considerably less than those of type III 
bursts, which are the previously defined spectral type bearing most resemblance 
to the reverse pairs. A complete reverse pair may extend over a range of a few 
megacycles per second to a few tens of megacycles per second, with the 
corresponding total duration ranging from a few seconds to about 10 sec. 


(a) Occurrence 

Bursts of this type are rare. In the period from November 1955 to July 1957 
observations were made on about 250 days and on only 38 of these days were 
reverse drift pairs observed. The bursts show a strong tendency to occur in 
Storms lasting for hours or days. For the period of this investigation all clearly 
defined reverse pairs have been analysed—a total of 172 bursts in all. Of these, 
59 (or 34 per cent.) occurred on March 12 and 13, 1957, a further 23 (13 per cent.) 
‘on June 5, 1957, 17 (10 per cent.) on December 1 and 2, 1955, and 10 (6 per cent.) 
on November 11, 1956. These four storms between them thus account for 
63 per cent. of the bursts analysed.* 


(b) Frequency Range 

The frequency range of all the bursts studied is summarized in Figure 2. 
In this figure each burst is represented by a pair of contiguous lines which show 
the extent in frequency of the two elements of the burst. Figure 2(b) is a histo- 
gram showing the total number of bursts observed in each frequency interval. 

It is immediately evident that the reverse pairs occur predominantly at the 
lower frequencies of the observed range, many extending below the frequency 
limit of the equipment at 40 Mc/s. The histogram shows an apparent decrease 
in the rate of occurrence for frequencies below 45 Mc/s, but this may be the result 
of overlooking inconspicuous events in which the reverse pairs barely extend 
into the frequency range of the observations. 


(c) Spacing between the Elements 

The double nature of the bursts and the constancy of the time separation of 
the two elements are distinctive characteristics of the reverse drift pairs. The 
histograms of Figure 3 show that for 80 per cent. of those analysed the time 
separation was from 14 to 2 sec. While reading errors certainly contribute to 
the spread of values in these figures, there are genuine variations between bursts, 
and between different frequencies in the same burst. Such variations with 
frequency are not always in one sense. The histograms show no significant 
consistent trend with frequency. : 

While the time separation of the elements lies between such close limits, the 
frequency separation varies considerably. This is evident from the wide variation 
in the rate of frequency drift (see Section II (f) below). Frequency separations 
range from a few megacycles per second to 10 Mc/s or more. The majority of 
values lie between 4 and 10 Mc/s. 


* Since the preparation of this paper an outstanding storm of these bursts was recorded on 
September 2 and 3, 1957. 
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(d) A Time Delay, not a Frequency Separation 
Double structure in the frequency-time plane could arise either from the 
simultaneous emission of two different bands of frequencies or from the occurrence 
of two similar events with a time delay between them. In the former case one 
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Fig. 2.—To illustrate the range of frequencies covered by the 

reverse pairs. (a) Hach reverse pair is represented by a pair of 

contiguous lines which show the frequency extent of the two 

elements of the burst, (6) Histogram showing the prevalence 
of bursts at different frequencies. 


would expect the burst to have the form shown in Figure 4(a), where the two 
. elements begin (and end) Simultaneously at different frequencies, and any 
structure in the burst occurs Simultaneously in both elements. In the latter 
case the form shown in Figure 4(b) would be expected. Here both elements. 
start at the same frequency (and both elements end at the same frequency), but. 
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they are separated in time. Any structure in the first element is repeated in the 
second element after a time delay and at the same frequency. 


Examination of the examples given in Plates 1 and 2 and of the diagrammatic 
representation in Figure 2 shows that not all the reverse pairs conform to either 
of the idealized sketches of Figure 4. However, a large number of the examples 
conform approximately to the model of Figure 4(b)—a separation in time. In 


45-55 Mc/s 


NUMBER OF CASES 


TIME DIFFERENCE (SEC) 


Fig. 3.—Histograms showing the separation in time of the two 
elements in the reverse pairs. 


Plate 1 there are many cases of bursts in which both elements end at 
approximately the same frequency. Furthermore, in this plate, and particularly 
in Plate 2, there are striking examples of structure which is repeated in the second 
element of the burst at the same frequency (and not at the same time). 


There is only one example in these figures which appears to conflict with the 
model of a time delay, namely the burst in Plate 1 on December 2, 1955 at 
0032 U.T. In this reverse pair the curvature at the high frequencies appears to 
occur simultaneously in the two elements, rather than at the same frequency. As 
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no other clear example of this nature has been observed, it seems that this should 
be regarded as an unusual feature. A possible explanation is suggested in 
Section IV(e). 


FREQUENCY ——> FREQUENCY —— > 
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Fig. 4.—Idealized bursts. (a) Two bands of frequencies emitted 
simultaneously. (6) A single band of frequencies received via two 
channels with different propagation times. 


The high degree to which the reverse pairs conform to the ‘ time-delay ’” 
model is illustrated by Figure 5. From this it is seen that in the 83 bursts for 
which the beginning was observed, the difference between the frequencies at 
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Fig. 5.—Histograms showing the difference in (a) the starting 
frequency, and (6) the finishing frequency of the two elements of 
the observed reverse pairs. 


which the two parts began was distributed symmetrically about zero. Some 
89 per cent. of the values lay between +1-5 Me/s. If the bursts had in fact 
conformed to the double-frequency model (Fig. 4 (a)), these values would have 
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been negative and equal to the frequency separation of the bursts. Thus 
according to Section II(c) the values would have been mainly between —4 and 
—10 Me/s. 

Similar remarks apply to the distribution of the difference between the 
frequencies at which the two parts ended (Fig. 5 (b)). However, here there is a 
small, but definite, asymmetry in the distribution. 

Finally, it may be mentioned that another feature favouring the time 
delay model is the small range of values of the time separation of the elements 
as compared with the frequency separation (Section IT (c)). 


(e) Duration at a Single Frequency 
The reverse drift pairs appear on the records as very sharp features owing 
to their short duration at a single frequency. This duration is substantially 
independent of frequency. A histogram of durations given in Figure 6 shows 
that values greater than 1 sec are rare. By contrast, type Ii bursts at these 
frequencies usually last several seconds. 
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Fig. 6.—The duration of a single element of the reverse 
pairs at any one frequency. 


Successive spectra are separated by } sec in time, so that durations of less 
than } sec are difficult to assess. For bursts with total durations of{fsome seconds, 
however, the single-frequency duration may still be determined. It is likely 
that some of the values appearing in the histogram in the column centred on } sec 
properly belong in the column centred on } sec. Nevertheless, the commonest 
duration is probably close to $ sec. 


(f) Rate of Frequency Drift 
The distribution of the rate of change of frequency in the reverse pairs is 
shown in Figure 7. For 80 per cent. of the bursts the frequency increases at a 
rate between 2 and 8 Mc/s per sec. The frequency drift, besides being in the 
opposite sense to that in type IIT bursts, is also somewhat smaller in magnitude. 
For most type III bursts, at frequencies near 40 Mc/s the rate of decrease of the 
frequency of the fundamental band lies between 3 and 12 Me/s per see. 


222 J. A. ROBERTS 


Not shown in Figure 7 are 13 cases in which the frequency drift was 
immeasurably great. In most of these cases the condition existed only at 
frequencies near 40 Mc/s and the rate decreased at higher frequencies. In two 
cases, however, all frequencies in the burst occurred simultaneously within the 
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Fig. 7.—The rate of frequency drift in the reverse pairs. 


limits of measurement. In addition, one case was noted in which the frequency 
drift was negative near 40 Mc/s but became positive at higher frequencies, so 
that frequencies near 42 Me/s occurred first. 


According to the histograms of Figure 7 , the frequency drift, when averaged 
over many reverse pairs, is very similar at all frequencies. Most of the bursts 
in Plate 1 will be seen to agree individually with this Statistical result, when 
allowance is made for the slight curvature produced by the compression of the 


frequency scale at the upper end. However, in some of the examples in this 
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Further examples of reverse drift pairs. (a) Examples showing sudden changes in the rate of 
frequency drift. (b) Reverse pairs occurring within bursts of spectral Type II. 
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and should be disregarded. 
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Fig. 2.—Spectrum records of a unique type of double burst with positive frequency drift recorded 
on June 5, 1957. In the record at 0335 U.T. frequency markers are visible at harmonics of 
2-74 Me/s. 


Aust. J. Phys., Vol. 11, No. 1 


A NEW TYPE OF SOLAR RADIO BURST 223 


plate the rate of change of frequency decreases markedly at the higher frequencies 
(later times). In the examples in Plate 2 (a) there are sudden changes in the 
rate of frequency drift, several changes occurring in the same burst. 


(g) Intensity and Polarization 
Compared with other bursts occurring at these frequencies, the reverse pairs 
are relatively weak. Measured flux densities in one plane of polarization range 
from the limit of detection (~5 x10-21W m-? (c/s)-1) up to about 5 x 10-2°W m-2 
(c/s)-*. Often the two elements of the bursts are of similar intensity, but there 
is a tendency for the second element to be weaker. This is illustrated by the 
histogram of intensity ratios in Figure 8, which summarizes the data for 26 


MEAN 
INTENSITY FIRST ELEMENT/ INTENSITY SECOND ELEMENT (NEPERS) 


Fig. 8.—Histogram showing the ratio of the intensities of the two elements of 
the reverse pairs. Data for the 26 strongest bursts in three periods of approxi- 
mately 15 min each on March 12 and 13, 1957. Results derived by micro- 
photometering the film records, scanning along a line of constant frequency, 
which was 40 Me/s for two of the periods and 45 Me/s for the third period. 


reverse pairs on March 12 and 13, 1957. This histogram is thought to be 
reasonably representative of this storm. On other occasions the relative weakness: 
of the second elements has been more marked ; numerous cases of single elements 
bursts have been noticed. 

As yet no observations have been made of the polarization of these bursts.* 


(h) Positional Observations 
On March 12 and 13, 1957 some reverse pairs were observed with a swept- 
frequency interferometer similar to that described by Wild and Roberts (1956). 
When the approximate declination of a source is known, this instrument is 
capable of determining the Right Ascension of the source to within a few minutes 


* Reverse drift pairs observed on September 19, 1957, were found to be not strongly polarized. 
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of are. Unfortunately the reverse pairs observed with the interferometer did not 
extend over a sufficiently wide range of frequencies to enable all ambiguities to be 
resolved. There are therefore a number of possible values of Right Ascension 
for the bursts. If the declination of the source is assumed to be close to that of 
the Sun, all these position in Right Ascension lie within a solar diameter of the 
centre of the disk, and the most probable position is 5 min of are E. These 
observations therefore strongly suggest that the reverse pairs are indeed of solar 
origin, and this conclusion is completely supported by the association with 
type III bursts, which is discussed in the next subsection. 

On June 4 and 5, 1956, Kraus (1956a) observed short duration ‘‘ double- 
humped ” bursts at 27 Me/s. He gave an indirect argument suggesting that the 
bursts originated on Venus. As the spectrograph recorded a small storm of 
reverse drift pairs on June 5, it seems possible that the bursts reported by Kraus 
may be of the same nature.* The interferometer records referred to above were 
therefore re-examined to see if it were possible that the reverse pairs came from 
Venus. Although, on the day in question, Venus was within 10° of the Sun, the 
interferometer records make it quite impossible that these bursts could have come 
from Venus. For a source on Venus the frequency separation of the interfero- 
meter lobes would have been 32 Mc/s while the observed value was 2-73 Me/s. 
Similar considerations apply in the case of Mercury, the only other planet close to 
the Sun at this period. 


(i) Relationship to Bursts of Other Spectral Types 

About 10 per cent. of the reverse pairs appear to occur in, and evidently 
form part of, a burst of spectral type III. Some examples of such events are 
shown in Plate 2(b), and the last example in Plate 1 may also be of this type. 
These reverse pairs occurring within type III bursts appear to be otherwise 
indistinguishable from those occurring separately. However, as yet no reverse 
pair extending over a wide range of frequencies (> 15 Me/s) has been observed in 
a type III burst. 

In all of these events the reverse pair is of greater intensity than the type III 
burst, and in most cases the type III event is very weak and diffuse. A réverse 
pair has never been observed in a very intense type III burst. 

The number of clear examples of these events so far recorded is insufficient 
to define properly the relationship between the two bursts. As is seen from 
Plate 2(b) there seems to be a tendency for the extent of the first element of the 
reverse pair to be limited to the extent of the type III burst. However, in other 
less clearly defined cases, the reverse pair appears to extend beyond the type III 
burst. In some cases the rate of frequency drift in the type III burst is 
apparently smaller on the low frequency side of the reverse pair. 

No definite relationship has been found with any other type of activity, and 
indeed on a number of occasions (e.g. March 12, 1957) reverse pairs have been 


*It is not yet possible to say whether the reverse drift pairs are modulated at audio fre- 
quencies as described by Kraus. In a later publication Kraus (1956b) found that double-humped 
bursts on June 29, 1956 had a negative frequency drift. No spectrograph records are available 
for this date, but see Section III (a) of the present paper. 
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the only activity recorded. However, in the case of all the four storms mentioned 
in Section II (a), a type I storm was also in progress at the higher frequencies 
for at least part.of the time. 


(j) Repetition of Features at Several Frequencies 

Another feature of the reverse pairs which may be of some significance 
is the occasional occurrence of an event in which two or more reverse pairs occur 
simultaneously, or nearly simultaneously, at different frequencies. Some 
examples are seen in Plate 2. The ratio of the frequencies of the two bursts is 
considerably less than 2 and in fact varies widely from case to case. In the 
examples in Plate 2(b) the two related reverse pairs are evidently superimposed 
on the same type ITI burst. Other examples of this behaviour are known. In 
Plate 2(a) there is a quite extraordinary example of this repetition. The burst 
appears to consist of four separate reverse pairs, together with a superimposed 
pair with negative frequency drift which extends from below 40 Mc/s to 44 Me/s. 
These bursts are so combined that over the greater part of the frequency range the 
event appears to consist of two ridges parallel to the frequency axis. 


IiI. OTHER MULTIPLE BURSTS 
In this section a brief description is given of two other types of multiple 
burst which are similar in some respects to the reverse drift pairs described above. 


(a) Bursts with Negative Frequency Drift 
A small number of bursts have now been recorded which are very similar 
to the reverse pairs except that the sense of frequency drift is opposite, i.e. the 
frequency decreases with the passage of time. Some examples of these bursts 
may be seen in Plate 3, Figure1. These bursts are even more rare than the reverse 
pairs. Only 12 bursts have been examined in detail, so that the description 
given here is necessarily tentative. 


The bursts all occurred on days when reverse pairs were also recorded. The 
spacing of the elements again appeared to be mainly a separation in time; the 
mean separation measured was 14 sec and the range of values 1j-2 sec. In the 
sample available the duration of each element of the burst (at a single frequency) 
was noticeably less than in the reverse pairs. In most of the examples in Figure 1 
of Plate 3 the durations are less than } sec so that at any one frequency the bursts 
appear on only one scan. 

Frequency drift rates range from —1-5 to —3 Me/s per sec, with a mean 
value of —2-4 Mc/s per sec. These values are very similar in magnitude to 
those for the reverse pairs (Fig. 7): the rates are noticeably lower than those 
for type III bursts. The contrast between these bursts and type HI bursts is 
well illustrated by the last example in Figure 1 of Plate 3 where two of these 
double bursts with negative frequency drift appear superimposed on a type III 
burst. 

All the bursts of this nature so far recorded have occurred at frequencies 
below 80 Mc/s, but the concentration to the lower frequencies does not appear 
to be as marked as in the case of the reverse pairs. None of the bursts recorded 
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has been of very great intensity. If the sample at present available is typical, 
these bursts do not form such a homogeneous class as the reverse pairs. The 
sample contains a high proportion of single bursts and some triple bursts. 


(b) Unusual Bursts with Positive Drift 

OnJune5, 1957, five unusual double bursts were recorded. All were remarkably 
similar in form. Four are reproduced in Figure 2 of Plate 3. These bursts may 
be described as double bursts with positive frequency drift, but they do not 
appear to belong to the class referred to as reverse drift pairs. In the bursts of 
Plate 3, Figure 2, the two elements begin at the same time and end at the same 
time, i.e. the splitting is in frequency and not in time. Furthermore, the rate of 
frequency drift is very much less than in the reverse pairs—the values range from 
0-33 to 0:42 Me/s per sec. 

All five bursts occurred between 43 and 46 Mc/s and each lasted between 
3 and 4 sec. The frequency separation of the two elements ranged from 4 to 
1 Me/s. The two parts of the bursts are not simple ridges, but contain remarkable 
fine structure, some of which is visible in the figure. In several of the bursts the 
lower frequency element is double, with a separation of a few tenths of a megacycle 
per second between the “‘ fine-structure ” ridges. This separation varies between 
bursts and throughout the course of any one burst. In some cases the high- 
frequency element also appears to be split, the separation in this case being very 
much less (~0-:03 Mc/s). 

It is necessary to add that there is no proof that these bursts are of solar 
origin. Many reverse drift pairs were also observed on this day, but, as the 
positions of these unusual bursts were not measured, it is possible that they did 
not come from the Sun. 


IV. A THEORY INVOLVING ECHOES IN THE REGULAR CORONA 
(a) Introduction 
This section outlines a possible theory of the origin of the double bursts 
with positive frequency drift, described in Section II. The discussion is confined 
to these reverse drift pairs as the present observations appear to be inadequate to 
define the basic characteristics of the other bursts described in Section ITI. 


(i) Echoes in the Regular Corona.—It was shown in Section II(d) that the 
second elements of the reverse pairs are approximate repetitions of the first 
elements after a time delay of 13-2 sec. This suggests that a single band of 
frequencies is generated but that it is received via two paths with different 
propagation times. Many possibilities of this nature suggest themselves—echoes 
could occur from coronal irregularities, propagation could be via the two 
magneto-ionic modes, etc. However, echoes from the regular corona would seem 
to be the first possibility to investigate, since it has been shown (Jaeger and 


Westfold 1950) that such echoes should occur and should have time delays of 
several seconds.* 


* Jaeger and Westfold in fact proposed that the ‘‘ double-humped ”’ forms of “ unpolarized 
bursts ”? were due to echoes from the regular corona. However, it is now known that in these 
bursts (of spectral type III) the second part is the second harmonic and not a delayed repetition 
of the first part (Wild, Murray, and Rowe 1954). 
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Jaeger and Westfold showed that there are, in general, two rays to the Earth 
from any accessible point in the solar corona. These may be described as the 
direct and reflected rays (Fig. 9). The time delay between receiving a disturbance 
via the direct and reflected paths—the echo delay—depends on the height 
of the source, its position on the disk, and the frequency. When the 
source lies on the escape level for the frequency in question the two paths are 
identical and the delay is zero. As the height of the source is increased above the 
escape level the echo delay increases, reaching 5-10 sec at a height of 1 solar 
radius. Thus, to explain the observed delays in terms of echoes, we seek a natural 
reason for locating the source at such a height as to produce delays of the order 
of 2 sec. 


DIRECT 


Fig. 9.—Showing the paths of direct and reflected rays in the corona for a 
source located at the 30 Mc/s plasma level and radiating at 60 Mc/s. 


(ii) Radiation at the Second Harmonic of the Coronal Plasma Frequency.—The 
theory considered here supposes that the height of origin is determined by the 
condition that the radiation occurs at frequencies close to the second harmonic 
of the local coronal plasma frequency. This hypothesis is a simple extension of 
the theory which has found support as an explanation of the features of bursts of 
spectral types II and III (Wild, Murray, and Rowe 1954). It accounts naturally 
for the constancy of the time delay over periods of years and it will be shown that 
it can give reasonable quantitative agreement with the observations. 


For a source near the centre of the disk radiation at frequencies near the 
fundamental plasma frequency would also be expected to escape (Wild, Murray, 
and Rowe 1954). For these frequencies the echo delay would be only a fraction 
of a second, so that such a burst would appear single. This leads to one of the 
tests of the present hypothesis discussed in Section IV (c) (iv). 
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(iii) The Positive Frequency Drift.—Two explanations of the positive frequency 
drift are considered. In the first it is supposed that a disturbance travels inward 
through the corona exciting successively higher frequencies of oscillation as it 
penetrates to regions of higher electron density. On this theory observed 
frequency drift rates imply speeds of 2-5 x 104 km sec~!, which are far greater 
than the speed resulting from falling under gravity from infinity. 

In the other theory, suggested to the author by Mr. J. P. Wild of this 
laboratory, the radiation is supposed to be produced by outward travelling 
disturbances when they encounter “ hills” of electron density in the corona. 
This second explanation is suggested by the occurrence of these bursts within 
type III bursts (Section II (i)), the type III bursts being attributed to the inter- 
action of the outward moving disturbances with the regular corona. The 
common occurrence of the reverse pairs without an accompanying type III burst 
requires one to assume that in these cases the type III part is too weak to be 
detected. On this theory the frequency drift rates imply that the gradients of 
electron density in the “ hills ’ are about two-thirds of the gradient in the regular 
corona. 


@ 

ti 

- oa 
3:5 Wi 
S 

Zz 

Q 

t 

= a 
ye” - 5 
3 : 
> 2 
> ; 
4 ra 
a BS = 
(aye iB 
< 

itd 

i} 

W 

= 

z 

40 50 60 70 


FREQUENCY (Mc/s) FREQUENCY (Mc/s) 


(a) (b) 


Fig. 10.—Frequency dependence of the properties of rays from a source in the 

centre of the disk radiating at twice the local coronal plasma frequency. 

Baumbach-Allen model. (a) Time delay of the reflected ray after the direct 

ray. (b) Integrated absorption in the direct ray (curve I) and excess integrated 
absorption in the reflected ray (curve II). 


(b) Predicted Properties of the Echoes ; 

Many of the characteristics of the echoes from a source in the corona radiating 
at the second harmonic of the local plasma frequency can be deduced from the 
curves given by Jaeger and Westfold (1950). Some further properties are 

| derived in Appendix I, and the results are summarized in Figures 10 and 11. In 
the derivation of these results it has been assumed that the corona is spherically 
symmetrical and that the electron density distribution is that given by Allen 
(1947). 

Figure 10 shows the frequency dependence of the. delay between the direct 
and reflected waves for a source in the centre of the disk. The absorption in 
the direct ray and the excess absorption in the reflected ray are also given in 
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this figure. If the source is not in the centre of the disk the predicted delay is 
less (Fig. 11 (a)). As the source is displaced from the centre of the disk (but 
kept at the same height) the paths of the two rays become more alike, and when 
the source lies on the escape level the paths are identical and the time delay is 
zero. No radiation can be received from sources beyond this point. 


The absorption in the direct ray increases as the source is displaced from 
the centre of the disk, but is never appreciable (Fig. 11 (b)). The excess absorp- 
tion in the reflected ray decreases to zero as the two paths approach identity. 


Refraction modifies the emission polar diagram of the source (Fig. 11 (c)). 
When the source is near the centre of the disk the atmosphere acts as a converging 
lens for the direct rays but the reflected rays diverge so that the reflected image is 
of lower apparent intensity. As the source is displaced from the centre of the 
disk both direct and reflected rays become converging, so that if rays leave the 
source isotropically the apparent intensity of the source increases. As the source 
approaches the escape level this focusing effect becomes very pronounced. 
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Fig. 11.—Centre to limb variation for a source at the 30 Mc/s plasma level radiating at a frequency 

of 60 Mc/s. The source position angle 0 is defined in Figure 9. (a) Time delay of the reflected 

ray after the direct ray. (b) Integrated absorption in the direct ray (curve I) and excess integrated 

absorption in the reflected ray (curve II). (c) Effective emission polar diagram (unnormalized). 

The results in this figure are derived from the curves given by Jaeger and Westfold (1950). The 

effective emission polar diagram in (c) is just d0’/d0 where 0’, 0 are the initial and final directions 
of the ray measured from a radial line through the source. 


(c) Comparison with Observations 

(i) Time Delays.—A comparison of the observed time delays (Fig. 3) with those 
predicted for central rays (Fig. 10(a)) shows that the predicted values are certainly 
of the right order. However, if the sources were observed at all (accessible) 
distances from the centre of the disk, the predicted delays would range over all 
values from zero up to that for central rays (Fig. 11(a)). This conflicts with the 
narrow range of values observed. If this theory is correct, therefore, it seems that 
the sources are observed only over a narrow range of distances from the disk centre. 
Neither absorption (Fig. 11 (b)) nor refraction (Fig. 11 (¢)) can account for this, so 
that it is necessary to suppose that the rays leave the source preferentially in 
certain directions. 

If the sources are observed only near the centre of the disk, i.e. if the 
preferential directions are radial (inwards and outwards) and the sources lie at 
low latitudes, then the predicted delays are too great by approximately 1 sec 
(Fig. 10(a)). To secure agreement it is then necessary to suppose that the density 


230 J. A. ROBERTS 


gradient in the corona is greater, by a factor of about 1-5, than that given by the 
Baumbach-Allen model (r-*® approximation). 

Alternatively the observed delays would agree with those predicted for the 
Baumbach-Allen model if the sources were observed only between about 40 and 
60° from the centre of the disk. Such a restriction to a_non-central range of 
angles would arise if the sources occurred at high latitudes (~40°), and had 
radially directed polar diagrams of appropriate width. 

It is of course necessary to consider whether the deficit of low values in the 
measured delays (Fig. 3) is not due to the coalescence of the two elements when 
the delay becomes small. Although this effect should become appreciable for 
time separations ~1 sec, it is not thought that many bursts are overlooked through 
this process as relatively few single bursts of long duration are observed. 


(ii) Differential Absorption.—The relative intensities of the two elements of 
the bursts should provide another parameter for testing the theory. However, 
there are insufficient measurements available for an exhaustive test. Further- 
more, the measurements on March 12 and 13, 1957 (Fig. 8) show a very wide 
scatter, including cases in which the second element is the stronger. This suggests 
that some other process, perhaps scattering by irregularities, produces relative 
intensity differences between the two rays, which can be of either sign. 


Figure 8 shows that the mean intensity ratio on March 12 and 13, 1957 was 
only about one-sixth of the predicted ratio for central rays (Fig. 10(b)). 


(iti) The Two Explanations of the Positive Frequency Drift.—It is not possible 
at present to decide between the two suggested explanations of the positive 
frequency drift, namely, inward-travelling disturbances exciting the regular 
corona or outward-travelling disturbances encountering ‘‘ hills” of electron 
density in the corona. However, the former explanation is slightly favoured, 
as the short duration and narrow bandwidth are then readily explained merely by 
supposing that the distubances are of sufficiently small extent (<104km). With 
the alternative theory it is difficult to account for the narrow bandwidth. The 
appearance of the reverse pairs superimposed on the type III bursts, without 
evident distortion of the type III event, implies that the lateral extent of the 
travelling disturbance is very much greater than that of the coronal “ hill’. 
One would therefore expect the disturbance to excite a continuous range of plasma _ 
frequencies corresponding to the range of densities in the hill up to the highest 
point reached by the disturbance. 


Further study of the relationship between the reverse pairs and type III 
bursts might well decide between the two theories. While the occurrence of 
reverse pairs within type III bursts is inherent in the alternative theory, with 
the first theory such an event must imply a “ collision” of an inward and an 
outward moving disturbance. There are thus differences between the predictions 
of the two theories regarding the details of such an event. While the form of the 
event observed in a number of cases (Plate 2(b)) favours the collision model, there 
are considerable variations between events. Many more examples will be 
needed to define the properties of this association adequately. 


A NEW TYPE OF SOLAR RADIO BURST 231 


(iv) The Second Harmonic Nature of the Bursts—As was pointed out in 
Section IV(a) (ii) the theory discussed here implies that reverse pairs originating 
near the centre of the disk will be accompanied by single bursts—the fundamental 
band—at half the frequency. This prediction should provide a test of the 
theory, provided the bursts sometimes originate near the centre of the disk 
(cf. Section IV (ce) (i)). So far only one double burst has been observed at a 
sufficiently high frequency for the predicted fundamental band to lie within the 
frequency range of the equipment. In this case no fundamental was detected. 
However, this burst was by no means typical of the class ; the time separation 
was 44 sec and the duration at a single frequency was 2 sec. 

This test may be made in another way if a plasma origin is assumed for the 
type III bursts also. For then it follows that the type III band in which the 
double bursts occur should be the second harmonic band. Unfortunately, in 
no event of this kind so far recorded has it been possible to assign a harmonic 
number to the type III component involved. 


It appears that further observations, preferably extending to lower 
frequencies, are needed to check these predictions. 


(d) Echoes of Other Solar Bursts 

It remains to consider whether echoes of other solar bursts should not be 
observed if this theory were correct. Evidently the second harmonic components 
of type III bursts are all that need be considered. At frequencies near 40 Mc/s 
the durations of these bursts are many seconds, so that any echo would be masked. 
At higher frequencies, the situation is more confused. Above about 100 Mc/s 
the durations are often 1 sec or less, so that on the model of Figure 10 separate 
echoes should be recorded. A number of examples of possible echoes are found 
in the records, but the tendency for type III bursts to occur together in groups 
makes it impossible to be sure that the suspected echoes are not, in fact, separate 
bursts. 

(e) Structure Simultaneous in Time 

In Section II(d) attention was drawn to an exceptional case in Plate 1 in 
which the curvature in the two elements appears to occur more nearly at the same 
time than at the same frequency. As there seems to be ample evidence to show 
that the second element of a reverse pair is usually a delayed repetition of the 
first, it is suggested that in this case both elements were simultaneously subjected 
to some extra delay. Such a delay could perhaps arise from the source (and the 
image) passing behind a coronal streamer. 


(f) The Decay Time of Coronal Plasma Oscillations 

Attention may be drawn to a general conclusion which follows from the 
assumption that the reverse pairs and type III bursts both originate in coronal 
plasma oscillations. Westfold (1949) (see also Payne-Scott 1949) suggested 
that the duration of type III bursts (at one frequency) was determined by the 
decay of the oscillations of the coronal plasma after the excitation was removed. 
As the duration of the present bursts is very much less than that of type TI 
bursts (at the same frequency), it follows that the duration of type III bursts is 
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not determined by the decay time; it is presumably determined by the extent 
of the exciting disturbance. 

In proposing the decay-time theory of the duration of type III bursts, 
Westfold showed that the durations were close to the values predicted on the 
assumption that the oscillations were damped by collisions. However, it has 
been suggested by Dr. R. Q. Twiss (personal communication) that coronal plasma 
oscillations would be much more rapidly damped by the diffusing effect of thermal 
velocities—a process known as Landau damping (Landau 1946 ; Berz 1956). 


V. CONCLUSION 
The main characteristics which distinguish the reverse drift pairs from other 
known types of solar radio bursts may be summarized as follows : 


(i) The bursts are double, the second part apparently being a repetition of 
the first part after a delay of 14-2 sec (Section II(c) and (d)). 

(ii) The frequency drift is positive, the frequency increasing with time at a 
rate of 2-8 Mc/s per sec (Section IT(f)). 

(iii) The duration of the bursts at a single frequency is very short, usually 
less than 1 sec (Section II(e)). 

(iv) The bursts are confined to the lower frequencies, the rate of occurrence 
of the bursts increasing steadily with decreasing frequency, at least to 
~40 Mc/s (Section II(b)). 

(v) Occasionally the bursts appear in close association with type III bursts 
and may be a feature of those bursts. 


All of these characteristics distinguish the bursts as a separate type of 
. activity—they are not, for example, a variety of type III burst with positive 
frequency drift. However, there is a type of burst with negative frequency 
drift, which resembles the reverse pairs fairly closely (Section III(a)). 


The theory discussed in Section IV appears to be capable of explaining the 
main features of these bursts, but to achieve quantitative agreement some 
additional assumption or modification is required (Section IV(c) (i) and (ii)). 
With certain assumptions as to the emission polar diagram of the source, 
reasonable agreement could be secured if the gradient of electron density in the 
corona were steeper (by a factor ~1-5) than that given by Allen (1947). 
Alternatively agreement may be possible if the bursts occurred at fairly high 
latitudes (~40°). 

This theory predicts that the reverse pairs will sometimes be accompanied 
by single bursts at half their frequency, and that they will not occur in the funda- 
mental band of type III bursts. Further observations, particularly if 
extended to lower frequencies, should allow these predictions to be tested. 
Such observations will also define more clearly the relationship of the reverse 
pairs to the type ITI bursts in which they occur. It is felt that a study of this 
relationship will throw considerable light on the origin of the bursts. Accurate 
position measurements would provide a further check of the theory, and, if both 
coordinates of the burst position were measured, a decision between some of the 
alternative forms of the theory would be possible. 
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Whether or not the suggested theory is correct, it can be concluded from 
propagation conditions alone that the reverse pairs are generated in the high 
corona. This itself is suggestive of incoming material. No optical counterpart 
to the bursts has been discovered ; these considerations suggest that correlation 
should be sought with optical phenomena in the upper corona, and perhaps at 
high latitudes. 
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APPENDIX I 

The frequency dependence of the echo delay for central rays is derived 
under the following assumptions : 

(i) The radiation occurs at the second harmonic of the local coronal plasma 
frequency, 

(ii) The coronal electron density is given by the r~* approximation to the 
Baumbach-Allen distribution, and 

(iii) Coronal magnetic fields do not produce appreciable effects. 

The refractive index p. is then given by (Jaeger and Westfold 1950, equation 


(10)) 5 ade 
p2—=1—1-41 x 10%f-4r-8, 


where f is the wave frequency in megacycles per second and r is the distance 
from the centre of the Sun in units of 10°km. It will be convenient to introduce 


e=1-41 x10°f-*r-§, so that w?=1—«. 
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When the wave frequency is equal to the local plasma frequency #=1 
and u=0. This is the turning point for a central ray. At the generation level, 
where the frequency is twice the local plasma frequency, v=}. The time delay 
between the direct and reflected rays is thus given by 


G=% 
a ’ 
“=1 ee 


where c is the free-space velocity of light. 
The integral is evaluated by first changing the variable to give 


1 
3 apf g—7/6(1 —x)-tda. 


a 
4 


Then expanding (1—w)-? and integrating term by term gives 


es (2n)!an—-1/6 71 
—1/3 —————— 
=a a e n'n!22"(n —1/6) 


The series converges for 7<1. At the upper limit (v=1) the sum is known to be 


P(—1/6)(G) 


rai) = 4-23. 


At the lower limit the convergence is reasonably rapid and the sum ‘is found to 
be approximately —7-35. 


Thus one finds for the time delay between the direct and reflected rays 
11-6f-1'3 see, | 


where f is the wave frequency in Mc/s. These values are plotted in Figure 10 (a). 


The integrated absorption for central rays is computed in a similar fashion. 
The integrated absorption is 
2 | xdr, 


where x is the field attenuation coefficient. Using Jaeger and Westfold’s value 
for the collision frequency (but dropping the r—!° terms), the integral can again 
be expressed in terms of w to give 


2) xdr=4-61 x 1o-aprie are —«)-tda. 
The integral is evaluated by expanding (1—#)-} and one finds ultimately for 
the integrated absorption in the direct ray 
. 3°5 x10-4f7/6 nepers, 
and for the excess integrated absorption in the reflected ray 
1-34 x 10-2f7/6 nepers. 


As before f is measured in megacycles per second. These values are plotted in 
Figure 10 (0). 


ON THE GALVANOMAGNETIC, THERMOMAGNETIC, AND THERMO- 
ELECTRIC EFFECTS IN ISOTROPIC METALS AND SEMICONDUCTORS 


By E. J. Moorz* 
[Manuscript received December 18, 1957] 


Summary 


The calculation of the galvanomagnetic, thermomagnetic, and thermoelectric 
effects in those isotropic metals and semiconductors which can be represented by the 
two-band model is simplified and extended to cases not previously treated. General 
expressions are obtained for effects involving time-independent electric fields, magnetic 
fields, and thermal gradients. Analytic formulae are given for the isothermal galvano- 
magnetic effects when a high frequency electric field is applied together with a time- 
independent magnetic field. 


Throughout, emphasis is placed on coefficients which are experimentally or 
theoretically important. The paper concludes with an appendix on the estimation 
of parameters occurring in the two-band model of metals and semiconductors. 


I. INTRODUCTION 
The exact calculation of the galvanomagnetic, thermomagnetic, and thermo- 
electric effects in isotropic metals or semiconductors is extremely difficult and 
has not yet been attempted. Approximate treatments have been developed 
by many authors (e.g. Wilson 1953, Ch. 8; Donovan 1954; Madelung 1954), 
but even these are complicated. Our object in the present paper is to show how 
these approximate calculations may be simplified and extended. 


The two main stages in all these approximate treatments are: 


(1) the derivation from. the Boltzmann transport equation of expressions 
for the electric and thermal current densities in terms of the applied electric 
fields, magnetic fields, and thermal gradients ; 

(2) the calculation from these equations of formulae for the above effects. 


Due to the complex structure of real metals and semiconductors it is necessary 
to base stage (1) of the calculations on some simplified theoretical model. In 
past work, the free-electron model and the two-band model have been the two 
most frequently employed. Since the two-band model (Wilson 1953, pp. 43, 
198-9) is the most general one for which the calculations can be carried to 
completion, we adopt it in the present discussion. 

For the most commonly studied effects which are either one-dimensional 
(e.g. conductivities) or two-dimensional (e.g. Hall effect), two components of 
each current density must be specified. In the past, one equation has been given 
for each component (cf. Wilson 1953, p. 219; Donovan 1954; Madelung 1954). 
Recently, however, Dingle (1956) has shown that, if two imaginaries are used 
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instead of one, it is possible to describe the two electric current components with 
only one equation. This work, which suggested the present investigation, 
indicated that a simplification could probably be effected in the calculation of 
the isothermal galvanomagnetic effects. 


Dingle based his treatment on the one-band (free-electron) model and 
assumed that harmonically varying electric and time-independent magnetic 
fields were applied. In order to simplify the calculation of the galvanomagnetic, 
thermomagnetic, and thermoelectric effects for the isotropic two-band model, 
both the electric and thermal current densities are required for the case when 
time-independent thermal gradients also exist.. To satisfy these requirements 
it is necessary to extend Dingle’s work. This is done in Section II, where two 
equations (2.9, 2.10) are obtained for the current densities to replace the four 
customarily introduced in earlier work. 

Previously, stage (2) of the calculations has been attempted separately for : 


(a) steady electric field effects in (i) metals (e.g. Wilson 1953, Ch. 8) and 
(ii) semiconductors (e.g. Madelung, loc. cit.) ; 

(b) high frequency electric field effects in (i) metals (Donovan, loc. cit. ; 
Donovan and Sondheimer 1953), and (ii) semiconductors (left untreated). 

In the present discussion, we still consider (a) and (b) separately (Sections 
III, IV) as the effects in each case are of basically different type (cf. Section 
IV (b)). As most of the important effects in (a) have been calculated previously, 
our main object here is to simplify these calculations. However, in (b) past 
work has been confined to metals, and, moreover, the results obtained for the 
surface resistance and magnetoresistance have only been extracted numerically 
(Donovan, loc. cit.). Here, our main aims are to extend the calculations to 
include semiconductors, and to obtain analytic expressions for the principal 
galvanomagnetic effects. 


For both (a) and (6), most previous authors appear to have been primarily 
interested in either metals or semiconductors, not both, and consequently their 
results apply to either the one or the other. In the present paper, we derive 
(Sections ITI (c), IV (b)) general formulae which may easily be specialized to 
either case. 


II. GENERAL EQUATIONS FOR THE ELECTRIC AND THERMAL CURRENT DENSITIES 

As indicated in the introduction we base this first stage of the calculations 
on the metal or semiconductor model in which there are two conduction bands 
of standard form (Wilson 1953, pp. 43, 198-9). The band of greater energy is 
assumed to be normal (i.e. the charge carriers are negative) and that of lesser 
energy inverted (positive charge carriers). We make the usual assumption 


that these bands are independent, and therefore we may consider each one 
separately. 


(a) Normal Band 
The following derivation of the formulae for the current densities broadly 


follows that given by Wilson (1953, p. 210), but with modifications suggested 
by Dingle’s paper (loc. cit.). We assume that a ‘“ universal ”’ time of relaxation 
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can be defined, and therefore in the presence of harmonically varying electric 
fields, and time-independent magnetic fields and thermal gradients, the Boltzmann 
transport equation may be written (in Gaussian units) : 


(—2re/h)(E-+ev \ H) -grady f, +v-grady f, = —(f,—fon)[(1 +iet,)/t)], 
cere ae (2.1) 


where i?= —1, < is the numerical electronic charge, v, r, and k are respectively 
the velocity, position vector, and wave vector of the electrons, t, is the relaxation 
time, f, and fo, are the equilibrium distribution functions of the electrons in the 
presence and absence respectively of applied fields, E is the electric field which 
is proportional to el’, and H is the steady magnetic field. We also make the 
usual assumption that f,, is the Fermi-Dirac function {exp [(#,—C,)/kT] +1}-1. 


To terms linear in the electric fields and thermal gradients, this equation 


has the solution 
ti —fon = —k.c,(E,)(fo,/0H,), 


where H,—3/7|k|?/m,, m, being the effective mass of the electrons, and 
Cr=(Cins Cons C3n)- 

The analysis then proceeds as in Wilson (loc. cit.), and for the special case 
of fields given by: 


Electric field E=(E,, E,, 9), 
Magnetic field H— (0, 0..12), 
Thermal gradient K=(K,, K,, 0)=(07'/dx, 0T/dy, 9), 


we obtain (dropping the subscript n)* 


2 2mQ @/t\ EB 
= (1-++ior)ey — a —-tn= —B, beta) 7 | Ko | ies 


2 ; Oa G\aee 
Se est (1 tiet)a= cH, tara) ra]* | 


where Q=(—c)H/me is the circular frequency of precessional motion of an 


electron. nes 
Now, if we define C=c,+je, E=2,+jH#, and K=K,+jK,, with j?=—1 


(but ij A—1), equations (2.2) reduce to 


Bo a Cs SY Fe eee 2.3 
Soak 2m E +(ia an?’ [Pon Eo) 


where 
1 EG ce oy 
A an(z) “ag 


* It is implicitly assumed that the Fermi energy ¢ is a function of temperature only, i.e. that 


the substance is homogeneous. 
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(i) Electric Ourrent Density.—The electric current density J=(J,, J, 9) 
has components : 


7 ee me (3 mse, Lap, if pa Nak al: B3!2¢, oan, 
* Ta 


We introduce J=J,+jJ,, and obtain 


_82V antemil? f°. Af 
oe cel | ot Er eel 
that is, 


E+6,K) 3/2 Ofon 
=a ak TSE +BAK) ps, 
J, mms * Tie eise Ey, dz 


where M=16V 27e/3h3. 


(ii) Thermal Current Density The thermal current density W=(W,,W,,0) 
has components : 


32V 272m3/2 if Buse, Dap, 


se 
a Lumen = Pea ge (2.5) 
B2-V2ntmé!? ( ay H9/24¢,F ogg 
W,= —s BY ie 208 ’ 


where H’=A,-+# and A, is the energy of the base of the normal band when the 
energy at the metal or semiconductor surface is defined to be zero. In the past, 
the energy zero has generally been taken either at the bottom of the normal 
band (e.g. Wilson 1953, p. 219) or as the mean of the energies of the bottom of 
the normal and the top of the-inverted bands (e.g. Madelung 1954). Here, 
we have defined the energy zero as above, since all experimental measurements 
are made at the metal or semiconductor surface. However, the choice of energy 
zero only affects the results when both the electric current density and the 
thermal gradient are simultaneously non-zero. 


From (2.3) and (2.5) we find that 


pi eee ee LP = Lene eae 
W=WijW == on ihasoye HY Swab... (2.6) 


(b) Inverted Band 


The current densities for the inverted band are derived by a method similar 
to that in Section ITI (a) (see Wilson 1953, p. 211). We find 


} Tp (cE— BrK) p32 fos 

Jy=— Mi | THe HG, BE} aE, Ee Tas. eee ae (2.7) 
eer ly Tr(EE—ByK) 5/2 Of op 

W, od eae » Tatiana Ee 28,08» ee (2.8) 


where Q,=cH/m,c and A » is the energy of the top of the inverted band. 
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(c) Total Current Densities 
As we have assumed that the two bands are independent, the total current 
densities are the sums of the current densities for each band. We therefore 
obtain from (2.4) and (2.7) 


J=uJ,-+J oa fa ie (cE+B,K) B32 fon MIT p( (cE—B,K)_3/2 Of op |: 
p a OER Ten "ES ap tT io HO,)te” BH, ee 


ORO ere es (2. 9) 
and from (2.6) and (2.8) 
W=—x,K-+W,-+W, = —x%,K—e*(AJ, +A ,J,) 


nee MrT, (EE+B,K) 5/2 Of on maty(EE—BpK) 5/2 fos 
ale E (iw +jQ,,)z Hs OL, ons 1+(ie +jQ wee OL, ee 


where x, is the thermal conductivity of the lattice. 


We are now in a position to commence the second stage of the calculations, 
which, as indicated in the introduction, must be carried out separately for the 
two special cases of steady, and high frequency, electric fields. As the time- 
independent case is the more important it is considered first. 


III. STEADY ELECTRIC FIELD EFFECTS 
(a) Introduction 
All the steady electric field effects are defined in terms of the components 
of the fields and the current densities. Since the w and y components of the 
current densities are the real and imaginary parts respectively of (2.9) and (2.10), 
it is now advisable to rationalize these equations (with w=0). This is a simple 
process which yields 


J=[®,,(Q)+jH Oe (Q)E+[Ox,(Q)+jA Og (Q)K, «.....00-. (3.1) 
W=[P pz (Q) +jA Pp (Q)E +I ey (Q) $j bP (Qk, .-. 0. eee (3.2) 
where 
O,(O}=e[1,,,(Q,) 4+141,(Q,)1; NP oN s SORL oT el euth shea ome ehaue Angolan oer on Paaee (3.3) 
Op 7(Q) = ee [mT 91,(Q,) m5 4T94,(Qp)I; FSCO 6 rE Ge Oe caine Caceres (3.4) 
Oto 0 (Sp 1 
D1, (Q) =T [Fsngn(B) —LiylQ)an( #)| + pl r2n(Q,) —Ty9,(Q,)] ) 
Here acats 3 (3.5) 
0 
Og Q)=er 4} T [ms MaulQaon( 3) +m; TQ) 5n( 4) 
+ T m=, (Qu) +; eas Ot, Pee ee (3.6) 
Pp (Q) a —e[A,Op7(Q,) +A,9e7,(Q,)] —[Ly2n(Q,) —T42,(Q,)], sponse (3.7) 
PY e7(Q)= —e[A,Op7,(Q,) +A ,Dpry(Q,)] —{eo me Toon(Q,) +m 'T59p(Qp)]}s 
esata lenkarcueecn cn: (3.8) 
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Px (Q)= —x,—e[A,®x,,(Q,) +A Ox, p(Q, )] 


<= 2] Paty) gn Gf) +e Onda) | tpl Qy) Hry( 


2 
Ppi(Q) = —e2[A, Og (Q,) +A, Prery(Q,)] or [ms taut, lal 


m= yy,(Q, val +L, aay) M5, Taal 1, .. (3-10) 


and, for instance, 
L.in(@n) aa MM?D,in(Ln)s 


So sits of 
L, n(€q) = =| = wdE,,. 
0 1+antn IH, 


In order to express the ®’s and ’’s entirely in terms of elementary or 
tabulated functions of the parameters, it is only necessary to evaluate the integral 
L,,(v). This can be readily achieved in the following special cases (see 
Appendix I): 

(1) The electrons (or holes) form a strongly degenerate system—at normal 
temperatures this applies to all metals and semi-metals, and to some semi- 
conductors. 

(2) The electrons (or holes) form a weakly degenerate system—most semi- 
conductors are in this group. For the more important scattering mechanisms 
(thermal, neutral-impurity, and ionic-impurity) the above integral can be 
expressed in terms of functions tabulated by Johnson and Whitesell (1953), 
Dingle, Arndt, and Roy (1957a, 1957b, 1957c), and Beer, Armstrong, and 
Greenberg (1957). 

We are now in a position to derive formulae for the coefficients which 
describe the various steady electric field effects. In general, previous authors 
(e.g. Wilson 1953, Ch. 8; Bass and Tsidil’kovskii 1956; Beer, Armstrong, and 
Greenberg 1957) have expressed these coefficients directly in terms of the metal 
or semiconductor parameters, i.e. as functions of the expressions equivalent to 
equations (3.3)-(3.10). In the present paper we give all our formulae in terms 
of the ®’s and ‘Ys (cf. Madelung 1954). The advantages of introducing these 
eight functions are: 


(a) The calculations are simplified and condensed. 

(b) The final expressions obtained for the coefficients are simpler, and hence 
any relationships between the various effects are more easily deduced. 

(c) Once the values of these functions are determined, either theoretically 
or experimentally, any essentially one- or two-dimensional coefficient may be 
readily evaluated. Possible methods of measuring these functions experi- 
mentally are indicated in the subsequent work (Section III (e)). 

(d) From ©,,, O;7, Vz,, and ,7, the values of the principal two-band 
model metal and semiconductor parameters may be estimated (see Appendix 1). 
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For metals, the parameters A,, A,, Ty Ty) Mn) Myy Cry C » and hence the number 
of free electrons (n) and holes (p) per unit volume may be determined. As far 
as the author can ascertain, no method has previously been given for the evalua- 
tion of all the above metal parameters from measurements of the galvano- 
magnetic, thermomagnetic, and thermoelectric effects alone. Moreover, earlier 
authors have made simplifying assumptions (e.g. n=p, T=t,3 cf Wilson 
(1953, p. 217)), thus reducing the value of the two-band model. 

It is interesting to note that, as all the essentially one- or two-dimensional 
effects can be expressed in terms of these eight functions, only a maximum of 
eight of these effects may be considered to be independent. It can easily be 
shown that this applies to anisotropic as well as to isotropic materials. 


(b) Notation 
As the experimental conditions under which each effect is measured may vary 
considerably, it is an advantage to adopt some standard notation to indicate 
the combination under consideration. In the present paper we indicate the 
conditions by the superscripts in Table 1. 


TABLE 1 
NOTATION EMPLOYED FOR INDICATING EXPERIMENTAL 
CONDITIONS 
Superscript Condition 
E L,=0 
e # a 0 
J J,,=0 
j J i= 0 
K K,=0 
k IE y= 0 
W W,=0 
Ww W = 0 
0 tek =") 


The « direction is taken as longitudinal and the y direction as transverse. 
For instance, the isothermal electrical conductivity for non-zero magnetic 
fields and zero transverse electric current is denoted by o/4*. 


(c) General Formulae* for the Steady Electric Field Hffects 
Since there are many coefficients describing the various effects, it is impossible 
to include them all in a paper of reasonable length. We therefore consider only 
those which satisfy one or other of the following criteria : 
(a) the coefficient is experimentally important, or 
(b) it is an extremely simple function of the ®’s and ‘f’s, and is experi- 
mentally measurable. 


* Unless stated otherwise, the formulae in this subsection are derived from equations 
(3.1) and/or (3.2). 
GG 


242 E. J. MOORE 


The reason for employing (a) is obvious. Condition (b) is adopted since the 
coefficients satisfying it provide the simplest method of determining the ®’s 
and Ys, and hence of evaluating the parameters of a metal or semiconductor 
[Section III (a) (d)]. 

(i) Conductivities—(1) Electrical conductivity.—The electrical conductivity 
is defined by o=d,/H, Only the isothermal conductivities are treated here 
since they are the more important experimentally and also the simpler 
theoretically. 

The principal cases are : 


Zero Magnetic Field 


Non-zero Magnetic Field 


(a) H,=0 
oi DOs rate ee alee sae eer (3.12) 


The measurement of this quantity immediately yields experimental values for 
the function ©,,, the exact determination of which is essential for reliable 
parameter estimation (see Appendix I). This conductivity is also required 
in the derivation of the Corbino magnetoresistance (Section III (ce) (ii) (1)). 


(b) J,=0 


Although it is not particularly important, this conductivity is included 
here since it is required for the calculation of the normal magnetoresistance. 
We find that 
oiKk — @ ,, (Q) + [H?@F7(Q)/®,,(Q)]. 22... eee (3.13) 


(2) Thermal conductivity. — The thermal conductivity is defined by 
x=—W,/K,. The usual experimental conditions are J=0 and W,=0, but in 
this case the formulae obtained for x contain products of the ®’s and Y’s. For 
E—0 and K,=—0, the expressions derived for x are much simpler, and therefore 
they would be expected to yield more precise values for the ®’s and ¥’s. How- 
ever, these latter conditions are more difficult to apply in practice, and little 
if any, work has been carried out for them. : 

We can readily deduce the following equations for these two cases : 


Zero Magnetic Field 


(a) 0 ee (0) os ces sais Sees ee ye (3.14) 

(b) 479 = Pe (0) + [Px (0)Ox7(0)/Oz,(0)]. es (3.15) 
Non-zero Magnetic Field 

(a) beh se —  (Q)S 25 aloe Sa oe (3.16) 


The measurement of x” would therefore yield values of ¥,,(Q). 
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(P) ®p,  —HO gr Ox, —HO gp 
HO zr Ox, AO xr Ox; 
Ver —HY pr Pt Sh ey, 
PIM wee Ver AY xr Vez 


yJiw — a (o.b7) 
Ox; —HO,, —HO x, 


HO,, O;, Ox, 
AY pr Vex Vex 


(ii) Galvanomagnetic Effects—(1) Corbino magnetoresistance-—The Corbino 
magnetoresistive effect is described by the coefficient M,,=(e?—p°)/p°, where p 
is the resistivity. For the more important isothermal conditions we obtain 
from (3.11) and (3.12) 

Me =D OD OV Inc sah es ee (3.18) 


(2) Normal magnetoresistance.—The normal magnetoresistance ME is 
defined by MS" =(ojKt 5 K0)/9K0, Equations (3.11) and (3.13) yield 
—_ POp(Q) +, ,(Q)[Op,(Q) —O,,(0)] 
Dip (Q) +H? Op r(Q) 
(3) Hall coefficient.—The Hall coefficient is R=EH,/HJ,; J,—0. For the 
more common isothermal conditions we easily obtain 
gi Op 7(Q) 
Dp7(Q) + H?2OF7(Q) 
A simpler closely related effect is defined by 
S=H,/HE,; (J,=0) =(tan 6)/H, 
where @ is the Hall angle. Under isothermal conditions we then find that 
SEOs (OOO). aka ees esr!) 
As ®,,(Q)=o°%*, this coefficient gives experimental values for ®,,(Q), a function 
which is extremely important for the estimation of parameters (see Appendix I). 


(4) Httingshausen coefficient—The Ettingshausen coefficient A, is defined 
by A4,=—K,/HJ,; W,=0. The usual experimental conditions are J,=W,=0, 


use — . (3.19) 


REkH 


in which case HO,, Orr HO,, 
Yon SAT Pez 
hg Vex AV xr 
ae Gamal 
H Oz —HO pr Ox, —HO,x, 
en he ee Dyp (HT xe 
) 
HY Vex AV xr i 
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A more useful coefficient, closely related to the above, is B,= —K //HE, ; W,=0. 
For the conditions H,—K,—0, it reduces to the extremely simple form 


BHaY (OV s (0). soe eee (3.23) 


Unfortunately, however, it possesses the great practical disadvantage of requiring 
mixed thermal conditions. If instead of K,=0, we apply the restriction W,—0, 
the coefficient so defined is more easily obtained experimentally. In this case 


py — Yxc¥er Far Yer SA PT ee (3.24) 


Pin + HV ir 


Equation (3.24) provides an experimental method for determining the function 
Y 7, the exact evaluation of which is important for estimating both metal and 
semiconductor parameters. 

(iii) Thermomagnetic Effects.—(1) Magneto thermal conductivity—This effect 
is described by the coefficient M,,=(x—x°)/x°, which is usually measured subject 
to the restriction J=0. However, in this case, M,, involves fourth order deter- 
minants (see Section III (c) (i) (2)), and therefore it has few theoretical applica- 
tions. For zero electric field conditions, M,, is much simpler. We find 


MAS (LAO (0) seen eee (3.25) 


Exr(Q)—F' xi (0 ee PPV kr(Q) 
Vl) PFxr(Q)P (0) 


MS 


(2) Righi-Leduc coefficient—The Righi-Leduc coefficient is B,,=K,/HK. 
W,=0, and is therefore the thermomagnetic analogue of S (Section ITI (e) (ii) (3)). 
Tt is generally measured under conditions of zero electric current, but theoretically, 
zero electric field conditions possess a distinct advantage. However, experi- 
mentally, the reverse is true, and it is doubtful if B,, has yet been determined 
for these latter conditions. We obtain 


Be — aE Ga) x7 O); Ov nus eee eee ee (3.27) 
Measurements of this quantity would therefore yield values of Y,,(Q). 


Dar —HO 7 Dx, 

HO, Der HO,, 

a AY pp Vex AY er 

Bi ee ee ee 

ee At828) 

H Dp, —H®,;, —HOx, 

AO pr Dp, Dx, 

AY pr Pex Px 


(3) Httingshausen-Nernst coefficient. — This coefficient is defined by 
Bay= —H,/HK,; J,=0, and is thus the thermomagnetic analogue of By, 
(Section IIT (ce) (ii) (4)). In practice, B,, is usually determined subject to the 
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restrictions J,=0 and either K y=9 or W,=0. However, theoretically, the 
simplest and therefore the most useful conditions are H,=0 and K y=9. We find 


Ban Der yiDe (Q) 1 .. cscs cc cadeavs (3.29) 
A measurement of this quantity would thus determine DF): 
tz Dep Px7—Op7O xz 
Op, +H? Op 


As values of ©,,, O,,, and ®,, are obtainable, equation (3.30) provides an 
alternative method of evaluating ®,,(Q). 


Jk 
Buy 


(iv) Thermoelectric Effects.—In the present discussion we consider only those 
effects which apply to a single metal or semiconductor. Thus, for example, 
the Peltier effect is not treated. 

(1) Thomson coefficient—The Thomson coefficient » is defined as the 
coefficient of —K,J, in the equation Q=E.J—div W, which gives the rate of 
energy production per unit volume of a substance in which an electric field, 
electric current, and thermal current are present. For zero magnetic fields 
we readily obtain 


w= [Ox7(0)/Oz(0)] +(2/EL) [Fe (0)/Pz7(0)].  «..- (3-31) 


It is also easy to calculate » for a non-zero magnetic field, but as this case does 
not appear to be of any experimental or theoretical importance it is not treated 
here. 

(2) Other coefficients—Other thermoelectric effects which may become 
important due to their theoretical simplicity are as follows : 


(a)* C&#—H/K,; J,=0, (#,=K,=0)=—O,,/Oz,. .... (3.32) 
A determination of this quantity therefore enables ®,, to be obtained. 

(b) D}¢=W,/E,; K,=0, (Ey=K,=0)=¥V p,(Q). ...... (3.33) 
(c) DE=K,E,; W,=0, (E,=K,=0)=—V [Vr .- (3-34) 


A measurement of either (b) or (c) would thus yield the value of Y’,,(Q). The 
evaluation of this function is important for estimating both metal and semi- 
conductor parameters (see Appendix I). Unfortunately, neither of the last two 
effects appears to have been investigated experimentally up to the present time. 


IV. HigH FREQUENCY ELECTRIC FIELD EFFECTS 
(a) Introduction 
For alternating electric fields only the isothermal galvanomagnetic effects 
are experimentally important. Under isothermal conditions the equation 
(2.9) for the electric current density becomes 


re) t 3/2 bs 3/2 
MrT Ln of na HB 7 2 Soran Je 4.1 
J=— me = OL, “nT Tio $j0,)2, on, ? tsGs) 


*The name “ Beer-Willardson ” effect has been suggested for this by Armstrong and 
Greenberg (Beer, Armstrong, and Greenberg 1957). 
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As in Section III, it is now desirable to separate the real and imaginary parts of 
this expression. By substituting 


2 
1+ (iw +jQ)7 
af a F (w+Q)r ) (w —Q)r 
ahercro 27 eames Fexcpeere 1+(@—Q)?7? 


d (w +Q) (Q—a@)t F 1 i 
ila 14+(@—Q)?7? J 1+(m+Q)27?_ 1+(@—Q)?7? 
in (4.1) we can readily derive the following rationalized equation 


J={(Heze(Q,o) +i p,(Q,o)] JA ra(Q,0) HIT p7(Q,o) FE, -.- (4.2) 
where 
Tera(Q,@) = $¢[141,(@ +Q,,) +14 1n(@ —Q,) +1i1,(@ +0,) +141,(@ —i)1; 
AA A AIDES eS (4.3) 


TH pz)(Q,@ )=—$e{o[g1,(@ +Q,,) +1o1,(@ —Q n) t1o1,(@ +Q o) tLo1,(@ — —2 »)] 
+Q,,[To1,(@ +Q,) — =1514\ —0 aa +0,,[Te1,(@ +Q, = T34,(@— —f{),) ke 


stichs/od oygct cue seeks (4. 4) 
I ere(Q,o) = de2e-lmn | [To ,( +0Q,) +1o3,(@ =5)) 
—mp *(Te19(@ +Q,) +Io1,(0 —Q,)] 
—(¢ew/eH)[Io1,(@ +Q,,) —I51,(@ —Q. n) +1ei,(@ +Q, )—Ig1,(@ Q,)]}, 
Retreat itis (4.5) 
Ter (Q,0)= —teH [1 11,(@ +Q,,) —L43,(@ —Q n) t141,(@ +Q, ) —141,(@ —Q,)]s 
Sonya eee (4.6) 


and, as in Section ITI, 


8 wtt+h 
Cala 2 90) bn, 
L stn(O,) = — ami | 14072 OE, 


(b) General Formulae for the High Frequency Electric Field Effects 


Before attempting to derive any formulae we must first distinguish between 
two basically different types of effects. 

Point Effects.—These are defined in terms of the currents and fields at 
a particular point in the metal or semiconductor, and are therefore independent 
of the geometry of the specimen. In general, they are not directly measurable, 
ie. the fields and currents appearing in the definition cannot be directly deter- 
mined. The conductivity is an example of a point effect. 

Surface Effects.—In these it is necessary to take into account the variation 
of the electric field with distance from the surface of the sample, and therefore 
the geometry of the metal or semiconductor is important. In general, they are 
directly measurable. Examples of surface effects are the surface impedance 
and the surface magnetoresistance. 
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(i) Point Effects—These effects are defined in a similar manner to those 
in the steady electric field case, and the expressions obtained for them are 
formally the same, but with I,,,-+ill,,, replacing ®,,, and II,7,+ill,,, 
replacing ®,,. 

(1) Hlectrical conductivity.—As in Section IIT (c) (i) (1), the electrical con- 
ductivity is defined by o=J,/EH,. The only experimental conditions of any 
importance are: 

Zero Magnetic Field 


From (4.2) we obtain 


oo = [Mézr (0,0) +izr(0,0)] ? exp {i tan [IT ;77(0,)/I1572(0,e)]}. 


Sia aes Mantas aos (4.7) 
Non-zero Magnetic Field 
(a) H,=0 
of = (Mézr(Q,«) 4+Tkr1(Q,0)]? exp {i tan [IT ,,(Q,)/ITp,p(Q,e)]}, 
5. SS SRP (4.8) 
{b) J,=0 
; H?(Teer+Wierr] : re (Men 
J — of e otan 2 == )—tane.| == : 
Ss ap emer age here rel edhe 
A ns case G (4.9) 


(ii) Surface Effects—The following calculations do not take account of the 
anomalous skin effect (Reuter and Sondheimer 1948). The displacement current 
is included, although for metals it is only significant when the anomalous terms 
in the skin effect should also be taken into account. It is considered here since 
it may be required for semiconductors, due to their lower conductivity, and also 
because it is as easy to include as to exclude. 

It is assumed that the metal or semiconductor specimen occupies the volume 
defined by z->0. The magnetic field is then in the direction of the outward 
normal from the surface, and the electric fields are parallel to the surface (see 
Section IT). 

As indicated in Section IV (b), the electric field is a function of position. 
With the above assumptions this function satisfies Maxwell’s equations, which 
yield 


dine. e2E as 
eae <5 (“Ge t4"-ai) fe PEA (4.10) 


where wu is the magnetic permeability and x is the dielectric constant. As it 
has been implicitly assumed in Section II that u=1, we must also make this 
assumption here, thus excluding ferromagnetic materials from consideration. 

On combining (4.2) and (4.10), and remembering that d0E/dt=iwE (see 
Section II (a)) we obtain 


248 BE. J. MOORE 


where 
A=we-{—wx4+4ri[M pp p(Q,o) +i pz (Q,@)]}, --.- (4.12) 


B=4roc~i[M prp(Q,@) Hill p7(Q,)]. ...-..-.---- (4.13) 


To simplify later work we define here 


a ee ArH era(Q2,©) 4.14 
§=arg A=tan || tae rey ee): (4.14) 


o=arg B=tan-l{ —[Tp7p(Q,o)/Me7(Q,0)]}. ------ (4.15) 


Under the boundary condition that E(z) is always finite, (4.11) possesses 
the solution 
L(z)=a exp (—),2) +b exp (—A,2), ? eT (4.16) 
E,(2)=—ja exp (—),2)+jb exp (—?,2), J 
where a=4[E,(0)+jE,(0)], b=4[E,(0)j#,(0)], 44=(A+jHB), 44=(A —jHB)?, 
and —4m<arg A1,A,< 47, i.e. the real parts of both A, and A, are positive. Since 
we have taken Eccei* (Section II) and we require the solution to represent 
waves travelling in the positive 2 direction, the imaginary parts of A, and A, 
must also be positive, ie. O<argA,,A,.<7. The final restriction on arg A,,A>; 
is therefore 0<arg A,,A,< 47. 
We are now in a position to calculate the various surface effects. 


(1) Surface impedance.—The surface impedance is defined by 
Zo,t)=B,0)| | J ,(z)de= —(4rwe-*)i#,(0)/H,(0). .. (4.17) 
0 


For non-zero magnetic fields, one more condition is necessary. The most 


convenient restrictions are either, (i) H,(0)=0, or (ii) [ J ,(z)dz=0, i.e. H,(0)=0- 
As (ii) appears to be the more common condition (Donovan 1954) it is assumed 
here. It is also required in the calculation of the normal magnetoresistance. 
Condition (i) would define the high frequency analogue of the Corbino magneto- 
resistance (Section IIT (ce) (ii) (1)), but no attempt is made to calculate this 
effect here as it is neither experimentally nor theoretically important. 


With restriction (ii), we find from (4.16) and (4.17) that 


ZO, H\==(4rae2)i( Xe ag ee ae ee ee (4.18) 
= (2nwe-*)i[(A +jHB)*+(A —jHB)* 424+ 2B%)-3, 


Since A and B are complex numbers, any attempt to separate the real and 
imaginary parts of (4.19) exactly will result in extremely complicated expressions. 
However, for weak magnetic fields (H | B|/| A |<1), it is comparatively simple 
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to expand (4.19) in ascending powers of HB/A and then rationalize term by 
term. We find after expanding and rationalizing (4.19) that 


Z(w,H)=(4rwe-*)i| A |-? exp (—4i6) 


35 H*| B ; 
T 138 nee exp [4i(p —6)] . me aor! On tie (4.20) 


and 
Z(w,0)=(4rwe-*)i| Ale |-2 exp (—#i0,), 


where A, and 6, are the values of A and 6 for H=0. 


Equation (4.19) may also be expanded in descending powers of HB/A 
to obtain formal expressions for the strong magnetic field case (H | B |/| A |>1). 
But for metals at least, this condition implies, in general, that | Q,7,| and/or 
| Q,7,|>1 and the derivation of the Boltzmann equation then breaks down 
(Wilson 1953, p. 210). We therefore do not consider this case here. 


(2) Surface resistance and reactance.—The surface resistance R(w,H) and. 
surface reactance X(w,H) are defined as the real and imaginary parts respectively 
of Z(w, H). From (4.20) and (4.21) we obtain 


R(,H)=(4ne0~)| A |- sin een ae sin [}(50 —4¢)] 
2 ae sin [}(90—8¢)] +. . {, oy (4.22) 
Rover (ance A, tail £0,e. ne oto te eee (4.23) 
X(o,H)=(4ne0-)| A 0s p0— 5 SLAF cos [1150—49)] 
na aA 008 [4(90—8o)]+. . {, 95 Seng S (4.24) 
X(o0y—4nae)| A,|bcoa 405. «Fits dh RACHA, (4.25) 


(3) Surface magnetoresistance.—The magnetoresistance M,(w,H) is defined. 


b 
: M,(o,H)=[R(o,H) —R(o,0)]/R(o,0). 


The substitution of (4.22) and (4.23) into the above leads to 


sin 40 | A,|? 3 H?| B |?| A, |*# sin [$(50—49)] 
U,(oF)= |, rae ails 7 | A [5/2 sin 40, 


35 HB | sin [4(98—89)] A 
fs eS See oe Ve 4126) 
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(4) Hall coefficient—Following Donovan and Sondheimer (1953) we define 
the Hall coefficient Y(w,H) by 


Y(o,H)=-+E, (0) | E s T.(e)de| ; | ” J,(2)dz2=0 
0 0 
= —(4nee-*)iE,(0)/HE;(0) ; B,(0)=0. 
From (4.16) we obtain 


Y(,H) =ij(4nme-*)(Ay Ag) /|(H-2A4 Ag) 
=ij(2nwc—)H-[(A +jHB)*—(A —jHB)*] (42 +H2B?]-4. 
Bi oct ee (4.27) 


As in Section IV (b) (ii) (1), equation (4.27) can be expanded in ascending powers 
of HB/A, yielding 


5 H?| B |? ; 
Y(w,H)=— ae exp [Hi@9—86))}1— 37 . 2 exp [2i(@ —8) 
4) Bla 
a a exp [4i(@ —8)] —. . {. walle Nahin 3 (4.28) 
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APPENDIX I 
Estimation of Two-band Model Parameters 

The parameters of a metal or semiconductor may be determined from the 
experimentally measurable functions ©,,, ©,,, ,,, and ¥’,, defined in Section 
III (a). It is convenient to consider this problem separately for metals and 
semiconductors since, in general, the above functions assume different forms 
for each case. 

(i) Metals.—In metals the electrons and holes form strongly degenerate 
systems, i.e. Fermi energy C>k7. Under these conditions, convenient experi- 
mental parameters are A,, A,, My) M5) Tny Tr Gry and C, (see Section II). We 
now proceed to show how these quantities may be estimated from the four 
fonewong, Oo. OD. Fn; and«T ;,. 


All the above functions have been expressed in Section III (a) in terms of 


the integral 
kx co 8 fit+k Of o 
L, (0) = | | ites ate 


which, for €>kT, may be evaluated by applying the asymptotic expansion first 
given by Sommerfeld (1928) 


z | a o(B)pgaw = o(L) + 5lnkT PRO 4. we Fare (1) 
0 


From (1) we obtain, to first order terms in k7'/C, 


Substitution of (2) in (3.3), (3.4), (3.7), and (3.9) yields 


D 51 (0) = Me(t, m3 C3? +7 m3 C?) =p +G py secre er ercecece ens (3) 
eee ee OG a et en ee 4 

Pel) =F eH Tyee Pesta a eee Bree (4) 
DE AO) C—O gy a Se eee ce reeves sauces (5) 
=e Ld Te GO Bre ee 6 

Perl) = Te aH T--u2a” A eB (6) 
EF .1(0)= —(A,6, +A pop) —SnOn tGp 5p) seer e eee eeeeeeees (7) 
ALG Apo» ee iG Cop 8 
e¥a)=—(77 in ttn) 12a? 12H” Sean ) 
EF (0) = —(AptnSn —A pep Op) —UnSn On —UpGpOpr ser eeeercees (9) 
Ann Apteop \ — UnbnOn _ _ oop -. (10 

PF ar(O)=— (rh ~ 14+y2H? 1+ p2H? 1+y2H” (10) 


where the electron conductivity mobility cu,—et,/m,, and the hole mobility 
CU.p=ET,/M,. 
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From the equations (3), (4), (5), and (6), which are four independent relations 
involving the four unknowns o,, o,, U,, and »,, we find that 


me) —®,,,(Q)(1 +p2H*) (11) 
He O20) — Og (Q\ eee 
O,7(0) —O,7(Q)(1 + 42H?) 
= — eT? ee (12) 
: ®, (0) —®,,(Q)1+p2H?) 


Equations (11) and (12) may be solved by successive approximations. 


The partial conductivities o,, o, are then obtainable from (3) and (5). 
The number (n) of conduction electrons and the number (p) of conduction holes: 
per unit volume may also be deduced, since (see Wilson 1953, p. 198) 


M=C,[EC,, P=O,/SCply. =. . 24-2 dae ale (13) 


The substitution of p,, u,, o,, and co, in (7), (8), (9), and (10) yields four 
linear equations which may be solved for the four unknowns A,, A,, ¢,, and ¢,. 

The parameters t,, t,, m,, and m, are. then obtainable, since from (3), (4), 
and (5) we have 


T 


_(Cu,0n)*(  3h®_\8 
"8G, \16V 27? 
My =ETp/ Une, 


with similar expressions for t, and m,. 


Finally, the difference in energy (AH) between the base of the normal band 
and the top of the inverted band may be deduced from the relation AE=A,—A,. 


(ii) Semiconductors.—In many semiconductors the electrons and holes form 
non-degenerate systems (C<0). In this case the most convenient parameters. 
are : 

(a) The electron and hole densities n and p. 

(b) The conductivity mobilities u, and u,. 


As we have assumed (Section IT) that both electrons and holes have Fermi-Dirac 
distributions, m and p are given by (Wilson 1953, p. 15) 


na 18V2rmn” [ 9322 on an, 


3h pooks 

Lt eat ian) Saige Rees ea eee (14) 
a 16 V2nme i BPD oan 

3h8 ” OB, 


In terms of the integral J,,(~) (Section III (a)), equations (14) may be written 


n=m,e LT ,,(0), i 
Pp =m eT 9;,(0). 


The mobilities are defined by (Shockley 1950, p. 16) 


oK0—e(ny, +p): 
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From (3.3) and (3.11) we have 


oX9— DO, (0) =e[141,(0) +141,(0)], ......-. (16) 
and hence 
Len ee (0)/n=e14,,(0)/m,1o1,(0), ; 
p= T11,( (0) )/p=e11,( 0)/m ,T o1p(9). 
The above four parameters may be determined from ®,, and ®,, a8 we now 
proceed to show. On combining (3.3), (3.4), and (16) we obtain for these 
functions 


® -,(Q)=ef{ny, [Ly1,(Q,)/L41,(0 +p, Liry( 0) ,)/L41,(0 ee LS) 
Ff Loin(O)Lorn(Qn) eLoro(O)L ere 19 
O,7(Q) |" n T,(0) D 13,,(0) OD OiGes So60 ( ) 


It is then necessary to evaluate the integral 


- oO _sAit+t foam 
i » L-batr? FT iia 


For non-degenerate systems, fy=exp . (€—E)/kT], and therefore (unlike case (i)) 
the energy dependence of +t must be taken into account. This varies with the 
scattering mechanism. Here, we consider in detail only the special case of 
scattering by the thermal vibrations of the lattice (tc H-+). For ionic-impurity 
scattering [r—g(H)H?/?] an exactly similar method is applicable, provided the 
slowly varying function g(H) is replaced by a constant g(H,,)—for a further 
discussion of this point see Dingle (1955), Beer, Armstrong, and Greenberg 
(1957)—and only the numerical constants differ in the final results. The third 
important case of mixed scattering is considerably more complicated since one 
further parameter (the ratio of thermal to ionic scattering) must also be evaluated. 


For thermal scattering we have tocH-? (Wilson 1953, p. 265) and therefore 
L,, may be written 


rr 2-8/2 
Pissaiorn |y < t= Send ae Ge ee (20) 
L,,(a) =(k) iio rs a 
| | 
= (ea +hate (1 a a 3) 1A; 43/2-s/2(Xa"), Some ono (2 1h) 


where y=E/kT and t=ay-*. The integral 


Awa gry ay 


hag been tabulated by Dingle, Arndt, and Roy (1957a). 
For the two special cases of e=0 and #71, equation (21) reduces to 


L,(0)—= (EE) Hates (1-45 2 3)! a ie a ee (22) 


L 


st 


(2) = (REY Hat-teeto-2( as - >)! eer (23) 
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On combining (17), (18), (19), (22), and (23) we obtain 


Do1(0)=E(Mp pty) 22 eee recccccesceecnecs (24) 
32ce(n | p 

HOD 5, (Cy —+--) for 077°%>1, ...... ae 

l= Bo (E +r) >, (25) 

Dpy(0)=(Bre/8e)(np2—pp2), ... eevee eee (26) 

F2O,.<Q)=coln=p) for Orsi 22.2. ee (27) 


These four algebraic equations can be solved for n, p, u,, and p,. 


The values of the parameters A,, 4, may then be deduced from Y’,, and ‘V7 
since equations (3.7) and (3.8) reduce to 


V21(0)=—A,nu, —A Dip —I»,(0) +1 2,(0) 
= —(A, +2kT) nu, —(A,—2kT)pp.,, oP Ce aa, 2a E (28) 


¥ pr(0)=—(3n/80)(A,nu2—A ,pu2) —eo[m—1T55,(0) +19 (0)] 


= —(37/8¢) |(4e+ SE maz —( Ay 5k) pu]. een = (29) 


Finally, the energy gap (AZ) between the bands may be deduced from the relation 
AH=A,—A,. 
ier 


ON THE CYLINDRICAL PROBE METHOD OF MEASURING THERMAL 
CONDUCTIVITY WITH SPECIAL REFERENCE TO SOILS 


I. EXTENSION OF THEORY AND DISCUSSION OF PROBE CHARACTERISTICS 
By D. A. DE VRiss* and A. J. PEcK* 
[Manuscript received December 3, 1957] 


Summary 


The theory of cylindrical probes for measuring thermal conductivity is extended 
to the case of a probe of finite conductivity containing a line source at its centre. This 
provides a more realistic approximation to most actual probes than the theory for a 
probe of infinite conductivity developed by other authors. New experimental results 
are presented which are in complete agreement with theory. It is shown how an 
estimate can be obtained of ‘the magnitude of a possible thermal contact resistance 
between the probe and the medium and how its influence on the measured conductivity 
can be assessed. 

Conditions under which the theory of the infinite line source can be applied with a 
sufficient degree of accuracy are treated. The properties of various probes described 
in the literature are reviewed in this respect. The importance of measuring both the 
heating and the cooling branch of the temperature against time curve is emphasized. 
Difficulties in measuring thermal diffusivity with the probe are briefly discussed. 


I. INTRODUCTION 

Measurement of the thermal conductivity of soils and thermal insulating 
materials has received much attention over the past 10 years. One can 
distinguish between two groups of investigators interested in the subject who 
apparently have not always been aware of each other’s activities in this field 
(see for instance a recent discussion in Nature: de Vries (1956), Webb (1956, 
1957), Makowski and Mochlinski (1957)). The first group is that of engineers, 
who are interested in thermal properties of the soil in connexion with heat transfer 
from buried cables and coils of heat pumps, road construction, etc. The second 
group consists of soil scientists, hydrologists, meteorologists, oceanographers, 
and agronomists, who are concerned with such problems as the energy balance 
of the Earth’s surface, the temperature regime of the upper soil and lower air 
layers, and the measurement of soil moisture content by thermal methods. 


Steady state methods are not very suitable for use with soils. They cannot 
be applied in situ and in addition the soil water will redistribute itself under the 
influence of a temperature gradient. Various non-stationary methods have 
been proposed in which the temperature rise is measured of heated test bodies 
of various shapes which are inserted in the soil (Chudnowskii 1946, 1954 ; Skeib 


1950; Misener 1952). 


* Division of Plant Industry, C.S.I.R.O., Deniliquin, N.S.W. 
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Most actual measurements have been made with needle-shaped cylindrical 
test bodies (which we shall call cylindrical probes or, briefly, probes). These 
probes contain as a heat source a thin metal wire which is heated electrically ; 
the temperature rise is measured by means of a thermocouple with its “ warm es 
junction inside the probe near its centre. They can be installed in situ fairly 
easily without appreciable disturbance of the soil near the measuring thermo- 
junction. When properly constructed and dimensioned the theoretical inter- 
pretation of the results is simple. In its simplest form the probe consists of a 
‘single heating wire, the temperature of which is measured by means of a thermo- 
couple or by a resistance method. 

The cylindrical probe method was first suggested by Schleiermacher (1888) 
and independently by Stalhane and Pyk (1931). The method was developed 
and used for measuring the thermal conductivity of liquids by Weishaupt (1940) 
and by van der Held and van Drunen (1949). The work of the latter authors 
‘served as the basis for many further developments. More recent work on the 
thermal conductivity of liquids was published by van der Held, Hardebol, and 
Kalshoven (1953), Gillam and Lamm (1955), Gillam ef al. (1955), Hill (1957). 


T .e method was first applied to soils by Hooper and Lepper (1950) and 
indey endently by Skeib (1950). Later work on soils was published by Hooper 
(19€2), Mason and Kurtz (1952), de Vries (1952a, 1952b, 1953), van Duin and 
de Vries (1954), de Vries and de Wit (1954), Buettner (1955a), Makowski 
and Mochlinski (1956). Closely related to the work on soils is that of Bullard, 
Maxwell, and Revelle (1956) on sediments deposited on the ocean floor. 


Cylindrical probes were used to measure the conductivity of thermal 
insulating materials by Hooper and Lepper (1950), d’Eustachio and Schreiner 
(1952), Mann and Forsyth (1956). 


Measurements on rocks were published by Beck, Jaeger, and Newstead 
(1956). 

The interpretation of the measurements is in most cases based on the theory 
of the infinite line source, supplemented by theoretical estimates or calculations 
of the influence of finite dimensions. A first attempt by van der Held and 
van Drunen (1949) to calculate the influence of the finite (i.e. non-zero) probe 
radius was unsatisfactory. This was recognized subsequently by van der Held, 
Hardebol, and Kalshoven (1953) and independently by Blackwell (1954). These 
‘authors treated the theory for a probe of finite radius and infinite thermal 
conductivity. The theory for this case was elaborated by Jaeger (1956). 
Blackwell (1954) also discussed the case of a hollow probe of finite conductivity 


with heat supplied at its surface. In a later paper Blackwell (1956) treated the 
influence of the finite probe length. 


In the present paper the theory is extended to the case of a homogeneous 
probe of finite conductivity with a line source of heat at its centre. This gives 
@ more realistic approximation to most actual probes than that of preceding 
theories. A detailed interpretation of experimental results obtained on dry 
‘sand with probes of various construction is given on the basis of this theory. 
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Following the discussion of probe theory and characteristics in this paper 
we shall treat the complications due to moisture effects in experiments on moist 
soils in a second paper. 


II. NOTATION AND UNITS 

a, Thermal diffusivity of medium (cm? sec-), 
a;,, thermal diffusivity of probe (cm? sec-), 

c, specific heat (cal g-! °C-), 
C=pec, volumetric heat capacity of medium (cal cm-% °C-}), 
, volumetric heat capacity of probe (cal em-? °C-), 
heat transfer coefficient (cal em-? sec-! °C-1), 
ny modified Bessel function of first kind and order n(=0,1), 
n» modified Bessel function of second kind and order n(=0,1), 
l, half length of probe (cm), 

p, variable in Laplace transformation (sec~'), 

q=(p/a)* (em-), 

q:=(p/a;)? (em), 

@, heat production per unit length of probe (cal cm—! sec-}), 

r, radial distance from axis of probe (cm), 

R, radius of probe (cm), 

R,, outer radius of soil sample (cm), 

t, time (sec), 

t,, time at end of heating (sec), 

T, temperature (°C), 

Ty, initial temperature (°C), 

T,;, probe temperature (°C), 

o=A/A;, 

B=C,C, 

y=0-5772, Euler’s constant, 

5, thickness of air gap (cm), 

4=A/RH, dimensionless contact resistance, 

A, thermal conductivity of medium (cal cm-! sec—1 °C-), 
air, thermal conductivity of air (cal cm— sec-} °C-1), 

A, thermal conductivity of probe (cal em~ sec °C"), 

0, density (g cm-%), 


by 2 


Ae 


c=at/R, 
T= a1, /F?, 
Ty) =at/l*. 


III. PRoBE THEORY 
(a) The Infinite Line Source 
In its simplest form the theory of the cylindrical probe is based on that of 
the infinite line source embedded in an infinite, homogeneous, isotropic medium. 
The Fourier equation of heat conduction can then be written 


ar (ar 1 ar 
a “Vor? or Ory’ 
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The initial and boundary conditions are : 


T=T,, for t=0, and for r=oo (t finite), ...... (2) 
Q=—lim 2mdreT/or, for 120. ......-----+2--- (3) 
r—>0 
The solution to this problem is (Carslaw and Jaeger 1948) 
T —T,=(Q/47A)[—Hi(—r?/4at)].  ......-.-.-- (4) 


The exponential integral can be expanded as 
—Hi(—#)= —y—In 7+a—}07+0(7%). .......... (5) 
Hence for 4at/r?1 we have to a good degree of approximation 
T —T,=(Q/47A)(—y +In +I 4a/r?). ........ (6) 


When the source discontinues to operate at time ¢, we must replace condition 


(3) by 
Q=—lim 2nAreL jer, for 0<t<t,; Q=0, for t>+#,. a (o2a) 


r—0 


The solution now becomes 

T —T,=(Q/47A)[ —Hi( —r?/4at) + Ei{ —r?/4a(¢—t,)}], for t>t,, .. (4a) 
or, for 4a(¢—t,)/r?>1, 

TP 5=(Q 4rd) In tf] (64a ee ic. wae os dalees ee ea (6a) 


As we shall see below, a line source can be realized to a good degree of 
approximation by a thin metal wire (e.g. diameter 0-01 cm) which is heated by 
an electric current during the time interval 0 to ¢,. In that case 4 can be found 
from an experiment by plotting 7 —T, against In t for t<t,, and also by plotting 
(Q/47A)(—y +n 4at/r?)—(7—T,) against In (t—t,). Values of the first term in 
this expression for (>t, are found by extrapolation of the line observed for t<¢,. 
The derivation of > from both the heating and the cooling branches of the 
temperature-time curve provides a useful check on the procedure. This is of 
Special importance in the case of measurements on moist porous media as will 
be discussed in Part II (de Vries and Peck 1958, in press). 


(b) The Probe of Finite Thickness containing a Line Source 

We shall now extend the theory to that of a homogeneous, isotropic, 
cylindrical probe of infinite length and radius R, which has an infinite line source 
at its centre. 

The heat conduction problem must then be solved for a composite medium. 
The basic differential equation is again equation (1), this time with the thermal 
diffusivity a for 7>k and a; forr<R. Instead of the boundary condition (3) 
or (3a) we now have a similar condition with A, substituted for 4. Finally, 
there are additional boundary conditions at the probe-medium interface. 
Assuming a contact resistance at this boundary with heat transfer coefficient H, 
we have 

A(T ,(R,t) —T(R,t)] = —A,0T ,/Or= —2OT Or, for r=R. .. (7) 
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Here 7;(R,t) and T(R,t) are respectively the temperatures of the probe and the 
medium at the interface. 

The solution to this problem can be found by the method of the Laplace 
transformation. Denoting transformed temperatures by a bar the transformed 
equations are in the usual notation: 

a7, 1 Pome yh 

dp it aoe eR OVS Covad DE eat hie Ce ee ea eee (8) 
ore tat pT 
adr 'r dr a 


Olp=— hm Srardt fdre = <tex tans ss (10) 
10 


SE) MEO Pye | Aad wee ote tia os thor wend (9) 


H(T,—T)=—i,aT,/dr=—dAT/dr, for r=R. .. (11) 


The solution is: 


L,—T,[p=Al, (4,7) +QK (a7)/20 Ap, .......... (12) 
T —T,/p=QatatK(qr)/2nAp??R, ............ (13) 
with 
=(Q/27Ap)[a#K, (qk) K, (9,2) +-a*ng kK, (qk)K,(q,R) —Aata-1K,(q,R)K,(qR)], 
ants, 5) 9) a oe san ear hee (14) 
A=)atl,(q;2)K, (gk) +),041, (9,2) [Ko(gh)+ngkK,(qk)], ........-. (15) 


where »=A/RH. 

The temperatures 7; and T can now be found by applying an inverse Laplace 
transformation.* However, numerical calculation of 7; and 7 from the resulting 
analytical expressions is very laborious due to the oscillatory character of the 
Bessel functions occurring in the solutions. 

Here we are principally interested in the behaviour of the solution for large 
values of time (4at/R?>1). This can be found along the lines set out by Blackwell 
(1954). The expressions for T, and 7 are expanded in ascending powers of p 
and the resultant series is infograted term by term along a contour in the p-plane 
which is cut along the negative real axis. This contour follows the lower negative 
axis (we-™!) from —oo to the origin, circles the origin counter-clockwise, and 
returns to —oco along the upper negative axis (we). Using the contour integrals 
listed by Blackwell and 


1 1 
— meria Pettyecgrah Gals dived Raab Mi «Mot bhei ae 6 1 
il 2 t 

ond p In? (cp)e?dp = (i a Y 1), Bi tidg atl aiken (17) 
Lent (epieedn=- (atin ey) 6(in bn? (18) 
Sart helen (cp)e PA ea rE salt — 20 . 


* D. A. de Vries, unpublished result (for 71=0 only). 


H 
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(where the integration is along the contour and ¢ is a real constant), we obtain : 
T. (r,t) —T,=(Q/4nA)G,(t,y,0,8,7/R), for r<R, .... (19) 
T(R,t) —T =(Q/4rA)G (tT, 0,8), - eee ee cee ee ence (20) 


with «=A/d,, B=C,/O, and t=4at/R?. The functions G; and @ are in dimension- 
less form : 


G,=In t+—y +2y —2e In (r/R) +6;, 17-1 +0(t7 In? t), .... (21) 

with 
¢;, -1=2(1—8)(In t—y) +2 —4nB —208 +aBr?/R?, ........ (22) 

and 
G=In +—y+e_,t-1+¢_,t* + O(t 7 In? t), «1-25... ees (23) 

with 
6_4=2(1—B)(In t—y) +2 —2yB—aB, ..... 1. ce en ee eee een ee ee eeees (24) 

¢-g= —3(1—B)*(n s—y)?-+(—1 —48 +66" + 208 382 +-4n8 —898%)(In +—y) 


3 
2 


+ 5n4(L 6)? +-—48 +308? sone 8B? —3yaB?—4y728?. .... (25) 

It can be easily checked that G; and @ reduce to (5) for .=68=1 and 7=0. 
For a probe of infinite conductivity («—0) the expression for G; reduces to those 
given by Blackwell (1954) and Jaeger (1956) for large +. Terms of the order 
7 * were not computed for G; because of the unwieldiness of the resulting expres- 
sions. However, in the applications considered below it is safe to assume that 
the term with t~? in G; is of the same order of magnitude as that in @. A further 
discussion of these equations is given in Section IV. 


Equations (19) and (20) hold for the heating branch only. For the cooling 
branch (f>t,) we have, analogous to equation (4a) : 


P(1,t) —T)=(Q/4nA)[G;(t,n,0,8,7/R) —G;(t —7 1), 0,8,7/R)], .. (26) 
T(E,t) —Ly=(Q/4)[G(z,, 0,8) —@(t —1,7,0,8,)].. 2.260002. (27) 


(c) Miscellaneous Factors 

In the interpretation of a thermal conductivity experiment we must also 
consider systematic errors arising from various factors apart from the finite 
radius of the probe. These factors are: finite length of the probe, finite dimen- 
sions of the sample, the inertia of the temperature-measuring system, and factors 
connected with moisture movement and an uneven distribution of moisture in 
the sample. The moisture problems will be discussed in a separate paper; a 
brief discussion of the other factors is given in this subsection. 


The influence of the finite probe length can be made arbitrarily small, of 
course, by a proper choice of the probe dimensions. Blackwell (1956) has 
derived an upper limit for the relative error in the slope of the T, against In t 
curve due to axial heat flow on the assumptions that the probe is a good conductor 
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and that heat is generated uniformly throughout the probe. His equation for 
this upper limit reads in our notation 


aT, (R,t)/ant 2(1—a8) 
; Q/47 a lsh atte 


(In t—y- 2) exp (=—7;-*), ««-(28) 


with t,—4at/l?, where J is half the probe length. Once the probe diameter and 
the heating time are fixed a proper value of J can be derived from equation (28). 
As we shall see in the following section, this does not lead to excessive probe 
lengths. 

The influence of the finite dimensions of the, soil sample can also be made 
sufficiently small without difficulty by a proper choice of the dimensions of the 
sample container. We propose the following simple criterion for this purpose : 
the amount of heat passing through the walls of the container must be small 
in comparison with the heat input at the source during the time of heating. 
Since we are only concerned with its order of magnitude a sufficiently accurate 
estimate of this amount of heat can be obtained by application of the solution 
for an infinite line source. For a long cylindrical sample container with radius 
R, this leads to the inequality 


Ox (— ha /400 As on sare Sects ane (29) 


The temperature is usually measured near the centre of the source by a 
thermocouple in connexion with a galvanometer. The inertia of this system 
will be negligible for the type of temperature variation encountered here when 
the time at which the first reading is taken is large in comparison with the period 
of the galvanometer. In our experiments the former was not less than 10 sec 
and the latter was 0-2 sec. In this case the error in the measured deflection 
is less than 1 per cent. 


IV. NUMERICAL AND EXPERIMENTAL DATA. 

In this section we shall apply the preceding theory in discussing the various 
current methods for measuring the thermal conductivity of soils by means of 
heated cylindrical test bodies. The methods used previously by one of us 
(de Vries 1952a, 1952b) are treated in detail and new experimental results are 
presented to illustrate the argument. A brief discussion of probes described 
by other authors is given in subsection (d). 

Thermal properties of various materials used in the construction of probes 
are listed in the upper part of Table 1, whilst those of soil materials and soils 
are given in the lower part of this table. The former were taken from handbooks 
of physical constants, the latter were derived from various sources (see de Vries 
(1952b) and dé Vries and de Wit (1954)). 


(a) Single Wire 
The simplest form of a linear heat source is that of a straight metal wire 
heated by an electric current. We have used constantan and manganin wires 
with diameters of 0-01 to 0-:02cm for this purpose. The temperature 
‘was measured by means of a thermojunction as close as possible to the centre 
HH 
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of the wire. The thermocouple was made of copper and constantan wires with 
a diameter of 0-01cm. All wires were enamelled to secure good electrical 
insulation between the heating circuit and the temperature-measuring circuit. 
This method was employed previously by one of us (de Vries 19526) for laboratory 
determinations of the thermal conductivity of a sand at various temperatures 
and moisture contents. 


TABLE 1 


THERMAL PROPERTIES OF VARIOUS MATERIALS AT 20 °C 


Specific Vol. Heat Thermal Thermal 
iMinteral Density, Heat, Capacity, Conductivity, Diffusivity, 
fe) c C Xr a 
(g cm-?) (cal g—1 °C-1) | (cal em-* °C-*) |(cal cm sec-4 °C) | (em? sec) 
Copper 8-89 0-092 0-82 0-92 1-12 
Manganin 8-50 0-097 0-82 0-15 0-18 
Constantan. 8-88 0-099 0-88 0-054 0-061 
Monel 8-90 0-098 0-87 0-052 0-060 
Glass* 2°6 0-2 0-5 2-6 x10-% 5 x 10-3 
Paraffin 0-89 0-69 0-61 0-6<x10 1-0x10-* 
Aare 0:-0012 0:24 0- 00029 0-062 x 10-8 0-21 
Quartz a 2:65 0-175 0-46 0-020 0-043 
Many soil 
minerals* 2-65 0-175 0-46 0-007 0-015 
Soil organic 
matter* .. 1-3 0:46 0:60 0:6 L059 10 Oe 
Soil, mineral, 
dry* ni 1-50 _— 0-26 0-5 x10-% 19x 1055 
Soil, mineral, 
saturated* 1-93 — 0-69 5 x Los oe One 
Soil, organic, , 
dry* hee 0-13 — 0-060 0-08 x 10-8 Tiel Oe 
Soil, organic, : 
saturated* 1-03 — 0-96 [-ZPclOs 13x 1052 


* Approximate average values. 


For a heating wire of sufficient length the temperature will lie between that 
given by equations (19) and (20) for the heating branch and equations (26) 
and (27) for the cooling branch, where in (19) and (26) we must take r—R. 
Strictly, we should apply similar equations derived for heat production throughout 
the wire instead of at its centre, but the differences are negligible here because 
the conductivity of the wire is large in comparison with that of the soil. 


From the data given in Table 1 it can be easily checked that for R-values 
of 0-01 cm or less the terms of order t~1 and higher negative order in equations 
(21) and (23) are negligible for t> 10 sec, unless y is very large, say greater than 
10. Such large values of 1 are unlikely when soil is packed around the wire, and 
a numerical example given below leads to a value of the order of unity. 
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During our experiments the heating time, t,, is usually 180 sec. It follows 
from equation (28) that the relative error due to axial flow is less than 1 per cent. 
for />5 cm, the actual /-value being usually 7-5cem. Finally R, in (29) was 
5em or more, which, with a<10-2cm2sec-! and t,=180 see, leads to 
exp (—Ri/4at,)<0-03. 

Results of an experiment conducted with a dry coarse quartz sand (particle 
sizes ranging from 0-060 to 0-085 em) and with a manganin heating wire of 
0-01 cm diameter are presented in Figure 1 (line a). The density of the sand. 
was 1-549 cm~°, its temperature 20 °C. It will be noted that deviations from 


0-80 
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Fig. 1—Temperature rise, T7—T), against time, t, for thermal conductivity 

experiments. For the cooling branch time is counted from end of heating (180: 

sec) onwards and points are corrected for the influence of previous heating (see 

Section III (a)). Line a, single heating wire, heat input Q=2-3 x 10-4 cal cm 

sec-1; line 6, heating wire in glass capillary, Q=8-0x10~4 cal cm- sec—}, 
line c, probe, Q=6-5 x 10-4 cal cm! sec-1. 


the logarithmic relation are negligible. The value of A following from this 
experiment was 0-67 x10-% cal cm~! sec"! °C-1. Each of the three examples 
given under (a), (b), and (c) in this section are typical of several runs taken on a 
sample which gave the same results within the experimental accuracy (--5 per 
cent. for A). 

From equation (21) with r= it follows that the intercept of an extrapolated 


line on the horizontal axis is 
eae AG ON G28 Sisley capt ss ate eerste (30) 


whilst according to equation (24) this intercept becomes 


TECTEa Ae SMES oadclace oi Seis oe (31) 
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The observed intercept will lie somewhere between these two theoretical values, 
probably close to the former. When 7=0 the two intercepts coincide. In our 
example we find, with »=0, C=0-27 cal em-3 °C-1, and t=5-15 x10~* sec, an 
R-value of 0:0017 cm. This is less than the actual value of 0-005 cm. Sub- 
stituting the latter in (30) we obtain y»=—1-08. 

A contact resistance will be due to an air gap between the heating wire and 
the medium. For an annular gap of thickness 3 we have 


= (idan) LRP e)) eee a ee (32) 


In the present example this leads to a 5-value of 5 x10-*cm, which is small 
in comparison with the soil particle size and with the diameter of the wire. 

Apparently large positive or even negative values of 1 have been observed 
when the galvanometer received a leakage current from the heating circuit. 
Such a leakage is easily detected by reversing the direction of the heating current. 

The methods used in the experiments given in subsections (a), (b), and (e) 
were previously described in detail by one of us (de Vries 1952a, 1952b). Here 
we shall by way of example give detailed information on the experiment with 
the single heating wire. 

The resistance per unit length of the wire was determined at 
0-610 +0-005 Q cm-1, the heating current was measured at 0-0400+0-0005 A, 
which leads to a Q-value of (2-33-0-08) x10-4 cal cm! sec-!. The time of 
heating was 180 sec. 

The temperature rise was measured by means of a copper-constantan 
thermocouple connected to a micro-Moll galvanometer. The sensitivity of this 
System was 0-282-+0-003 °C per cm deflection on the galvanometer scale. The 
‘time was measured with a stopwatch when a line-shaped light mark coincided 
-with a millimetre division on the scale. The following results were obtained : 


Heating | Cooling 
Deflection (mm) 10 11 12 3 2 ih 0:7 
Time (sec) a6 13 33 90 191 213 315 420 


The accuracy of the time readings was better than +0-5 sec. Towards the 
end of the cooling run the movement of the light mark became so slow that the 
uncertainty in the reading of the coincidence of the mark with a scale division 
was of the order of +5 sec. However, such an error represents only a small 
distance on the logarithmic time scale for the times concerned. 

From a graph of 7 —T, against log ¢ the slope of the resulting line is deter- 
mined at 0-064-+0-001 °C, from which A is found at (0-67 +0-03) x 10-3 
‘cal em! gec— °C-1, 

(b) Heating Wire in Glass Capillary 
A thin heating wire is not always suitable for use in moist soils owing to 


the fact that relatively large values of the temperature gradient occur close 
to the wire. This can lead to a strong migration of moisture near the wire. We 
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therefore also use a heating wire fitted in a glass capillary with an external 
diameter of about 0-05 cm and internal diameter Slightly greater than the wire. 
In that case the steepest temperature gradients are found in the glass instead of 
in the soil sample. The thermojunction is located outside the capillary as close 
aS possible to its outer surface. 


For &-values of about 0-025 em and ¢>10 sec the terms of order t—) and 
t~* are still negligible with mineral soils unless y is large. However, 7 will be 
smaller in this case than with the single wire and 7 will be negligibly small when 
the diameter of the probe is of the same magnitude as the sizes of the larger 
soil particles, assuming that the soil is well packed around the probe. 


An exception must be made for organic soils of low density at low moisture 
contents (see Table 1), where the terms with t—! and t~? in (23) are not negligible 
in comparison with In t—y, mainly due to the large value of 8. In these loosely 
packed dry soils large values of y can also be expected. 


Errors due to axial flow are again negligible for 1>5 cm. Equation (28) 
is not strictly applicable in this case because the conductivity of the probe is 
not necessarily large in comparison with that of the soil. However, this equation 
will still give a fair estimate of the error because in this case the dominant term 
is mh? exp(—7;1). This term is due to deviations from radial flow in the 
(infinite) medium surrounding the probe and is independent of its diameter and 
thermal properties. 

As an example results of an experiment with a heater of this type on the 
same coarse sand as mentioned above is given in Figure 1 (line 6). The density 
of the dry sand was 1:58 gcm-%, its temperature 17 °C. The measured con- 
ductivity was 0-73 cal cm—! sect °C-1. From the intercept on the horizontal 
axis (0-035 sec) and equation (31) we find R=0-014 cm, which is smaller than 
the actual value, 0-030 cm. Substitution of the latter in (30) leads to 7=—0-38 
and from (32) to 5=1-0 10-3 cm. 


(c) The Thermal Conductivity Probe 
A probe for measuring thermal conductivity of soil in situ was developed 
by one of us (de Vries 1952a, 1952b). Its construction and dimensions are 
shown in Figure 2. An automatic recording apparatus to be used in connexion 
with the probes was described by van Duin and de Vries (1954). 


The diameter of the probe is about 0-11 cm. Average values ot A; and C; 
will be used in finding « and 8. From the composition of the probe its average 
volumetric heat capacity is found to be 0-63 cal cm-% °C-1, The average radial 
conductivity of the probe outside the heating wire is estimated at 1-0 x10-* 
cal cm-! sec! °C-1. It will be noted that the thermal resistance is mainly 
located in the paraffin. The distance of the thermojunction from the centre of 
the heat source is approximately 0-025 cm. Values of y will be negligibly 
small when there is a good contact between the soil and the probe, except for 
very coarse sand or soil of very low density. 


It can be easily checked that for t>10 sec terms of order a and of higher 
negative powers of t in equations (21) and (22) are still small in comparison with 
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In t—y for mineral soils and for wet organic soils. A numerical example is 
given below. For very loose and dry organic soils these equations can no longer 
be applied, because the various terms become of the same order of magnitude. 
Apart from experiments with the latter soils (which are very rare), the theory 
of the line source can be applied to a probe of this construction to a sufficient 
approximation. 

As an example we give the results obtained with a probe in the same coarse 
sand as mentioned before at a dry density of 1-54 g cm-* and at 20 °C (Fig. 1, 
line c). Slight deviations from the linear relationship occur with the first few 
points ((=13 and 20sec), which are of the expected magnitude. On such 


1CM 


Fig. 2.—Radial and longitudinal cross sections of probe. 1, Monel gauze 

(filled with paraffin wax); 2, glass capillary; 3, paraffin wax; 4, thermo- 

junction ; 5, heating wire ; 6, constantan wire ; 7, copper wire; 8, insulating 
cover; 9, plastic socket. 


occasions more weight is given to the points at higher ¢ in drawing the line. In 
this case the value of A was found to be 0-71 x10-% cal em-! see-! °C-1. With 
C=0-27 calem- °C-1 this leads to a=2-63 xX10-* cm? sec1, «=—0-71, and 
B=2-33. At t=13 sec we find t=45-1. 


From equation (21) with 70 and the observed intercept on the horizontal 
axis ((=0-13 sec) we find r=0-021 cm, which is sufficiently close to the estimated 
value (0-025 cm) to support the assumption y=0. Using equation (21) with 
t=13 sec we have: Int—y—2aln7r/R=4-607 and c¢,_1t~!1=—0-214. The 
relative deviation from the straight line due to the term ¢;,_;7~—! is therefore 
—0-214/4-607= —0-046. In comparison, the observed value at t=13 is 
—0-045 (+0-005 due to a possible random error in reading t); this includes, 
of course, the effect of terms with higher negative powers of t. The values of 
the various terms on the right-hand side of equation (23) are in this case: 
In t—y=3 -234, e_yt-4= —0-172, and ¢_yt-?=8-8 x10-5. With increasing ft, i.e. 
for longer times or for larger a (moister or denser soil), the deviations from the 
theory of the line source become even smaller. 


According to equation (21) the intercept for T=T, is 


t=(R2/4a)(r/R)2#ev-2", 0 ee eee ee (33) 
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From this equation a check can be obtained on the approximate value of Ns 
This is of special importance in field experiments, where it would otherwise 
be impossible to know whether or not a sufficiently good thermal contact between 
the probe and the soil exists. A value of a based on an estimated value of C 
will suffice for this purpose. Such an estimate can be obtained from the dry 
density of the soil (measured on samples taken when placing the probes) and its 
approximate moisture content which follows from the measured conductivity. 


When » is not negligible its influence on the value of 4 can be assessed from 
equation (21). The term 2y has no influence on the slope of the 7 —T, against 
In¢curve. The contribution of y to the correction term of first order is 


2 4nB OR? O,R8 
T eid In (143 5) Oia Sata. b GAeeonenee A (34) 


which is independent of the thermal properties of the medium. If, for instance, 
5=0-01 cm we have C,R3/Agirt=1-12/t and the first order term in G; due to y 
becomes —0-112 and —0-0063 after 10 and 180 sec respectively. The resulting 
relative error in A is therefore —0-106/In 18=—0-037. The contribution of 
the terms proportional to y7-? will be much smaller (see equation (25)). 


The possible error in the A-values following from the probe experiments 
was discussed by one of us (de Vries 1952b) ; it was found to be about -L5 per 
cent. It was shown in the same paper that the A-values for a dry quartz sand 
found from probe experiments were in close agreement with results on similar 
materials obtained with more conventional stationary methods by Smith and 
Byers (1938) and Kersten (1949). In addition, it was demonstrated that a 
theoretical calculation of the thermal conductivity from the composition of the 
sand led to values which were in good agreement with the experimental ones. 


We therefore conclude that the probe method can be applied with confidence 
as an absolute method for measuring thermal conductivity. This conclusion 
receives further support from the work of others who compared probe results 
with those obtained by the guarded hot plate method (see d’Eustachio and 
Schreiner 1952; Mann and Forsyth 1956). Moreover, the material presented 
in this section shows that a detailed theoretical interpretation can be given of all 
aspects of the observed temperature curves. 


(d) Other Probes, General Remarks 

It will be clear from the foregoing examples that it is desirable to keep the 
probe diameter as small as possible to secure large values of t and thereby small 
deviations from the simple logarithmic relationship between 7 —T, andt. These 
deviations decrease, of course, with increasing time, but large values of ¢ are 
themselves undesirable. They necessitate the use of a long probe and large 
sample containers. In addition, with moist soils the amount of water that 
moves away from the probe increases with time. 


Deviations from the simple theory due to the thickness of the probe can 
be further reduced by choosing « small and 8 close to unity. These requirements 
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cannot be met entirely in a single probe over the range of A and C values found 
in soils. In some instances a hollow probe will be preferable to a solid one. 
Various characteristics of a number of cylindrical probes designed for 
measuring the conductivity of soils and thermal insulating materials are listed 
in Table 2 in chronological order of publication. In most cases application 
of the simple theory will be permissible with these probes, except that of Buettner 


TABLE 2 


DIMENSIONS, THERMAL PROPERTIES, AND TIME INTERVALS FOR CYLINDRICAL PROBES 


Time of Time 
WNuthors Diameter, | Length, Radial Thermal Vol. Heat First of 
2k 2 Conductivity, Capacity, Reading | Heating 
A; C,” ty ty 
(cm) (em) (cal em- sec! °C-4)|(cal em-* °C~1) (sec) (sec) 
Skeib (1950) 0-11 25 L210-2 0-38 50 100: 
Hooper and 
Lepper 
(950) ee 0:48 46 0-08 x 10-3 0-37 180 420° 
de Vries 
(1952a, 
19526) .. 0-11 13 1-0x10- 0-63 10 180: 
d’Eustachio 
and 
Schreiner : 
(1952)7 .. 0:076 10 0-6 x 10-3* 0-60* — = 
Mason and 
ike Py 4 
(1952)¢ .. | 0-63 60 — = 60 1500 
Buettner 
(1955a) .. 0:07 2°5 ISO >clO=* 0-60* 1 10 
Bullard e¢ al. 
(1956)... 0-086 6-34 — — 5 600: 
Mann and ; : 
Forsyth 
(1956)... 0-14 10 LO Sel Ones 0-60* 20 120) 
Makowski and 
Mochlinski 
(1956)... 0-48 46 0-08 x 10-8 0-37 40 1200 


* Value uncertain. 
+ Heater in the form of a coil. 


(1955a), which is too short. Buettner (1955b) based his design on the theory 
for a probe of infinite conductivity («=0). However, his numerical values are 
in error (cf. Jaeger 1956) and, in addition, the approximation «—0 is not 
permissible for the smaller t-values in his experiments. This probably is the 
reason for his use of an empirical calibration constant to be obtained by calibrating 
the probe in materials with a C-value close to that of soil. 
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We wish to emphasize that the determination of more than two points on 
the T—T, against Int curve is highly desirable. A procedure in which the 
slope of a line is determined from two points only (e.g. Hooper and Lepper 1950 2 
Skeib 1950) provides no clues as to the occurrence of systematic or large random 
errors. On the other hand a reasonable safeguard is obtained by adopting the 
following procedure : 


(1) lines are plotted for both the heating and the cooling branches of the 
temperature curve, which should be found to coincide within the expected 
experimental error, 

(2) a check is made on the magnitude of a possible contact resistance by 
the method set out in subsection (ce). 


For certain applications it is impossible to achieve sufficiently large values. 
of t to apply the simple theory or large time approximations such as equations 
(21) and (23). This is the case, for instance, with measurements of rock con- 
ductivity in boreholes where the probe diameter must be rather large, and in 
measuring the conductivity of liquids where convection sets in after a certain 
time. It is then necessary to apply analytical solutions, which so far have only 
been derived and calculated numerically for infinite conductivity of the probe. 
In the results reported by van der Held, Hardebol, and Kalshoven (1953) the 
probe conductivity is not sufficiently great in comparison with that of the 
measured liquids for the approximation «=0 to hold. This might account for 
the systematic error reported by these authors. 

An interesting modification of the probe method for application to liquids. 
was published recently by Hill (1957). In this method the thermocouple wires. 
also serve to carry the heating current, the latter being applied during a fraction 
of a second only. 


(e) Measuring Thermal Diffusivity 

It has been suggested by some authors (Skeib 1950 ; Misener 1952) that the 
thermal diffusivity can also be obtained from a probe experiment, whereas others. 
(Buettner 1955b; Beck, Jaeger, and Newstead 1956) have pointed to the 
difficulties of doing so. 

From equation (21) it will be clear that a can only be found when 4,, 7, R, 
and y are known. RF is easy to measure, whilst 4, and r could be determined 
for each probe by calibration in two materials of known conductivity and 
diffusivity. The value of y depends on the contact between the probe and the 
soil, which during field experiments may change in the course of time. A 
determination of a only seems possible when it can reasonably be expected that 
is negligibly small. But even then the accuracy in the value of a would be small, 
as it can be easily seen from the lines in Figure 1 that a small relative error in » 
would cause a much larger relative error in the intercept on the horizontal axis 
and thereby in the measured diffusivity. With line ¢ in Figure 1, for instance, 
a relative error of 3 per cent. in A would result in a relative error of about 20 per 
cent. in a, assuming that the observed point at ¢=100 sec is correct. 
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V. CONCLUSIONS 

It is shown theoretically that the thermal conductivity of soils and materials 
of similar thermal properties can be accurately measured by the cylindrical 
probe method. Experimental results in close agreement with the theory are 
presented. 

The outer diameter of the probe should preferably be of the order of 0-1 cm 
or less, its length of the order of 10cm. The volumetric heat capacity of the 
probe should not be large in comparison with that of the observed material, its 
thermal conductivity should preferably not be small in comparison with that 
of the material. 


An estimate of the contact resistance coefficient can be obtained from the 
observed temperature rise and an estimate of the volumetric heat capacity of 
the material. The influence of the contact resistance on the value of the thermal 
conductivity can then be assessed from the theory; it is negligible when the 
soil is well packed around the probe. 


The thermal diffusivity can be found when the contact resistance coefficient 
is negligibly small or accurately known, but no high degree of accuracy is to be 
expected. 


VI. REFERENCES 


Brcx, A., JAEGER, J. C., and NewstEap, G. (1956).— Aust. J. Phys. 9: 286-96. 

BLACKWELL, J. H. (1954). J. Appl. Phys. 25: 137-44. 

BLACKWELL, J. H. (1956).—Canad. J. Phys. 34: 412-7. 

BuEtTtTner, K. (1955a).—T'rans. Amer. Geophys. Un. 36: 827-30. 

Buettner, K. (1955b).—Trans. Amer. Geophys. Un. 36: 831-7. 

Buubuarp, EH. C., Maxwett, A. E., and REvELLE, R. (1956).—Advanc. Geophys. 3: 153-81. 

‘CarsLaw, H.S., and JancER, J. C. (1948).—‘* Conduction of Heat in Solids.” p.221. (Clarendon 
Press: Oxford.) 

‘CHuDNowskK11, A. F. (1946).—Proc. Lenin. Acad. Agric. Sci. U.S.S.R. 1946: 38-43. 

‘CouDNowskE1, A. F. (1954).—Pochvovedenie 1954: 64-71. 

van Duin, R. H. A., and DE VrRigs, D. A. (1954).—Neth. J. Agric. Sci. 2: 168-75. 

D’Eustacuio, D., and Scuretner, R. E. (1952).—Heat. Pip. Air Condit. 1952: 113-7. 

Ginttam, D. G., and Lamm, O. (1955).—Acta Chem. Scand. 9: 657-60. 

‘GitLaM, D. G., RomsBin, L., Nissmn, H. E., and Lamm, O. (1955).—Acta Chem. Scand. 9: 641-56. 

VAN DER Hep, H. F. M., and van Drunen, F. G. (1949).—Physica 15: 865-81. 

VAN DER Hetp, E. F. M., Harprsor, J., and KatsHoven, J. (1953).—Physica 19: 208-15. 

Hitz, R. A. W. (1957).—Proc. Roy. Soc. A239: 476-86. 

Hoorrr, F. C. (1952)—Highway Research Board, Special Rep. No. 2: 57-9. 

Hoorprr, F. C., and Lepper, F. R. (1950).—Heat. Pip. Air Condit. 1950: 129-35. 

JAEGER, J. C. (1956).— Aust. J. Phys. 9: 167-79. 

Kersten, M. 8. (1949).—Bull. Univ. Minn. Engng. Exp. Sta. No. 28. 

Makowski, M. W., and Moontrnsxi, K. (1956).—Proc. Instn. Elect. Engrs. A103: 453-70. 

Maxowsx1, M. W., and Moonttnsxki, K. (1957).—Nature 179: 778-9. 

Mann, G., and Forsyrn, F. G. (1956).—Mod. Refrig. 59: 188-91. 

Mason, V. V., and Kurtz, M. (1952).—Trans. Amer. Inst. Elect. Engrs. 71: 570-7. 

MisENER, A. D. (1952).—Highway Research Board, Special Rep. No. 2: 51-7. 

Scuterermacuer, A. L. E. F. (1888).—Wied. Ann. Phys. 34: 623. 

SKEIB, G. (1950).—Z. Met. 4: 32-9. 

Smiru, W. O., and Byers, H. G. (1938).—Proc. Soil Sci. Soc. Amer. 3: 13-9. 

SrAnwane, B., and Pyx, 8. (1931).—Tekn. Tidskr. 61: 389-93. 

DE Vrigs, D. A. (1952a).—Soil Sci. 73: 83-9. 


MEASURING THERMAL CONDUCTIVITY WITH CYLINDRICAL PROBES. I 271 


DE Vrizs, D. A. (19526)—Meded. Landbhogesch., Wageningen 52: 1-72. 

DE VeRiss, D. A. (1953).— Neth. J. Agric. Sci. 1: 115-21. 

DE VRIES, D. A. (1956).—Nature 178: 1074. 

DE Veiss, D. A., and Prcx, A. J. (1958).—On the cylindrical probe method of measuring thermal 
conductivity with special reference to soils. II, Analysis of moisture effects. Aust. J. Phys. 
11 (3). (In press.) } 

DE Vaiss, D. A., and DE Wit, C. T. (1954).—Met. Rdsch. 7: 41-5. 

Wess, J. (1956).— Nature 178: 1074. 

Wess, J. (1957).—Nature 179: 779. 

WeisHaurpr, J. (1940).—ForschArb. IngWes. 11: 20-35. 


SHORT COMMUNICATIONS 


LUNAR TIDES IN #,, AT BRISBANE* 
By A. D. GAZZARDT 


From an analysis of the Brisbane h’H, data for 1953, Thomas and Svenson{ 
have deduced the existence of a lunar semi-diurnal tide, with amplitude 0-69 km, 
and epoch of maximum at 6-7 hr local time. The present author has made a 
similar analysis of the Brisbane h’E,, data for the two years, 1952-1953, using 
nearly 3000 hourly readings. 

The result is shown by the harmonic dial (Fig. 1). The harmonic coefficients 
for the 22 calendar months are plotted (A), as well as the computed mean, 
shown (©). 


Fig. 1—Harmoniec dial for lunar semi-diurnal variation in h’Eg, for 
Brisbane 1952-1953. 


The outer ellipse indicates the probable error of a single month’s observation ; the 
inner one gives the probable error of the mean. 


This computed mean has an amplitude of 1:5 km, and epoch of maximum 
at 1:5 hr. The harmonic dial shows that the mean can be accepted as: 
statistically significant. The marked difference Suggested between the tides in 
H,, and in E, could be due to the difference in mean equivalent heights, 140 and 
110 km respectively in the data analysed. 


* Manuscript received December 30, 1957. 
+ Physics Department, University of Queensland, Brisbane. 
{ TsHomas, J. A., and Svzenson, A. C. (1955).— Aust. J. Phys. 8: 554. 


PHOTONEUTRONS FROM NATURAL MAGNESIUM* 
By B. M. Spicrr,} F. R. Atitum,} J. BE. B. BAGLin,t and H. H. Tarest} 


Recent experiments on photoneutron production from natural magnesium 
have produced contradictory results. Katz et al. (1954) have used brems- 
strahlung from a 22 MeV betatron to irradiate a natural magnesium target. 
The emitted neutrons were detected with boron trifluoride (BF) counters 
placed in a paraffin block. The counting system was based on a design by 
Halpern, Mann, and Nathans (1952). The measured yield curve was analysed 
by the photon difference method (Katz and Cameron 1951a) to give a cross 
section versus energy curve. This indicated two peaks in the magnesium (¥, ) 
cross section ; one of 1-8 mbarn at 13 MeV, and one of 14 mbarn at 20 MeV. 


Natural magnesium has three stable isotopes with percentage abundances 
and (y, ”) thresholds as shown in Table 1. The (y, n) thresholds were calculated 
from tables of mass defects given by Wapstra (1955). 


TABLE 1] 
ISOTOPIC ABUNDANCES AND (7,7) THRESHOLDS OF MAGNESIUM ISOTOPES 


Isotope Abundance (y,”) Threshold 
(%) (MeV) 
“Mg 78-60 16°57 
2°Mg LOO 7 +33 
*°Mg 11-29 11-12 


Katz et al. (1954) attributed the 20 MeV peak to the giant resonance of the 
24Mo(y, n) reaction and the 13 MeV peak to the »*Mg(y, n) giant resonance. 
The 24Mg(y, n) ?8Mg reaction had been investigated previously by detecting the 
12 sec Mg 8+-activity (Katz and Cameron 1951b). The results obtained in this 
experiment did not agree with the result obtained from the direct detection of the 
neutrons (a peak cross section of 9-8 mbarn compared with 14 mbarn). If, 
however, the residual activity curve is normalized so that the activity measured 
at 22 MeV is equal to the measured neutron yield from the natural element at 
22 MeV, the agreement is much improved. 


Nathans and Yergin (1955) have studied the photoneutron yields from 
enriched isotopes of magnesium (in the chemical form of oxides). Their *Mg 
sample was enriched to 99-59 per cent. ?4Mg, and their 2=Me sample to 92°33 
per cent. >Mg. Using BF; counters contained in a paraffin block they obtained 


* Manuscript received January 16, 1958. 
+ Physics Department, University of Melbourne. 
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yield curves for the individual magnesium isotopes. The yield curves were 
corrected for background due to the 1°O(y,) reaction using the results of 
Ferguson et al. (1954), and were analysed for the cross section by the total 
spectrum method. The *4Mg(y,) peak cross section (9 mbarn) agreed with 
the original residual activity result of Katz and Cameron (1951b) (9-8 mbarn), 
but was lower than the renormalized value (14 mbarn). The ?°Mg(y, ») cross 
section had a peak at 20 MeV, which is 7 MeV higher than the result of Katz 
et al. (1954). There was a plateau in the energy range 11-13 MeV. 


x12 
4:0 


3°90 


YIELD (NEUTRONS/ MOLE -R) 


SYNCHROTRON ENERGY, Eo (MEV) 


Fig. 1.—Yield of photoneutrons from natural magnesium. Back- 
ground has been subtracted. 


More recently, Yergin (1956) has obtained a neutron yield curve for natural 
magnesium (using magnesium oxide) which had a different shape from the earlier 
result of Katz et al. (1954). The yield curve obtained here was not analysed 
to give a cross section. As a result of this measurement, Yergin has said that 
the results of Nathans and Yergin (1955) cannot be reconciled with the 13 MeV 
peak obtained by Katz et al. He has suggested that Katz’s result might be in 
error if small heavy element impurities were present in the sample. 

To provide further experimental evidence, the 18 MeV electron synchrotron 
at Melbourne has been used to irradiate a natural magnesium target and thus 
determine the neutron yield as a function of synchrotron energy between 8 and 
17 MeV. A sample of the target was analysed spectrographically and found to 
contain less than 0-1 per cent. aluminium and less than 0-05 per cent. manganese. 
The photoneutrons were detected by BF; counters with essentially the same 
counting system as in the experiments mentioned above. The one difference is 
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that no gating circuit was used. This was unnecessary since the y-ray yield was. 
spread over a 250 usec interval, thus removing any danger of a pile-up of electron 
pulses. The dose was measured by a 0-25 r Victoreen thimble used as a trans- 
mission ionization chamber. Its response was compared with that of a 25r 
thimble in an 8 em Lucite cube to find the absolute dose. The neutron yield was 
corrected for background by subtracting from it the result of a run without the 
target in position. 


3-0 


~ N 
a ° 


CROSS SECTION (MBARN) 


} 


e 
8 9 10 " 12 13 14 15 16 17 18 
ENERGY (MeV) 


Fig. 2.—Cross section for photoneutron production from natural 
magnesium. 


The resulting yield curve is shown in Figure 1. This curve was analysed 
for the cross section by the photon difference method after smoothing the first 
differences of the yield curve as suggested by Katz and Cameron (1951a). The 
cross section curve is shown in Figure 2. It has a peak at 13-5 MeV of height 
2-6 mbarn. The absolute yield of neutrons at 17 MeV was calculated to be 
4104 neutrons mole“! r—!, in excellent agreement with the results of the earlier 
experiments. Katz et al. (1954) give 4104 neutrons mole r—’, and Yergin 
(1956) gives 3 x 104. 

This experiment supports Katz’s contention that there is a maximum in the 
cross section near 13 MeV. 

When comparing the yield curve obtained by Katz et al. (1954) with his own 
measurement, Yergin normalized the two curves together at 21 MeV. He then 
found that they disagreed below 17 MeV. If, however, these yield curves are 
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normalized together at 15 MeV (below the 1*O(y, ») threshold, remembering that 
Yergin’s measurement was done with MgO), the two curves diverge above 
15:7 MeV. This is where the neutron yield from oxygen becomes appreciable, 
suggesting that the oxygen subtraction made by Yergin could be faulty. 


In the light of the experiment on the neutron yield from ?°Mg by Nathans 
and Yergin (1955), the original interpretation given to the 13 MeV peak should 
be revised. This attitude is supported by noting the arbitrary normalization 
process required to relate the earlier experiments on ?4Mg(y,”) using residual 
activity techniques (Katz and Cameron 1951b) with the ?4Mg(y, ) cross section 
deduced from the natural magnesium experiment. 


A recent experiment by Cook (1957) has shown the existence of a “‘ pigmy ” 
resonance, that is, a small resonance on the low energy side of the giant resonance, 
for C. With this in mind, we suggest that the peak in the sum of the (y, 7) 
cross sections for 7®Mg and 2*Mg may be of this type. The *4Mg(y, ) reaction 
does not contribute in this energy region because its threshold is at 16-6 MeV. 
As there has not been an accurate determination of the ?*Mg(y, m) cross section, 
it is not possible to assign the peak to one isotope or the other. 


The authors wish to record their appreciation of the interest shown in, and 
the encouragement given to this work by Professor Sir Leslie Martin. 
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A SUGGESTED IMPROVEMENT TO THE C.W. TECHNIQUE FOR 
MEASUREMENT OF METEOR VELOCITIES* 


By J. 8. MArnstonz,t W. G. ELForp,} and A. A. WEISst{ 


Radio methods of measuring meteor velocities, whether by pulse (Davies 
and Ellyett 1949) or C.W. techniques (McKinley 1951), ultimately depend on a 
knowledge of the separation, along Cornuw’s spiral, between points representing 
any two maxima or any two minima of the echo waveform. The relation 
S=$Vv/(R,A), where R, is the minimum range of the echo and d is the wave- 
length, enables these ‘‘ zone values” Y to be correlated with line segments s of 
the meteor trail. The time taken for the meteor to traverse the distance s is 
obtained from the echo, and hence the velocity of the meteor can be found. 


Most sources of error in velocity determination can be attributed to distortion 
of Cornu’s spiral in some way or another, and are common to both pulse and 
C.W. systems of measurement. The effects of wind shear (Kaiser 1955) and 
non-uniformity of ionization cannot be eliminated, in general, but are not serious. 
The effect of transverse polarization (Billam and Browne 1956) is less serious in 
the C.W. technique where the zones normally used are those prior to the t,) point. 
Under conditions of severe diffusion (Dr. C. D. Ellyett, personal communication) 
large errors (up to 20 per cent.) can be introduced into the pulse measurements, 
but again the error is not serious in the C.W. method if zones of high order prior 
to the ¢ point are used. 

The C.W. method is therefore inherently more accurate but suffers from the 
grave defect that the phase of the direct wave, to which Cornu’s spiral for the 
reflected wave is referred, must be known. This cannot be inferred from the 
“‘ whistle’? waveform with any certainty. A detailed analysis of the C.W. 
method suggests that large errors can be introduced by this—up to 10 per cent. 
in the case of the zone defined by the 4th and 9th maxima used by McKinley— 
although in general the error is likely to be much less than the maximum possible 
10 per cent. 

By using the complete C.W. echo waveform, comprising both whistle and 
body Doppler beat pattern due to the wind drift of the trail, in conjunction 
with knowledge of the sense of the wind drift, which in our case is conveniently 
obtained from the phase spikes (Robertson, Liddy, and Elford 1953), it appears 
possible to determine unambiguously the phase of the direct (reference) wave 
at the times represented by any maxima of the whistle which are used in the 
measurement of the meteor velocity. This modification of the C.W. method 


* Manuscript received February 6, 1958. 
+ Department of Physics, University of Adelaide. 
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should prove to be of great advantage for the accurate measurement of the 
velocities of faint meteors where the application of pulse techniques becomes 
difficult because of the rapid decay of the echo. 


Equipment to test the practical application of this refinement of the C.W. 
technique is at present under construction. 


A full account of these investigations will be published elsewhere. 


References 


Brttam, E. R., and Browns, I. C. (1956).—Proc. Phys. Soc. Lond. B69: 98. 

Daviss, J. G., and Extyert, C. D. (1949).—PAil. Mag. 40: 614. 

Katser, T. R. (1955).—‘‘ Meteors.” (Ed. T. R. Kaiser.) p. 55. (Pergamon Press: London.) 
McKinuzy, D. W. R. (1951).—Astrophys. J. 113: 225. 

Ropertson, D. §., Lippy, D. T., and Etrorp, W. G. (1953).—J. Atmos. Terr. Phys. 4: 255. 


AUSTRALASIAN MEDICAL PUBLISHING CO, LTD. 
SEAMER AND ARUNDEL STS., GLEBE, SYDNEY 


ETHER AND RELATIVITY 
By G. BUILDER* 
[Manuscript received November 20, 1957] 


Summary 


The relative retardation of clocks, predicted by the restricted theory of relativity, 
demands our recognition of the causal significance of absolute velocities. This demand 
is also implied by the relativistic equations of electrodynamics and even by the 
formulation of the restricted theory itself. The observable effects of absolute 
accelerations and of absolute velocities must be ascribed to interaction of bodies and 
physical systems with some absolute inertial system. We have no alternative but to 
identify this absolute system with the universe. Thus, in the context of physics, 
absolute motion must be understood to mean motion relative to the universe, and any 
wider or more abstract interpretation of the “ absolute ’’ must be denied. 


22 


Interaction of bodies and physical systems with the universe cannot be described 
in terms of Mach’s hypothesis, since this is untenable. There is therefore no alternative 
to the ether hypothesis. It is shown that this is compatible with the restricted theory 
of relativity and even provides a tenable basis, when taken together with the principle 
of relativity, for that theory. It is shown that the hypothesis provides a satisfactory 
and sufficient causal explanation of the predicted relative retardation of clocks, and 
attention is drawn to its striking pedagogical and heuristic advantages. 


I. INTRODUCTION 

In a recent letter to Nature, Professor Dingle (1957) has pointed out that the 
relative retardation of clocks, said to be predicted by the restricted theory of 
relativity (e.g. Einstein 1905; Builder 1957a) is an absolute effect which is a 
function of the velocities of the clocks. He concludes that: ‘Jt should be 
obvious that if there is an absolute effect which is a function of velocity then the 
velocity must be absolute. No manipulation of formulae or devising of ingenious 
experiments can alter that simple fact.” 

Professor Dingle himself holds that this statement demonstrates that the 
prediction must be wrong. He claims that the restricted theory of relativity is 
incompatible with the ascription of causal significance to absolute velocities and, 
in particular, that it is incompatible with the existence of an ether. It will be 
shown in the following that this claim cannot be sustained. 

The importance of the statement is obvious. It means that, if the prediction 
is correct, the restricted theory thereby demands our recognition of the causal 
significance of absolute velocities, even although it requires that we should be 
unable to detect or measure such velocities by observations of dynamical and 
electrodynamical phenomena. 

In other words, if two isolated clocks move, in a region of the universe free 
of gravitational fields, in such a way that they coincide on two or more occasions, 
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the restricted theory predicts that, in general, one will become retarded relative 
to the other in the interval between their successive coincidences, i.e. it predicts 
that, in general, something different will happen to the two clocks as a result of 
their individual motions. This cannot be related causally to their individual 
accelerations and.must be related causally to their individual velocities. 


More precisely, according to the restricted theory, the calculation of the 
relative retardation of the two clocks requires a knowledge of their individual 
speeds as measured in some inertial reference system. It is not sufficient to know 
the velocity of the clocks relative to one another ; it would still be necessary to 
know the velocity of one of the clocks and we would then know the speeds of 
both. In the much-quoted simple case in which it is postulated that one of the 
clocks remains at rest in an inertial reference system, so that the velocity of the 
second clock as measured in this system may be regarded as its velocity relative 
to the clock at rest, it remains true that the individual speeds of both clocks are 
thus specified and both are used in the calculation of the relative retardation ; 
this corresponds to putting ~—0 in the general case given below. 


Suppose that, according to the measures of some one inertial reference system 
S, the speeds of two standard clocks A and B are wu and v at any instant ¢ and their 
coincidences occur at the times ¢, and?t,. Then, according to measurements made 
in S, the rates of the clocks at the instant ¢ are, respectively, 


dt,/dt=(1—wu2/o2)#;  dt,/dt=(1—v2/o?)#, ........ me. 


so that the proper times of the clocks between their coincidences are given 
respectively by 
fs ts 
t= | (L—u?/e?)3dt ; =| (Lot /e*\adt Slee (2) 
ty 


i 


Thus, in the interval between their coincidences, clock B becomes retarded 
relative to clock A by the amount 


t —h=f"a —u?/¢e?)tdt — “C1 =o" /o* adi, o Gin cee a (3) 
4 


i 


and it may be shown that the value of this expression is an invariant for all 
systems of reference and for all observers. 


This expression for the relative retardation is not a function of the accelera- 
tions of the clocks ; it therefore fails to suggest, and even precludes, the possibility 
of a causal relation between the relative retardation and these accelerations. 
This is consistent with the generally accepted view, which is basic in the general 
theory of relativity, that the rate of a clock is not a function of its acceleration. 


Nor can the expression be written as a function of the velocity of one of the 
clocks relative to the other. Thus it does not suggest, and indeed precludes, 
any possibility of a causal relation between the relative retardation and this 
relative velocity. This is consistent with the fact that the context of the problem 
precludes any physical interaction between the two clocks, and hence precludes 
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any possibility of ascribing causal significance to the motion of one relative to 
the other. 


The expression of equation (3) is an explicit function of the individual speeds 
u and v of the clocks. It therefore suggests, and indeed implies, a causal relation 
between the relative retardation and these individual speeds; this obviously 
arises out of a causal relation, implied by equations (1), between the rates of 
the individual clocks and their individual speeds. In other words, equations (1) 
themselves require that the two clocks behave differently if their speeds measured 
in S are different, and require also that each clock will change its behaviour 
when its speed, measured in S, changes. 


Any physical explanation of these causal relations must obviously be 
independent of the inertial reference system chosen for measurement or calcula- 
tion. This is clearly required by the fact that the equations (1)—(3) take precisely 
the same form when expressed in the measures of any inertial reference system 
whatsoever. It is also required by the context, for this precludes any physical 
interaction of the clocks with any such reference system. This may be illustrated 
aS follows. We could, if we wished, regard wu and v in equation (3) as the speeds 
of the clocks relative to the system S, as measuredin S. Yet we could not ascribe 
direct causal significance to these speeds relative to S, because any corresponding 
interaction, between the clocks and S, is precluded by the context. Indeed, 
the equations hold even if the system S is purely hypothetical and if the quantities 
in the equations are merely postulated, or if they are calculated from 
measurements made in some other system. 

It follows from this that any physical explanation of the phenomena described 
in equations (1)-(3) must be sought in the form of these equations rather than in 
their numerical content as determined by the measures of the system S. The 
fact that the form of the equations is independent of the choice of the inertial 
reference system implies that the existence in nature of the phenomena described 
by the equations is independent of the existence of any such inertial reference 
systems, hypothetical or physical. 

Yet the fact that the clocks do behave differently when their speeds are 
different requires that they interact physically with something, in a manner 
which depends on their speeds. For the context requires that the two clocks be 
ideal standard clocks which behave identically in all respects when subject to 
the same conditions. Thus any difference in their behaviour must be ascribed 
to a difference in their physical interaction with their environment. 


Since the context requires that the clocks be isolated from interaction with 
other actual bodies or physical systems in their vicinity, we are forced to conclude 
that they must interact with something universal or with the universe as a 
whole. This conclusion is permissible because the existence of the universe is 
implied by the context. Indeed, as I have pointed out elsewhere (Builder 1957 b) 
the problem being considered would fall outside the domain of physical enquiry 
if this were not the case ; physics can give no guide as to what might be expected 
to happen to clocks isolated in an abstract empty space not related to this 


universe. 
AA 
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The only hypothesis that is tenable, and that is compatible with the foregoing 
considerations, is that there exists a unique absolute inertial system, such as the 
universe as a whole, which interacts with, and affects the behaviour of, the clocks 
in a manner dependent on their speeds relative to it, i.e. their absolute speeds. 


This hypothesis is clearly sufficient. A reference system Sj at rest relative 
to this postulated absolute inertial system would be one of the reference systems 
to which the restricted theory is applicable. We can therefore write for the 
rates of the clocks A and B, as measured in Sj, 


dt,/df,=(1—u2/c2)#; dt, [dtp =(1—v2/o?)#, .......... (4) 


and for the relative retardation, 
tos too 
t= | (1 —uglot) ata — | (1—v?/c?)#dt, ....-.-- (5) 
tox tox 


where uw, and v, are the absolute speeds of the clocks at each absolute time {. 


We thus have in equations (4) and (5) a causal account of the behaviour 
of the clocks given explicitly in terms of their absolute speeds uw) and uv. It is 
true that we cannot measure these speeds, because we cannot identify the system 
S,; but this is not necessary, because all the observable consequences of (4) 
and (5) can be verified by measurements made in any inertial system S and by 
calculations using equations (1) and (3). In other words, although equations 
(1) and (3) do not contain uw, and v, explicitly, they do express, in terms of the 
speeds w and v, all the observable consequences of equations (4) and (5). 


Thus we conclude that the relative retardation of clocks predicted by the restricted 
theory does indeed compel us to recognize the causal significance of absolute velocities 
and that this recognition is compatible with the fact that these absolute velocities 
do not appear explicitly in the relativistic expression for the relative retardation, 
except in the unique and unidentifiable case in which the inertial reference system 
considered is at absolute rest. 


The relative retardation of clocks is an effect which seems to be unique in 
that its measure is an invariant for all observers, whatever their state of motion. 
However, it is important to realize that this unique character arises solely from the 
fact that each of the clocks considered in this context incorporates an integrating 
device which provides an observable record of the accumulated effects of varia- 
tions in its rate. Were we considering the periodic processes in a single atom, 
we would be without such a cumulative record ; but, as has been indicated above, 
equations (1) would still require us to postulate some absolute system when 
would affect the rate of these periodic processes in accordance with the absolute 
speed of the atom. 


The corresponding relativistic variations of the mass and of the dimensions 
of a-body similarly imply the existence of some absolute system which affects 
the mass and the dimensions of the body in accordance with its absolute speed. 
There is not, however, available any known mechanism which, like the integrating 


Se 


a a ai 
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mechanism of a clock or the observable senescence of an animal, could provide 
us with any record of the cumulative effect of such variations. Yet it is clear 
that, were such mechanisms available, the restricted theory would predict that 
they would show cumulative effects analogous to the relative clock retardation. 
Thus the demand for our recognition of the causal significance of absolute velocities 
is implied not only in the relativistic variations of the rates of clocks but also in the 
relativistic variations of the masses and dimensions of bodies. 


It is also implied in the relativistic equations of electrodynamics and even 
in the context of the restricted theory of relativity itself, as is shown in the next 
two sections. 


II. ELECTRODYNAMICAL PHENOMENA 

The relativistic equations of electrodynamics are, in form, identical to the 
Maxwell-Lorentz equations. They differ in that the velocities occurring in 
them are defined as the velocities measured in the particular reference system 
being used, whereas the velocities in the Maxwell-Lorentz equations are defined 
as being relative to the ether, i.e. as absolute velocities. As is well known, the 
relativistic equations hold in every inertial reference system as relations between 
quantities measured in that system. 


It follows that electrodynamical phenomena, as observed in any inertial 
reference system S, will display characteristics which are precisely the same as 
those that would, according to the Maxwell-Lorentz theory, be displayed in a 
reference system S, at rest in the ether. Thus the asymmetries and the 
dependence of the phenomena on the individual velocities of particles and bodies, 
which were such notable features of the Maxwell-Lorentz equations, are retained 
in the relativistic equations of electrodynamics and must necessarily be displayed 
in electrodynamical phenomena as observed in any inertial reference system. 


It can be demonstrated that the phenomena observed in any inertial reference 
system S are determined, at least in part, by the individual velocities and 
accelerations of particles and bodies. The phenomena cannot, in general, be 
described solely in terms of the velocities and accelerations of the particles and 
bodies relative to one another, and it will be shown that this is true whether these 
relative velocities and accelerations are measured in the inertial reference system S 
(as they should be) or in the rest systems of the particles and bodies considered. 
It can also be shown that the phenomena observed in S display marked 
asymmetries which are incompatible with any supposition that the phenomena 
depend only on the motions of the particles and bodies relative to one another ; 
in particular, Newton’s third law does not generally hold. 


These points can best be demonstrated by considering the interactions of 
two point particles. For simplicity, only the interactions which depend on the 
particle velocities will be considered in detail. This is possible because the main 
effects of the velocities are independent of the accelerations. In any case, it is 
already well known and generally appreciated that the phenomena do depend, 
at least in part, on the individual accelerations of particles as, for example, 
in the radiation from an isolated point-charge which is subject to acceleration. 


284 G. BUILDER 


Consider first the interaction between a magnetic point-pole m and a point- 
charge q a8 observed in any inertial reference system S. It will be sufficient to 
consider two special cases. 


(a) The pole m at rest at the origin; the charge q moving with uniform 
velocity v at the point r. 

(b) The pole m at the origin moving with the uniform velocity —v; the 
charge q at rest at the point r. 


The instantaneous positions are the same in the two cases, and the velocity of 
the charge relative to the pole is, in each case, equal to v; this is true whether the 
relative velocity is measured in S (as it should be) or in the rest system of either 
of the two particles. 
In case (a), with the pole at rest, the force F experienced by the charge, as 
measured in S, is given by 
Be Joya * Boe yest «- «= ae ee eee (6a) 


where B, is the magnetic flux density, due to the pole, at the position r of the 
charge. 

In case (b), with the charge at rest, the force F’ experienced by the charge, as 
measured in S, is given, approximately, by 


F’ = “gv x By t—a(vrine +5vett, Soe (6b) 


where By has the same value as above. This equation may be derived by 
appropriate relativistic transformations, or it may be derived directly from the 
relativistic equations of electrodynamics, taking into account the retardations 
of the potentials. 

Thus the force experienced by the charge, as measured in S, is different in 
the two cases, in spite of the fact that the relative velocity is the same. This 
difference can be ascribed to the finite time required for the transmission of 
electromagnetic effects, as expressed by the retardation of the potentials. Further- 
more, it is easy to show that, in either case, the force experienced by the pole 


will usually differ from that experienced by the charge, so that Newton’s third 
law will usually not hold. 


This particular example is of special interest because of its relation to the 
phenomenon of electromagnetic induction displayed by a magnet and a con- 
ducting circuit when in motion relative to one another. At least in principle, 
equations (6a) and (6b) would permit the observable induction phenomena to 
be predicted in any specific case once the magnet and circuit configurations and 
motions had been prescribed. It follows that the observable phenomena in the 
case of magnet and conductor must depend in part on the individual velocities 
of the magnet and conductor. This can readily be verified for the simple case of a 
magnet moving, in the direction of its length, along the axis of a circular con- 
ducting circuit, by taking into account the retardation of the potentials. 


It is true that, in the limiting case of velocities very small compared with 
that of light (so that transmission delays, and the consequent retardation of the 
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potentials, can be neglected), the effects can be described in terms of the relative 
velocity alone. In this case equation (6b) is reduced to equation (6a). This 
may be a perfectly satisfactory approximation, from a practical point of view, 
in dealing with magnets and conductors under laboratory conditions ; but the 
view expressed by Einstein, in the introductory paragraphs of his 1905 paper, 
that it is a fundamental characteristic of the phenomena, must be rejected. 
The fact that this view may have somehow suggested the restricted theory to 
Einstein is not a tenable argument in its favour, since he did not utilize it as a 
premise of the theory. 

Apart from this special interest, it is better to consider the more general 
case of the interaction of two point charges q, and q., moving with velocities v, 
and v, at the simultaneous positions r, and r, in 8. 

It can be shown that the force F, experienced by q,, as measured in S, is 
given, approximately, by 


83 A if A i es 
F,=h% E — ev, B)2/et+ 5vile'| [P+ 4¥1 X (Vax a a7) 


where 
7T=T,—T,. 


This is an asymmetrical function of the individual velocities v, and v, and cannot 
be expressed as a function of the relative velocity v, —Vv,. 

If q, is at rest and gq, is moving with velocity v, the force experienced by q, 
is given by 

q4 apne 1 a 
i paler pO Oe cede ave Ee ese eS (7a) 

whereas, when q, is moving with velocity —v and q, is at rest, the force 
experienced by q, is 


Thus the force experienced by q, is different in the two cases. Yet the velocity v 
of q. relative to q, remains the same, and this is so whether it is measured in S 
(as it should be) or in the rest system of either point charge. 

Furthermore the force F, experienced by the charge q, is not equal and 
opposite to the force F, experienced by q which, in the general case, is given by 


& A il A 1 A 
F,=— Belts (ab Hot vile [P+ avex x8). 3 yeas (8) 
This asymmetry, between the forces experienced simultaneously by the two 
charges, obviously precludes any inference that the forces are determined solely 
by the relative motions of the charges. 
At least in principle, all electromagnetic phenomena can be described in 


terms of the force formulae of equations (7) and (8). It is by no means difficult 
to derive in this way an expression for the force between two elements of current- 
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carrying conductors, or the force exerted by a current element on a moving 
charge. By such calculations, it may be shown that the force exerted by one 
current element on another is a function of the velocities of the charges within 
each current element and is not, even in part, determined by the velocities of 
the charges in either element relative to the charges in the other ; and, as is well 
known, the forces between the elements are asymmetrical and do not satisfy 
Newton’s third law. Similarly it may be shown that, as is well known, the force 
exerted by a current element on a charge q is a function of the measured velocity 
v of the charge and cannot be expressed as a function of its velocity relative to 
the current element as a whole, or relative to the charges in the current element. 


Thus observers in any initial reference system S, and therefore also observers 
in ary inertial reference system whatsoever, must agree 


(i) that the electrodynamical phenomena are determined, at least in part, 
by the individual velocities of particles and bodies, and 

(ii) that the observed phenomena are characterized by asymmetries which 
are incompatible with any supposition that they are determined solely 
by the motions of the particles relative to one another. 


Thus the relativistic equations of electrodynamics imply causal relations 
between the phenomena observable in any inertial reference system, whether 
actual or hypothetical, and the individual velocities measured in that same 
system. 

As in Section I, the context precludes any possibility of a physical explana- 
tion of these causal relations in terms of interaction of the particles and bodies 
with any one arbitrarily selected inertial reference system. Moreover, since the 
equations have the same form for every such inertial reference system, actual or 
hypothetical, the physical explanation of the implied causal relations must be 
sought in the form of the equations rather than in the numerical content of the 
equations in any arbitrarily selected inertial reference system. The required 
physical explanation is immediately available. It is only necessary to postulate 
that the phenomena are caused by motions of particles and bodies relative to an 
absolute inertial system in accordance with the Maxwell-Lorentz equations. 


That this postulate is permissible in the context of the restricted theory is 
obvious. For an inertial reference system S, at rest relative to such an absolute 
inertial system is one of the permissible reference systems of the restricted theory. 
Thus the relativistic equations of electrodynamics must hold in the system S, ; 
these are identical in form with the Maxwell-Lorentz equations and become 
Synonymous with them for the system S, in which the measured velocities are 
absolute velocities. 

That this postulate is sufficient is also obvious. In the Maxwell-Lorentz 
equations the electrodynamical effects are related explicitly to the absolute 
velocities which cause them. It is true that we cannot measure these absolute 
velocities ; but, subject to this limitation, all observable predictions of the 
Maxwell-Lorentz equations can be verified by observations made in any arbitrarily 
selected inertial reference system. This may be expressed more specifically by 
saying that the postulate is sufficient because, if it is correct, it follows that the 
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relativistic equations of electrodynamics must hold in any arbitrarily selected 
inertial reference system. 


Moreover, the postulate is necessary, because there is not available any 
other tenable physical explanation of the causal relations, between electro- 
dynamical phenomena and the individual velocities of particles and bodies, 
implied by the relativistic equations of electrodynamics. 


Thus the observable characteristics of electrodynamical phenomena, like the 
observable behaviour of clocks, demands our recognition of the causal significance of 
absolute velocities. 


III. THE RESTRICTED THEORY OF RELATIVITY 
The restricted theory of relativity states that the spatial and temporal 
coordinates of an event, measured in any one inertial reference system, are related 
by the Lorentz transformations to the spatial and temporal coordinates of the 
same event, measured in any other inertial reference system. 


The theory is thus restricted to measurements made in inertial reference 
systems. It is, of course, quite inapplicable to measurements made in systems 
in uniform motion relative to one another unless each of these systems is itself 
inertial. An inertial system is one in which the Newtonian laws of mechanics 
hold to a first approximation (Einstein 1905). This means that, if it is in a region 
of the universe free of gravitational fields, the system must be unaccelerated. 


It is generally recognized and accepted that the acceleration of a physical 
system which is in a region of the universe free of gravitational fields can be 
detected by observations, within the system, of dynamical phenomena. If this 
were not so, it would be impossible to identify the class of reference systems, i.e. 
the inertial ones, to which the restricted theory is applicable. 


The absolute character of acceleration forces us, like Newton, to postulate 
some absolute universal system relative to which bodies and systems are 
accelerated. Moreover, the possibility of detecting absolute acceleration by its 
dynamical effects forces us to ascribe these effects to interaction between the 
bodies affected and this absolute system. In particular, it is necessary to ascribe 
the inertia of bodies to such interaction. The necessity for this has been argued 
fully by Mach, Einstein, and others. 

This absolute system, implied by the absolute character of accelerations, 
is of necessity itself an inertial system. It is therefore one of the infinity of 
inertial systems to which the restricted theory is, in principle, applicable. How- 
ever, it is distinguished from all the inertial reference systems of the restricted 
theory by the fact that it alone interacts physically with bodies and systems. 
Thus the possibility of defining and identifying the class of inertial reference systems 
to which the restricted theory is applicable demands the recognition that there must 
exist a unique absolute system which is itself inertial and which interacts physically 
with bodies and systems to cause the dynamical effects which enable us to detect 
accelerations relative to i. 

Acceleration of a body relative to this absolute system must, by the definition 
of acceleration, result in a change in its absolute velocity, Thus the existence in 
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nature of something corresponding to the concept of absolute acceleration entails 
the existence in nature of something corresponding to the concept of absolute 
velocity. 

It follows that any body or system which is accelerated must thereby suffer 
a change in its absolute velocity. Similarly, any two bodies which are in motion 
relative to one another must be moving with different absolute velocities. These 
statements are necessarily true even though we cannot measure the individual 
absolute velocities.* We can therefore determine whether the absolute velocity 
of a body remains constant or changes, and we can determine whether two bodies 
have the same or different absolute velocities. Moreover, these determinations 
can be made by purely kinematical observations. 


It is true that, in accordance with the principle of relativity, we cannot 
measure or detect the absolute velocities of bodies by observations of dynamical 
or electrodynamical phenomena. Yet it cannot be validly inferred from this 
that absolute velocities of bodies could not be measured by other means; this 
point is discussed further in Section IV below. Nor can the principle of relativity 
preclude the possibility that there might be observable differences between the 
behaviour or properties of two bodies whose absolute motions are different and 
it has been shown, in Sections I and II above, that such differences are in fact 
observable. Since we have already been forced to postulate an absolute system 
which interacts with bodies to cause the observable effects of their absolute 
accelerations, it is reasonable to suppose that the same absolute system may 
interact with the bodies to cause observable differences, in their behaviour and 
properties, corresponding to the fact that their absolute velocities are different. 


This thesis can be well illustrated by the restricted theory itself. Let 
there be supposed to exist two inertial reference systems S and 8’, similarly 
equipped for the making of physical measurements, which would in all respects 
be identical if compared together at rest. In other words, the systems are 
supposed to differ only in that their uniform motions are different. The restricted 
theory requires that measurements made in S and S’ of the behaviour and 
properties of some other physical system F should give different results. For 
example, the mass of a particular body in F, the length of a particular rod in F, 
or the rate of a particular clock in F, will be different according to the measures 
of S and 8’. 


It is true that we can predict the relation between these measures in S and 8’ 
if we know the velocity of 8’ relative to S. Yet we cannot ascribe any causal 
significance to this relative velocity because, in the context of the restricted 
theory, interaction between the systems S and S’ is precluded by hypothesis. 
The context of the restricted theory similarly precludes the possibility of physical 
interaction between the systems S and F, or between S’ and F. 


* This argument has been set out in much greater detail by Wiechert (191 1), who coined the 
word “ Schreitung ” to denote the condition of a body corresponding to what we have here referred 
to as its absolute velocity. A special term has the advantage that its use precludes any mis- 
understandings which might arise through attaching to the much-used word “ absolute ” implica- 
tions lying outside the scope of the above discussion. 
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Yet the measures of S and S’ are in fact different. There remains no 
alternative to assuming that this difference is caused by the difference in the 
absolute velocities of S and S’. 


The correctness of this assumption is strongly supported by our knowledge 
that measurements made in any inertial reference system show that the behaviour 
of clocks and of measuring rods differ if their measured speeds differ, i.e. if their 
absolute speeds differ. We are thereby compelled to infer that the behaviour 
of the clocks and measuring rods used in S and 8’ must be different. Such a 
difference in behaviour of the devices used for measurement must necessarily 
lead to, and can be shown to provide a detailed explanation of, the difference in 
the measures of S and 8’. 


Thus the restricted theory itself requires our recognition of the existence of an 
absolute inertial system which interacts with bodies and physical systems in a manner 
depending on their absolute velocities. In other words, it requires our recognition 
of the causal significance of absolute velocities. 


IV. ABSOLUTE SPACE AND MOTION 
It has been shown in the foregoing that the characteristics of physical 
phenomena, and the accepted formulation of the restricted theory of relativity, 
are such that we are compelled to admit the existence of an absolute inertial 
system which interacts physically with bodies and physical systems in a manner 
which depends on their accelerations and their velocities relative to it. 


There is no feasible alternative to supposing that this absolute system is the 
universe as a whole, or else something universal which is an integral and essential 
part of the universe. The term “ absolute’ must therefore be understood here to 
characterize anything which is defined, or measured, relative to the universe. To 
accept any more abstract interpretation of the absolute would be meaningless 
in the context of physics, since all our physical measurements and all our physical 
theories relate to this universe and to it alone. Any question as to whether the 
universe itself is at rest, or in motion, in some broader or more abstract 
‘“ absolute ’? sense lies outside the domain of physical enquiry.* 


Thus, in this present context, absolute motion is to be understood as motion 
relative to the universe as a whole and absolute space as space defined by the 


* This is the basis of the dictum of Poincaré (1908): “‘ Whoever speaks of absolute space 
uses a word devoid of meaning.” He was, of course, then using the term in an abstract sense 
not uncommon in philosophy and he was, in fact, distinguishing this abstract absolute space 
from a universal ether at rest in the universe. This distinction has unfortunately sometimes 
been overlooked ; for example, Jammer (1954, p. 142) wrongly treats Poincaré’s concepts of 
absolute space and of the ether as being identical and, incorrectly, quotes Poinearé’s dictum as 
applying to both. 

It is to be noted that our definition of the ‘‘ absolute’ cuts across the distinction, much 
discussed by philosophers, between Absolute and Relational Theories of Motion (e.g. see Broad 
1923). Yet if we are to continue to use the word “‘ absolute ”’ at all in physics, we cannot ascribe 
any useful meaning to it other than that adopted here. Asa philosopher, Professor Alan Stout’s 
reference to this as the “ relatively absolute ”, though perhaps not very seriously intended, is not 


without point. 


290 G. BUILDER 


universe as a whole. Instead of the ‘‘ universe as a whole ’’ we can simply speak 
of the “ universe ” or, since the universe is primarily characterized by the distribu- 
tion of matter, we could instead speak of the ‘“‘ distributed masses of the universe ” 
as representing the universe approximately. As a still cruder approximation, 
we may usefully and picturesquely speak of the “ fixed” stars as representing 
the universe, even though these stars are known to be in motion relative to it. 


It must be recognized that these definitions of absolute space and of absolute 
motion are, respectively, purely geometrical and purely kinematical. They 
imply nothing whatsoever about the dynamical aspects of motion or about the 
physical characteristics of space. They do, however, make definite the concepts 
of absolute acceleration and of absolute velocity and enable us to prescribe how 
these are to be measured, i.e. relative to the universe or, approximately, relative 
to the fixed stars. 

In practice, we can in fact make such purely kinematical measurements of 
absolute rotation ; we need only observe the rotation, of axes fixed in a body, 
relative to the fixed stars. On the other hand, purely kinematical measurements 
of small absolute linear accelerations and of small absolute velocities seem to be 
quite impracticable. The limitations in the accuracy of our measurements, the 
lack of any rigid reference framework of sufficient extent, and the time required 
by light to traverse the vast spaces of the universe, all preclude our mapping the 
absolute space of the universe with sufficient accuracy to measure small linear 
accelerations, or small velocities, relative to it. Even if these limitations were 
reduced, it would still seem to be impossible to deal with the very complex 
distribution and motion of matter in the universe. 


In spite of the nature and extent of these limitations, it seems proper to 
regard them as being essentially practical rather than fundamental. They are, 
in fact, strictly applicable only to small accelerations and velocities. For 
example, it is generally accepted that the absolute velocity of the solar system 
cannot be very great; if it were an appreciable fraction of the velocity of light 
there seems little doubt that this would be revealed by the asymmetry of the 
Doppler shifts in star light received from different directions. 


Thus we are bound to recognize the admissibility of the concept of absolute 
velocity, and it may even be maintained that such velocities are, in poucile. 
measurable by kinematical methods. 


This is not incompatible with the principle of relativity of the restricted theory. 
The principle requires only that the laws which describe physical phenomena 
should take the same form for every inertial reference system (Poincaré 1904 : 
Hinstein 1905). Thus it requires only that we should be unable to detect 
absolute uniform motion by observations of dynamical and electrodynamical 
phenomena. The principle has no relevance whatsoever to the question of 
whether or not it is possible, in principle, to detect or measure absolute velocities 
by the purely kinematical methods referred to above. 


Nor does the principle of relativity require that there should be no observable 
effects of the absolute velocities of bodies and physical Systems. It requires 
only that any observable effects must be such that they fail to provide any 
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measure of absolute velocity. Indeed, it has been shown above that the predic- 
tions of the restricted theory compel us to recognize that there are such observable 
effects. 


V. THE ETHER HYPOTHESIS 

Thus it has been shown that the dynamical and electrodynamical effects, 
both of absolute accelerations and of absolute velocities, are observable and must 
be ascribed to interaction of the affected bodies and physical systems with the 
universe. 

To account for the absolute character of acceleration, Newton had postulated 
an “‘ absolute space’. Mach, like Poincaré, interpreted this concept of Newton 
in an abstract sense and rejected it as inadmissible in the context of physics.* 
He postulated (1883) instead that the observed behaviour of bodies is determined 
by the distributed matter of the universe. This is well known as Mach’s 
hypothesist and it implies that the dynamical behaviour of bodies is determined 
by their direct and instantaneous interaction with the distributed matter of the 
universe. Although Mach was dealing only with the observable effects of 
absolute accelerations, it is obvious that his hypothesis would serve equally to 
account for any observable effects of absolute velocities. 


Mach’s hypothesis presupposes instantaneous interaction at a distance and 
cannot now be seriously considered (cf. Einstein 1920, 1924): it cannot be - 
reconciled with the restricted theory of relativity and could in any case be 
reconciled with the continuous-action field theories of modern physics only by 
means of a theory including advanced potentials, and no satisfactory theory of 
this type has yet been, or seems likely to be, worked out. 


Thus Mach’s hypothesis must be rejected and there is then no tenable alternative 
to the ether hypothesis, i.e. that the space of the universe is endowed with important 
physical properties and plays a causal role, equal to that played by matter, in 
physical phenomena. Whether these properties are determined by the distributed 
matter of the universe, a8 in Hinstein’s cosmology, or whether they are sui 
generis, need not concern us here. It does not seem to be generally appreciated 
that Mach himself (1883, p. 283 of final 1933 edition) discussed the hypothesis 
of a medium, i.e. what we have called the ether, filling all space and interacting 
contiguously with bodies to cause the observable effects of acceleration. He 
held that such an hypothesis is admissible and recognized that it would be 
sufficient. He deemed his own hypothesis to be more “‘ expedient provisionally ”’ 


* Binstein seems never, at least after about 1915, to have seriously considered any such 
abstract interpretation of Newton’s concept, or to have supposed that it could mean anything 
but the space of the universe endowed with physical properties of causal significance (e.g. Hinstein 
1920, 1924). Instead, Einstein uses the term absolute, in connexion with space, only to mean 
that its physical properties are not affected by anything whatsoever, e.g. not even by the presence 
of matter. 

+ This is to be distinguished from what Einstein has called Mach’s principle according to 
which he utilizes Mach’s general idea but supposes that the distributed masses of the universe 
determine the dynamical behaviour of bodies by determining the properties of space (i.e. of the 
ether) in the vicinity of the bodies. 
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only because he claimed that there was then no experimental evidence to 
determine whether the part played by the distributed masses of the universe, 
i.e. as an absolute inertial system, is ‘‘ fundamental or collateral ”’. 

The tenability and sufficiency of the ether hypothesis are beyond question. If 
one is familiar with the historical background of the-restricted theory (e.g. 
Whittaker 1953), with the expositions of the theory presented in the first quarter 
of the century, and with the whole of Hinstein’s writings, it is difficult to under- 
stand the present widespread view that the ether hypothesis is incompatible 
with the theory. 

There is little doubt that this view originated in Einstein’s statement (1905) 
that: ‘ The introduction of the ‘ luminiferous ether’ will prove to be superfluous 
inasmuch as the view to be developed will not require an ‘ absolute stationary space’ 
provided with special properties, or to assign a velocity vector to a point of the empty 
space in which electromagnetic processes take place.’ Any doubt that Einstein 
did, at that time, believe that the ether hypothesis should be discarded is removed 
by his more definite statement (1907) that: “‘. . . the idea of a light ether as a 
bearer of electric and magnetic fields would not fit into this picture ; electromagnetic 
fields appear here, not as a condition of any medium, but as self-existing things of 
the same sort as ponderable material and, together with it, have the same characteristic 
of imertia.” 

Einstein did not present any logical or evidential basis for these opinions. 
He was dealing with the relations that must subsist between measurements made 
in different inertial reference systems if the two postulates (that the principle of 
relativity of uniform motions is valid, and that the velocity of light is independent 
of the motion of its source) are to be reconciled. There was no a priori basis 
for these postulates ; they were generalizations based on experience. Moreover, 
he adopted a very definite operational approach to the problem of measurement. 
Thus he could properly claim that he had demonstrated the necessity for adopting 
the Lorentz transformations without needing to seek any causal explanation of 
the state of affairs described by the postulates, and so without needing to discuss 
the ether hypothesis. He could not properly claim any more than this; nor 
could he, in his chosen context, properly infer anything about the tenability of 
the ether hypothesis. 

It is in any case quite clear that Einstein did not long adhere to the opinions 
he had expressed in 1905 and 1907. This is clearly demonstrated in his later 
writings. There is little doubt that this change was forced on him by his formula- 
tion of the general theory ; he seems first to have stated it in terms of the “ ether ”’ 
when he wrote (1920): “ The next position which it was possible to take up... 
appeared to be the following. The ether does not ewist at all. The electromagnetic 
fields are not states of a medium. . . but are independent realities . . . More careful 
reflection teaches us, however, that the special theory of relativity does not compel 
us to deny the existence of an ether. . . On the other hand, there is weighty evidence 
in favour of the ether hypothesis. To deny the ether is ultimately to assume that 
empty space has no physical qualities whatever. The fundamental facts of mechanics 
do not harmonise with this view. According to the general theory of relativity space 
without ether is unthinkable ; for in such space there not only would be no propagation 
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of light, but also no possibility of eaistence for standards of space and time. . . nor 
therefore any space-time intervals in the physical sense.” 


Fortunately, there is no ambiguity or uncertainty as to the sense in which 
Hinstein used the term “‘ ether’ in these passages. In the same context (1920) 
he relates the ether concept of which he is speaking to the ether of Lorentz, 
thus: “ What is fundamentally new in the ether of the general theory of relativity 
as opposed to the ether of Lorentz consists in this, that the state of the former is at 
every place determined by connections with the matter and the state of the ether in 
neighbouring places. . . whereas the state of the Lorentzian ether in the absence of 
electromagnetic fields is conditioned by nothing outside itself, and is everywhere 
the same. The ether of the general theory of relativity is transmuted conceptually 
into the ether of Lorentz if we substitute constants for the functions of space which 
describe the former, disregarding the causes which condition its state.” His concept of 
the ether, at this time, is even more specifically set out, in more technical language 
and in more detail, in his paper “ Uber den Ather” (1924); unfortunately 
there does not seem to be any published English translation of this paper. The 
subsequent developments of his views are not directly relevant to the present 
discussion: they are beautifully summarized in a document (1952) which is 
published as Appendix V in the 1955 edition of his ‘“‘ Relativity ”’. 

Quite apart from Hinstein’s views, we cannot ignore the fact that the 
restricted theory of relativity had been developed independently by Poincaré 
and Lorentz before it was presented by Hinstein, from a more deductive point 
of view, in 1905. The historical record, which has been set out in some detail 
by Whittaker (1953), is quite clear and is readily verified by direct reference 
to the original literature. 

In effect, Poincaré and Lorentz had, in their formulation of the restricted 
theory, succeeded in reconciling the principle of relativity of uniform motions 
with the causal significance of velocities relative to the ether, inherent in the 
Maxwell-Lorentz theory of electrodynamics. In achieving this they did not in 
any way modify the concept of the ether specified by Lorentz in his extension 
of the Maxwell theory; but, like Einstein, they were forced to modify the 
Newtonian mechanics. Although their derivation does not prove that the ether 
hypothesis is necessarily correct, it does prove that it is compatible with the restricted 
theory. 

The compatibility of the ether hypothesis with the restricted theory is also 
demonstrated in some of the earlier presentations and discussions of the theory. 
For example, Eddington (1920) presented the theory specifically in terms of the 
ether hypothesis. His derivation of the Lorentz transformation differs from that 
of Hinstein only in that he starts with a hypothetical system at rest in the ether, 
whereas ‘Hinstein (1905) starts with a system he describes as “ stationary ”’. 
Formally the derivations are identical and that of Hinstein is in no way affected 
if we suppose his “ stationary ” frame to be also at rest in the ether. Moreover, 
Binstein’s derivation would be in no way affected if his second postulate were 
reworded in the form: “ That light behaves as if it were propagated in a medium, 
i.e. its velocity does not depend on that of its source.” 
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It is therefore to be concluded that we are without any tenable alternative to the 
ether hypothesis, and that this hypothesis is not only compatible with the restricted 
theory but is also a sufficient basis for the theory, 1.e. when taken together with the 
principle of relativity. 

It remains only to demonstrate explicitly that the ether hypothesis provides 
a satisfactory causal explanation of the relative retardation of clocks, and to 
point out some of its pedagogical and heuristic advantages. 


VI. THE RELATIVE RETARDATION OF CLOCKS 
The ether hypothesis provides a satisfactory and sufficient causal explanation 
of the relative retardation of clocks. This claim has already been justified in the 
discussion of Section I, since the foregoing shows that we must identify the 
speeds wu, and v of equations (4) and (5) with the speeds of the clocks relative to 
the ether. Nevertheless, it seems desirable to set out this causal explanation 
more briefly and directly as in the following. 


If the ether does in fact exist, any reference system S, at rest in it is one 
of the infinity of possible inertial reference systems of the restricted theory. 
We can therefore use the restricted theory to predict with certainty that a clock 
moving with speed v, relative to Sj, and hence relative to the ether, will suffer a 
reduction of its rate by the factor (1 —v2/c?)! compared with the rate of a clock at 
rest in the ether. 

Thus the assumption that motion of a clock through the ether, with speed 
%, causes a change in its rate by the factor (1—v?/c?)* is compatible with the 
restricted theory. 

On the other hand, this assumption is also consistent with what the Maxwell- 
Lorentz equations for the ether would lead us to expect. Lorentz (1895) showed 
that, if the bonds holding the particles of a body together are electromagnetic, 
or have similar characteristics, then all bodies would be expected to suffer a 
contraction by a factor (1—v2/c?)?, in the direction of their motion, when moving 
with speed v, through the ether (Fitzgerald-Lorentz contraction). This in turn 
requires that a clock in motion through the ether must be slowed down* by the 
factor (1—v?/c?)?, as was first shown by Larmor (1900). If, on the basis of 
the Maxwell-Lorentz equations, we suppose that the motions of bodies and 
clocks through the ether do cause such reductions in length and in rate, 
respectively, and if we recognize that true one-way measurements of light velocity 
are impossible (so that we can measure only the average value of the light velocity 
over go-and-return paths), it follows that measurements made in different inertial 


* This immediately follows if one considers a clock consisting of a rigid rod having mirrors 
at each end to reflect a beam of light backwards and forwards along the length of the rod. If 
this clock is set in motion with velocity vp, it is easy to show that the frequency with which the 
light traverses the length of the rod is reduced by the factor (1—v2/0?)8. The length contraction 
thus entails the clock-rate reduction, and the latter is not an independent hypothesis. This 
point has been overlooked by Broad (1923) and others when they have claimed that the ether 
theory requires these ‘“‘ two independent hypotheses”? to account for the negative result of the 
Michelson-Morley experiment and for the measured constancy of the velocity of light. 
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reference systems must be related by the Lorentz transformations. In other 
words, it follows that the restricted theory of relativity must be valid. This 
was the course which led to the development of the theory by Poincaré and 
Lorentz (e.g. Whittaker 1953). 

The extensive experimental evidence for the validity of the restricted theory 
is thus direct evidence for the tenability of the assumption that the reductions 
in length and in clock rates are caused by motion through the ether. This does 
not prove that the assumption is correct or that it is the only possible causal 
explanation of the fact that measurements made in different inertial reference 
systems are related by the Lorentz transformations. It does, however, show 
that the tenability of the assumption can be refuted only by showing its incom- 
patibility with some other part of our physical knowledge of the universe. No 
grounds for such refutation have yet been demonstrated, and no satisfactory 
alternative causal explanation has been offered. 

We are therefore justified in assuming that a clock in motion through the 
ether with velocity v) experiences a reduction in its rate by the factor (1 =orie=)s: 
Then, if two clocks move differently relative to the ether but coincide on successive 
occasions, it is apparent that, in general, one will become retarded relative to the 
other during the interval between such coincidences. If, for example, the first 
of the clocks remains at rest in the ether, and the second makes a journey away 
from and back to the first, it is obvious that the second must become retarded 
relative to the first. It is also easily shown that, if the first clock is in uniform 
motion relative to the ether and the second moves so that it travels away from 
the first and back to it, then the second must become retarded relative to the 
first. In both these simple cases, the second clock is observationally distinguish- 
able from the first by the fact that its journey, away from and back to the first, 
requires that it should be subject to accelerations, whereas the first clock remains 
free from acceleration. 

Now it is true that we cannot ascertain whether a clock is at rest relative 
to the ether ; but we can ascertain that it is at rest or in uniform motion relative 
to the ether; this requires only that it be at rest or in uniform motion relative 
to any one inertial reference system. Similarly, we can always ascertain whether 
a clock is accelerated relative to the ether; this requires only that its motion 
be accelerated relative to any one inertial reference system (e.g. Builder 1957b). 

Thus, if two clocks are observed in an inertial reference system, the first of 
which is in uniform motion, or at rest, and the second of which is subjected to 
such accelerations that it moves away from the first and later returns to it, it 
follows that we must expect the second clock to have become retarded relative 
to the first in the interval between their coincidences. 

Thus the assumption that clocks are slowed down by motion through the 
ether is a sufficient basis for predicting the relative retardation of two clocks 
which move, in the manner specified, relative to any inertial reference system. 
This is, of course, identical with the prediction of the restricted theory. We thus 
provide a tenable causal explanation of the relative retardation of clocks predicted 
by the restricted theory. In doing so we have ascribed causal significance to the 
absolute velocities of the clocks, i.e. to their velocities relative to the ether. 
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VII. CoNCLUSION 

The permissibility of retaining the concepts of absolute space, of absolute 
motion, and of the ether, and the fact that we can assign to these concepts 
definite and clear meanings compatible with the restricted theory of relativity, 
has striking pedagogical and heuristic advantages. 

The conceptual difficulties associated with the restricted theory all arise 
out of the denial that these absolute concepts are permissible, and out of the 
consequent attempts to avoid them in the presentation of the theory. It is 
frequently maintained that the theory has forced us to discard entirely the old- 
fashioned commonsense notions of time and space; but nothing comprehensible 
or definable has been offered in their place. Moreover, any questions as to 
what causes the relativity of simultaneity, the measured constancy of the velocity 
of light in all inertial reference systems, or the reciprocity of relativistic variations 
of length, of mass, and of clock rates, are evaded by vague references to the 
principle of relativity, to the four-dimensional character of space-time, and 
so on. 

On the other hand, the presentation of the restricted theory in terms of the 
absolute concepts (following generally the lines of its development by Poincaré 
and Lorentz) involves no conceptual difficulties. The relativity of simultaneity, 
the reciprocity of relativistic variations, and the constancy of the measured 
velocity of light, then all appear simply as comprehensible effects of the motions, 
relative to the ether, of the bodies observed and of the measuring instruments 
used. The only other important factor that has to be taken into account is the 
impossibility of making true measurements of light velocity over a one-way 
path, so that we are restricted to measurements which give only an average value 
of the velocity of light transmitted over a go-and-return path. On this basis 
the presentation involves no more than a few simple calculations, and can be 
made easily intelligible and comprehensible to junior university students. 


The heuristic value of this approach is also noteworthy. It reduces many 
questions, which would otherwise lead to discursive and inconclusive arguments, 
to a form in which a simple and conclusive answer can be given. For example, 
the relative retardation of clocks predicted by the restricted theory becomes a 
simple and intelligible consequence of the motion of the clocks relative to the 
ether. 

Similarly, we are enabled to answer intelligibly what are otherwise very 
difficult and contentious questions, namely: Are the observed relativistic 
variations of length, of mass, and of clock rates, real? How can “ reality ” be 
reconciled with their reciprocal character? The answer is, of course, simply 
that these effects are really-observable, but that what corresponds to them in 
nature are real effects caused by the motions, both of the observed bodies and 
of the observing instruments, relative to the ether. 


It is worth remarking that the pedagogical and heuristic advantages of this 
approach depend only on the tenability of the ether hypothesis and on the admis- 
sibility of the absolute concepts, i.e. on their compatibility with the restricted 
theory and with the general body of physical knowledge. These advantages 
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would remain even if there were also available an alternative and equally tenable 
set of hypotheses and concepts. 


It has not been practicable to give detailed references to the work of the 
many previous authors like Wiechert, Lodge, Ives, who have put forward 
important arguments in favour of the absolute concepts. Still less would it 
have been practicable to refer to, or to answer, the innumerable ebullient attacks 
made on the ether hypothesis in the last 50 years. 


I have, in fact, tried to confine myself to material relevant to the discussion 
of what seems to me to be a new, and perhaps decisive, consideration in favour 
of the absolute concepts, i.e. the recognition (Dingle 1957) that the relative 
retardation of clocks, predicted by the restricted theory, is an absolute effect 
which demands our recognition of the causal significance of absolute velocities. 
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Summary 


The neutron yield from tantalum has been measured as a function of bremsstrahlung 
energy, and from this the shape of the cross section for the nuclear absorption of photons 
by tantalum has been deduced. This cross section shows definite evidence that it is 
made up of two component parts. The result is in agreement with the theoretical 
predictions of Danos (1958) for this nucleus, both regarding the existence of the two 
components and the energy separation of the two peaks. Using the Danos theory, 
the intrinsic electric quadrupole moment for tantalum is calculated to be 6-1 barns+10 
per cent. 


I. INTRODUCTION 

The theories put forward to account for the nuclear giant dipole resonance 
fall into two general groups, characterized by the particular type of nuclear 
model considered. 

The independent particle model has been the subject of investigations by 
Levinger and Bethe (1950), Burkhardt (1953), and Levinger and Kent (1954). 
Also, Wilkinson (1956) has considered the absorption of radiation by transitions 
between single-particle states in the shell model. His results are, in general, 
roughly compatible with observations of the main features of the giant resonance 
(maximum cross section o,, resonance energy JH,,, integrated cross section 
| o(E)dE). 

On the other hand, the model assuming long-range correlations between 
nucleons in the excited state, or hydrodynamic model, has been the basis of work 
by Goldhaber and Teller (1948), Steinwedel, Jensen, and Jensen (1950), Danos 
(1952), and Araujo (1954). These theories consist essentially in variations of the 
original ideas of Goldhaber and Teller, in which vibrations were set up within the 
nucleus by the action of the radiation. The model they considered in most 
detail assumed that a spherical region of “ proton fluid ” vibrated in opposition 
to a similar, nearly coincident sphere of ‘‘ neutron fluid ’’, this vibration having 
a natural frequency corresponding to the energy of the giant resonance. 
Steinwedel, Jensen, and Jensen (1950) have considered the case where the target 
nucleus is spherical, and remains spherical even under excitation by y-rays. 
Motion of the nucleons within the nucleus causes density changes inside a rigid 
spherical surface. The total nuclear density is assumed to be constant, while 
allowing local complementary periodic changes in neutron or proton density. 


* Physics Department, University of Melbourne. 
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Using calculations for the hydrodynamics of two fluids in a sphere, the 
results obtained by Steinwedel, Jensen, and Jensen predict that : 


,, Should be proportional to A-, 
| o(#)dH should be proportional to A, 


where o(£) is the absorption cross section at energy E, and A is the mass number 
of the nucleus in question. Experimental work so far does not definitely 
distinguish between this predicted dependence of H,, on A and the Goldhaber- 
Teller prediction of an A-? variation. 


II. THE RESONANCE WIDTH 

A feature of the half-width, [ MeV, of the giant resonance which was 
examined by Wilkinson (1956) is its variation from one nucleus to another. 
Nathans and Halpern (1953) have observed that for nuclei with closed’ shell 
structure the resonance widths are unusually small, and Wilkinson has given 
a qualitative account of factors which could contribute to this effect. As one of 
the factors, he has suggested that rare earth nuclei not having closed shells 
may have a broader resonance, because of a breakdown of the j-j coupling model 
of shell structure considered in his model. However, he has not offered a 
quantitative explanation. 

Recently, Danos (1956, 1958) pointed out that by considering a hydro- 
dynamic model, it is possible to predict quantitatively that the giant resonance 
in deformed nuclei is, in fact, the sum of two resonances at different energies. 
This would lead one to expect that the observed resonance in these nuclei would 
be broadened or double-peaked, depending on the shapes and energy separation 
of the two components. The resonance width for nuclei with closed or nearly 
closed shells (and therefore of spherical shape) would not exhibit this effect. 
The detailed shape of the resonance in deformed nuclei is thus of particular 
interest, as it provides one experimental test of the ability of the hydrodynamic 
model to describe the behaviour of nuclear matter. The other principal features 
of the giant resonance are not sensitive to the theory used to predict them. 
Therefore a test of any model cannot be based upon their measurement 
(Montalbetti, Katz, and Goldemberg 1953). 

Danos (1956, 1958) has applied to the model of Steinwedel, Jensen, and 
Jensen (1950) boundary conditions representing a spheroidal nucleus having 
semi-axes a and b, where a is directed along the axis of rotational symmetry. 
In the solution of the eigenvalue equations in e,, the proton density, to find the 
frequencies w, and «, of the lowest vibration modes, it is found that the eigen- 
values w depend on the orientation of the vibration considered, and also on the 
deformation parameter ¢, which is defined by 

c= (a?—b2)/R?, 


where R is the radius of a sphere equal in volume to the spheroid. By computa- 
tion over a range of ¢-values, the following empirical formula has been shown 
to give accurately the splitting of the eigenvalues (Danos 1958), 


@,/@,=0-9114/b +-0 -089. 
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©, here represents the resonance frequency for absorption of polarized y-rays 
by a nucleus whose a-axis coincides with the direction of polarization, and 
similarly for w, Curves of absorption cross section for these polarized beams 
would then have the usual resonance shape, peaked at w, and w, respectively, 
and having cross sections co,(#) and o,(#). For randomly oriented nuclei, the 
effective total cross section at energy EH is expected to be 


(o(E)>={30,(E) +36,(4)}, 


since there are two axes of length b and only one of length a. The total cross 
section should thus be the sum of two resonance curves, separated in energy, 
with one twice as high as the other if it is assumed that these resonance curves 
have the same width. More generally, the areas under these resonance curves 
should be related by the equation 


[eH ab] fo,(z)aB =: 


In a nucleus with ¢ greater than zero, the larger peak will occur at the higher 
energy. 

In the present experiment, a careful study has been made of the absorption 
cross section of a nucleus having a large deformation in the ground state. Work 
involving experimental readings at small energy intervals is essential in order to 
be able to detect for certain the presence or absence of the broadening or double- 
peaking effect. In much other work of a similar nature, energy intervals of 
1 MeV or larger have been used, and the effect could easily have been missed. 


role 


III. THE EXPERIMENT 

An examination of the resonance in photon absorption by a deformed 
nucleus has been undertaken. In a heavy nucleus (say Z greater than 50), the 
sum of o(y,n) and o(y,2n) gives a very good approximation to the absorption 
cross section, assuming that the contribution of competing reactions in which 
protons are emitted is small enough to be neglected. This is so for the heavy 
nuclei. For example, Toms and Stephens (1955) found that the yield of protons 
emitted from tantalum under the action of 23 MeV bremsstrahlung was less than 
10-3 of the corresponding neutron yield. 

Since the intrinsic quadrupole moment of a nucleus (Q) is directly pro- 
portional to <, an element with a high quadrupole moment was used as target. 
In this case tantalum 181, a 100 per cent. natural isotope, was chosen. (Further 
tests are to be done on some rare earths, which are equally suitable.) Since the 
nucleus 181Ta has Z (=73) and N (=108) well away from the magic number 
values of 50, 82, and 126, one would expect this nucleus to be deformed. 

The spectroscopically measured electric quadrupole moment Q, is related 
to the intrinsic moment Q, by the equation 


(£+1)(2I +3) 
[Ol 1) ae 


Q=9, 


where J is the nuclear spin. @, has been determined for 18’Ta by Murakawa and 
Kamei (1957), who find Q, to be +2-7+0-3 barns. Since for tantalum, I is 7/2, 
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Q is calculated to be +5-8 barns. <A determination of Q, from probabilities 
of y-ray transitions found in Coulomb excitation of low-lying states has given a 
value of +6-8 barns (Alder et al. 1956). 


Since in the 1*!Ta nucleus Q, is positive, a is greater than b. Thus, if the 
predictions of Danos are correct, the absorption cross section resonance should be 
broadened or double-peaked, due to the two components, and the higher energy 


component should have the larger | o(H)dH. For example, taking the low 


energy peak to be at 13 MeV, and Q, to be +6-0 barns, the theory indicated a 
separation in peaks of about 2-8 MeV. 

Bremsstrahlung from the Melbourne 18 MeV electron synchrotron was used 
for the irradiation of the tantalum target. Maximum X-ray energy was variable 
between 8 and 18 MeV by means of variation and precise measurement of the 
d.c. bias used in exciting the magnet. An energy calibration of the machine by 
means of (y,n) threshold measurements on *4P, 328, 55Mn, ®Cu, and ®Cu had 
been completed one month prior to this work, and the effective X-ray energies 
were considered to be known absolutely within 0-2 MeV, with relative energies 
defined considerably better. The X-ray pulse was obtained in each cycle by 
cutting off the r.f. accelerating field 100 usec before the peak of the a.c. cycle. 
The electron beam would then spiral inwards onto a platinum target 0-005 in. 
thick. The length of time (250 usec) over which the bulk of the beam emerged 
in each cycle has allowed gating circuits to be omitted from the counting 
electronics, there being no significant pile-up of electron pulses in the counters. 


The arrangement of target, neutron counters, and paraffin and concrete 
‘“ house ” was similar to that described by Nathans, Halpern, and Mann (1952), 
The target consisted of a block of better than 99-9 per cent. pure tantalum, 
1in. square and 0-14 in. long in the direction of the beam. In the analysis of 
results, correction was made for the absorption of X-rays of different energies 
over the length of this block. 

A pair of B-enriched boron trifluoride proportional counters was used to 
count neutrons thermalized by the 13 cm of paraffin separating the counters 
from the target. At this distance, according to Rossi and Staub (1949), the 
counting efficiency will be energy independent. The counter pulses were fed 
through an amplifying and discriminating system to a pair of independent scalers. 
Counting efficiency was checked regularly throughout the work by measuring 
the count rate from a 10 me Ra-Be neutron source which could be inserted in the 
paraffin behind the target. Variations in counting efficiency were not greater 
than -+1 per cent. from the mean value over a day’s running. 

The dead-time inherent in the system was the source of a counting loss which 
depended on the average input pulse rate. To take this into consideration 
reliably, a correction factor was determined experimentally as a function of 
average counting rate, and was applied to every point of the yield curve. 

The radiation dose for each exposure was measured with a Victoreen 0:25 r 
integrating monitor, used as a transmission chamber and placed behind the lead 
collimator so as to intercept the whole of the collimated beam. This ionization 
chamber was tested periodically for leakage, and was calibrated in terms of 
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‘“ Lucite roentgens ” by a comparison of its response with that of a 25 r thimble 
irradiated at the centre of an 8 cm ‘‘ Perspex” cube. 

Synchrotron energy was varied in steps of 0-2 MeV over the range 8-18 MeV 
to obtain a yield curve in terms of neutron counts per unit dose versus 
synchrotron energy. Except close to the Ta(y,n) threshold, between 4000 
and 10,000 counts were taken per run. Each run was repeated independently 
not less than four times, and average yields were plotted. Thus the statistical 
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Fig. 1—Measured yield curve of photoneutrons from tantalum as a 
function of synchroton energy. 


counting error was between 0-5 and 1 per cent., except near the threshold. 
From this graph was subtracted a similarly obtained background curve, measured 
with all apparatus in place except the tantalum itself. At 17 MeV, it represented 
4 per cent. of the total neutron yield. 


A plot of the low energy yield curve points has indicated a value for the 
Ta(y,n) threshold of 7-7+0-2MeV. This agrees with figures previously 
obtained by McKlhinney e¢ al. (1949) (7-70-2 MeV), by Sher, Halpern, and 
Mann (1951) (7:55+0:20 MeV), and by Cameron (1957), whose mass formula 
calculation gave 7:77 MeV. 
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The absolute yield curve, obtained by taking account of counter efficiency 
and absorption of X-rays in the target, is shown in Figure 1. Since the test 
neutron source calibration was quoted to +10 per cent., the absolute values 
may be in error by this amount. However, the relative values will be very much 
better than this, because of the good counting statistics. 


IV. ANALYSIS OF RESULTS 
Derivation of the cross section from the yield curve was carried out by the 
Leiss-Penfold method (Penfold and Leiss 1954), using effective energy intervals 
of 0-5 MeV (Fig. 2). First differences of the yield curve were smoothed, to 
minimize errors due to the drawing of a curve through the experimental points. 


700 


400 


300 


CROSS SECTION (MBARN) 


200 


100 


6 8 10 12 14 16 18 
E (MEV) 


Fig. 2.—Cross section calculated by the Leiss-Penfold method 
from the neutron yield curve. This cross section plot represents 
o(y.n)+20(y,2n) as a function of energy. 


Above the threshold of the 181Ta(y,2n) reaction, account has to be taken of 
multiple neutron production, since the cross section derived from the neutron 
yield curve is the sum of o(y,)-+20(7,2n) +30(y,3n) and so on. To obtain the 
absorption cross section, the extra weighting of multiple neutron reactions must 
be allowed for. For our purposes, the absorption cross section is o(y,n) +o(y,2), 
since the threshold for the 18!Ta(y,3n) reaction is greater than 18 MeV. 

There being very little experimental evidence available on the subject, 
statistical theory of nuclear reactions as described by Blatt and Weisskopf (1952) 
was used. The result which they derive is 


o(y,2) = Caparl (1 + Esec/@) exp ( — Esec/@)}, 
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where caps is the total cross section for nuclear absorption of a y-ray. sec is 
the maximum energy which could be given to a second neutron emitted from the 
nucleus, that is, it is equal to the difference between the y-ray energy and the 
energy of the (,2n) threshold. © is the maximum possible nuclear temperature 
of the 18°Ta nucleus, which is formed after the emission of the first neutron, and 
before the second neutron is emitted. © is defined by the equation 


L , 
(3) =4 ier —E iy} eo 


where a is a constant, estimated by Blatt and Weisskopf (1952) to have the value 
10 in our case. Hy, is the (y,n) threshold energy. 


Ta(y, 2n) THRESHOLD 


We 13 14 1S 16 17 18 
E (MEV) 
Fig. 3—The reciprocal of the neutron multiplicity plotted as a 
function of y-ray energy for tantalum. Curve I shows (7) 
calculated on the basis of the statistical theory of nuclear reactions. 
Curve IT shows (y,)~1 calculated on statistical theory plus an 
assumed 10 per cent. of the absorption giving rise to direct 
photoeffect. Curve IIT shows (73)~1 as found in the experiment 
of Whalin and Hanson (1953). 


This formula for o(y,2n) is based on the assumptions that H,>0, and that 
neutron emission from the intermediate nucleus predominates immediately it 
becomes energetically possible. Both of these assumptions are good for our case. 


In our calculation, a was put equal to 10, and the values of the (y,n) and 
(y,2n) thresholds used were 7-7 and 14-0 MeV respectively. The result of the 
calculation was expressed in terms of a factor y(#), known as the neutron 
multiplicity. This is defined as the average number of neutrons emitted for each 
photon absorbed. The measured neutron yield is then given by 

Eig 


Y(E,) =0 -6023 ( o(E)n(B) P(E, E,)ak, 
0 
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where P(H, E,)d# is the number of photons of energy # to H+d# per cm? per 
100 r in a spectrum of maximum energy Ey. The cross section is in barns in 
this formula. The neutron multiplicity can be less than unity owing to com- 
petition from proton emission, but, since the proton yield from tantalum is so 
small relative to the neutron emission, the minimum value of y(#) in our case is 
unity. A graph of 1/y(#) for tantalum as a function of y-ray energy is shown in 
Figure 3. The calculation using statistical theory leads to the curve (y,)-* in 
that figure. Thus the absorption cross section is y-! times the cross section 
derived from the neutron yield curve. 
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Fig. 4.—The cross section for nuclear absorption of y-rays in 

tantalum. The ful! circles were calculated using curve I of 

Figure 3, while the open circles were the result of using curve IT. 
Use of curve III led to the dotted cross section. 


An attempt to allow for the effect of the direct photoeffect was made. Once 
again, experimental evidence was lacking, and to estimate the significance of the 
effect the cross section for direct interaction between photons and nucleons of 
the tantalum nucleus was assumed to be a constant 10 per cent. of the total 
cross section for absorption of photons by that nucleus. Including this con- 
sideration, an alternative factor was found, and this is plotted as (y)~? in 
Figure 3. 

Experimental values for the ratio of o(y,n) to o(y,2n) have been obtained by 
Whalin and Hanson (1953) and by Carver, Edge, and Lokan (1957 ). This was 
done by measuring a total neutron yield curve, and subtracting from it the yield 
curve for the (y,n) reaction only. The (y,n) yield was obtained by counting the 
Bt-activity of 1°Ta. This subtraction gives the yield curve for the (y,2n) 
reaction. These results disagree with the statistical theory very considerably. 
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The values of y-1 obtained in the experiment of Whalin and Hanson are plotted 
in Figure 3 as (y3)71. 

The effects of 7, and 7, respectively are shown in the two sets of plotted 
points in Figure 4, which shows the cross section for photon absorption in the 
tantalum nucleus. Precisely where the actual curve should lie cannot be said. 
However, the essential features of the final cross section are not at all dependent 
on these doubtful multiplying factors. If the experimental values of y(#) are 
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Fig. 5.—The fit of two Breit-Wigner shape resonance curves to the 

cross section calculated using curve III of Figure 3. Parameters of 

Breit-Wigner fit to observed o: H,=12-6 MeV, o,,,=500 mbarn, 
T,=2MeV; H,=15-3 MeV, o2,,=450 mbarn, ,=4 MeV. 


used, the dotted curve of Figure 4 is obtained. In this case, the evidence for a 
second peak in the cross section for the absorption of y-rays is even more 
pronounced. j; 

In view of the limits of error shown and the constancy of the characteristic 
general shape of the cross section under different methods of allowing for the 
(y,2n) reaction, it is considered that the evidence for two peaks in the absorption 
cross section is quite definite. The width of the resonance curve of Figure 4 
(full width at half maximum) is 5-4 MeV, the maximum cross section is 615 mbarn, 
and the integrated cross section up to 18 MeV is 3-2 MeV-barn. 

There remains some doubt about our assessment of the absolute yield, 
mainly owing to the uncertainty in calibration of the neutron source used to test 
the counter efficiency and to uncertainty in the calibration of the Victoreen 
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thimble as used in the 10-20 MeV region. If instead we standardize our neutron 
yield from tantalum against that from copper, and use the value quoted by 
Montalbetti, Katz, and Goldemberg (1953) for the neutron yield from this element, 
the peak cross section becomes 540 mbarn. 


V. CONCLUSIONS 
The y-ray absorption resonance observed for tantalum exhibits distinct 
features of shape and width not normally found in curves of this type. This 
result can be satisfactorily explained in terms of a sum of two components, and a 
‘resonance ” showing just these features might well be expected on the basis 
of the theory of Danos (1958). To demonstrate the feasibility of such a resolution 
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Fig. 6.—Cross section for nuclear absorption of y-rays in 

lanthanum. Curve I is the cross section calculated from the 

neutron yield curve. Curve II is corrected for the effects of 
neutron multiplicity. 


into two peaks as required by the Danos theory, the cross section obtained using 
the experimental values of y(H#) has been decomposed into two components, 
o, and o, (see Fig. 5). Both these component cross sections were assumed to 
have Breit-Wigner shape, with parameters as stated in Figure 5. This decom- 
position is not unique, of course, but serves to show the compatibility of this 
result with the predictions of Danos (1958). The energy separation of the two 
peaks in this decomposition leads to a value of the intrinsic electric quadrupole 
moment for tantalum of 6-1 barns (compared with the previously quoted values 
of 5-8 and 6-8 barns). This value was obtained assuming R=R,A}, 
R,=1:2x10-" cm. Further, the ratio of area under the lower energy peak 
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to that under the higher energy peak is 0-55, in approximate agreement with the 
predicted value of 0-5. 

Whilst the above results thus lend clear support to the validity of Danos’s 
improvement to the hydrodynamic model, it is not claimed that this theory 
is the correct or the only interpretation of them. Before any adequate verification 
of the theory is obtained, the y-ray absorption cross sections must be measured 
for a number of nuclei of varying deformations. In particular, it must be 
demonstrated that this effect does not occur for undeformed nuclei. To test 
this, the above technique has been applied to the measurement of the y-ray 
absorption cross section in lanthanum. This is a nucleus with a closed shell of 
neutrons (V=82) and thus has very small deformation. The absorption cross 
section obtained for this nucleus is shown in Figure 6, and shows no evidence 
whatever for two components. This is also in agreement with the hydro- 
dynamic model theory. 


We are grateful to have been informed of a series of experiments, with an 
object identical to the present one, recently performed by Weiss and Fuller 
(Fuller, personal communication 1957). The cross section for absorption of 
y-rays by the tantalum nucleus has been resolved into two peaks at 12-8 and 
15-7 MeV respectively. The integrated cross section to 20 MeV was found to 
be 3:27 MeV-barn and the width of the resonance about 6 MeV. This is in good 
agreement with the present work. 
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THE FLUCTUATING FIELD FERROMAGNET AT LOW TEMPERATURES 
By F. D. STacrey* 
[Manuscript received February 27, 1958] 


Summary 


Néel’s concept of fluctuating intermolecular field may be ascribed to localized but 
migratory elementary magnets in ferromagnetics with non-integral Bohr magneton 
numbers. This concept allows a low temperature ordering of elementary magnets 
and a variation with temperature of the effective number of nearest neighbours between 
which exchange interactions occur. This model alone cannot explain the approach 
to absolute saturation at 0 °K of a ferromagnetic, but it modifies the constant of the 
T?/2 law of approach. In the case of ordering by the mutual attraction of parallel 
elementary magnets, each consisting of a coupled pair of spins (s=1) the theoretical 
and experimental values of this constant for nickel are reconciled. 


I. INTRODUCTION 

The statistical nature of the alignment of elementary magnets in a ferro- 
magnetic domain cannot be properly accounted for in any existing theory. 
Néel (1932, 1934, 1940) directed attention to this deficiency of the theory of 
ferromagnetism by considering statistical fluctuations of intermolecular field near 
to the Curie temperature. He obtained a convincing correlation between specific 
heat, the difference between paramagnetic, 0,, and ferromagnetic, 0,, Curie 
temperatures, and the departure from linearity of the (1/y—T') curve above 6,. 
The fluctuations are considered to arise by thermal migration of the elementary 
magnets from one lattice site to another, being discretely located on particular 
sites at any instant. 

In an earlier paper (Stacey 1955) this model was examined for a face-centred 
cubic lattice to determine the conditions under which ordering of elementary 
magnets on the lattice sites could explain the observed variation of intermolecular 
field in nickel. An analytical form for the approach to absolute saturation at 
0 °K did not appear to be obtainable for this lattice, so that an important 
deficiency of the model was missed. The body-centred cubic lattice contains 
only two (instead of four) sublattices and is therefore algebraically easier to 
handle. It gives an exponential approach to absolute saturation, clearly in 
disagreement with experimental results for nickel. (A qualitative similarity 
between the behaviour of face-centred and body-centred lattices must be 
expected.) 

The success of Bloch’s (1932) law, 1—o/o,=CT?!2+..., for the departure 
of spontaneous magnetization o/c) from saturation at low temperatures, 7, is 
explained by Dyson’s (1956) paper in which the next term is shown to be pro- 
portional to 7/2 and not a lower power as had been reported earlier. This 


* Geophysics Department, Australian National University, Canberra. 


THE FLUCTUATING FIELD FERROMAGNET oy bil 


allows the T?/? law quite a wide range of validity as observed experimentally, 
but the theoretical and experimental values of @ do not agree. C depends 
directly upon the number, 7, of nearest neighbouring lattice sites between which 
exchange interactions occur, and the assumption is made that 7 has the same 
value at 0 °K and the Curie point. An estimate is therefore readily made of the 
correction to C indicated by the fluctuating field concept. 


II. LATTICE ORDERING BY MUTUAL REPULSION OF ELEMENTARY MAGNETS 
In this section consideration is given to the behaviour at low temperatures 
of a body-centred cubic lattice, incompletely occupied by elementary magnets, 
between which there is an ionic repulsion exceeding their exchange interaction. 
The lattice can be divided into two completely equivalent sublattices, which, 
in any unit cell, are represented by the cube corners and the body centre. 
Consider two sublattices with different populations w and w of elementary magnets, 
disposed on a total of N lattice sites, where 


AD SaES NG. Wier a otore det OR (2) 


The w and « magnets will have different spontaneous magnetizations (c/o), 
and (c/o ),, and we may put 


W =(6/09) ws X=2X(G/5),5 
so that 
VY BAS Gig Mra ala: Saf rho Acs. 0.5 whan as (3) 
WX aaa VAS sek sla totes eh ees (4) 


Each @ site has eight nearest neighbours, all on the w sublattice, and similarly 
each w site has eight nearest neighbouring « sites. Therefore, if next nearest 
neighbour interactions are neglected, the intermolecular field acting on each 
sublattice is due to the occupation and spontaneous magnetization of the other 
sublattice. Equations representing the interdependence of the spontaneous 
magnetizations are derived in the same way as for the simple quantum-corrected 
Weiss theory. Equations are numbered (5A), (6A), etc. for the case of 
elementary magnets being single spins (s=43) and (5B), (6B), etc. for coupled 
spins (s=1). 


W/w 


| 
AV SW 0) tanh ( ee x), ee a (5B) 
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where J represents the exchange energy between occupied neighbouring sites, 
T is temperature, and k Boltzmann’s constant. Equations (5) and (6) refer to 
spontaneous magnetization in zero external field. 

Both lattices have the same Curie temperature, 0, since both W and X are 
positive and by (5) and (6) they must approach zero together. Simplification of 
these equations for W, X—0 gives 


For approximation to equations (5) and (6) at low temperatures, the 


expansion 
tanh A=1—2e-24-... 


is used. Substituting equations (1)-(4) and (7) in (5) and (6) we obtain at low 
temperatures : 


Ae ( 8 o 0 
1 F=(1+8) exp | 2p (1a) +.—8) exp} —25 ZA), 
Rare» (8A) 
Coes ame o 1+A B20) 
1 7 =a(1 Bae SS Je |—5 7 oth 
: o l=\ (a3 0 «6 
+3(1 5 So 9 exp = 5} T z+Ayt, ete afte, cs (8B) 


provided that $ and A do not approach unity, i.e. n/N must be greater than 4. 


The behaviour of 5 and A as 7/00 is readily determined by considering 
the free energy, F, of the system. 


F=U-—kT in A, 


where U is internal energy and A is the number of complexions of the system. 
When the spontaneous magnetizations of both sublattices approximate to 
unity, U and A are given by 


16wex 
ea (besides. Sapa rekstts Ar aks tare at eee (9) 


(ENE ey te 
(AN —w)!w! (4N—c) la!’ 


U 


A= 


so that 


1 aF_16(H—J) 2(4N — 
KP On Ne“ —*) +n (raw): 


which is equated to zero for the required minimum of free energy. 
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This causes w and # to approach limiting values 4N and (n—4N) in an 
exponential manner as 7-0 °K, so that at low temperatures we may write 
5=A=(N/n—1), whence 


ala yo (oN 6) 
oe of: ocd 
Sr ie Ce) a a 
ee See (10A) 
ee ee OU ry es A Oa 
a Oo 4 eae, 3(2 3 eta 2— rae a 
Nee ere eee (10B) 


In equations (10) the first terms predominate. Subsequent terms in the 
expansions involve squares of the exponentials which are not significant below 
T/8=0-2. Over this temperature range the 7*/? law of Bloch (1932) gives a 
much better fit to experimental values than any combination of exponentials 
in the form of equation (9), which shows the unsuitability of this approach at 
low temperatures, and suggests an examination of the T?/? law. 


Ill. Toe T?/? Law 

Dyson (1956a, 1956b) gave a complete analysis of the spin-wave method of 
calculating the spontaneous magnetization, c/o), of a ferromagnetic at low 
temperatures. The important conclusion from these calculations is that the 
next term in the expansion of c/o, in powers of temperature, 7, is proportional 
to 7/2, Thus there is a useful range of temperatures over which the 7%/? term 
expresses o/c, versus T as accurately as experiment can check it. Available 
experimental data do not allow a very close check of the 7?/? law but Arrott 
(1955) has provisionally reported that more accurate measurements are being 
made. 

Combining equations (135) and (143) in the paper by Dyson (1956b) we 
have at low temperatures 


1 


oO els pis 
eee 
where 2s is the number of spins per elementary magnet, and 7’, is a constant 
approximately equal to the Curie temperature 0. To give reasonable agreement 
with experiment we require s=3/2 in nickel, which is generally regarded as 
improbable. An alternative explanation for the value of the constant in 
equation (11) is found in the fluctuating field theory. 

The quantity 7, in equation (11) is proportional to yo, the number of nearest 
neighbours per atom in Dyson’s theory, but what appears to be significant is 
the average number, 7, of occupied nearest neighbours to each of the lattice 
sites occupied by an elementary magnet. If there are fewer elementary magnets 
than lattice sites, 7 may be temperature dependent, which yp is not. 

The range of variation of 7 with temperature was calculated for nickel with 
s—i and s=1 by Stacey (1955), assuming repulsive ordering of elementary 


2 
magnets on a face-centred cubic lattice. It must be noted that the values for 
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the ordered and disordered states were accidentally inverted and that 7 is smaller 
in the low temperature ordered state. Without numerical calculation it can be 
seen immediately that this process would increase the disagreement between the 
theoretical and experimental constants of equation (11). We have 


where ‘jy and yp are the values of 7 at Z7=0 and T=6, and f is a numerical factor 
approximately equal to unity. 


For equation (11) to agree with the experimental equation 
To) 05021 OP 2s cei ee oe (13) 


we require 7 /j9>1, which can only result from what is here termed “‘ attractive 
ordering ”’. 


IV. LATTICE ORDERING BY MUTUAL ATTRACTION OF ELEMENTARY MAGNETS | 

The type of order which follows from the tendency of elementary magnets 
to choose as neighbours magnets parallel to themselves is here examined for a 
face-centred cubic lattice, and 7/7» is calculated for s=} and s=1 in nickel. 
Attractive ordering instead of repulsive ordering is to be expected if (H—J) 
(equation (9)) is negative. 

Consider a face-centred cubic lattice of N sites, arranged in a cube of side 
(4N)1/3.a, where a is the side of a unit cell and N is large. There are n elementary 
magnets disposed on the WN sites. Since each site has 12 nearest neighbours, in a 
disordered arrangement of n magnets the average number of nearest neighbours is 


ip SASAIN. 9 a. de ee ee (14) 


This arrangement is approximately valid at the Curie point, 0. 


At low temperatures the magnets will tend to become ordered into co-planar 
groups, the planes being parallel to the faces of the unit cell. This arrangement 
increases the number of nearest neighbour interactions, with the minimum of 
local concentration of magnets. In the ordered limit the elementary magnets 
will occupy p complete planes in each of the three mutually perpendicular 
directions. The whole lattice has 2(4N)1/3 planes in each direction, each plane 
having 2(4N)?/3 sites. For n/N <0-25 the planes would be expected to be 
incomplete and the following calculation would be invalid, but the interesting 
values are n/N =0-604, 0-302, corresponding to s=4, 1 in nickel. 

The intersection of three planes may occur either at a lattice site or between 
sites, depending upon the planes selected, but the first alternative is favoured 
for occupation as it gives a larger value of 7 and hence lower energy for any 
particular value of n/N. 

With p planes in each direction there are 3p? lines of intersection of two 
planes and p? intersections of three planes. Each line of intersection has (4N)1/3 
sites common to both planes which must be subtracted from the total count of 
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occupied sites to avoid counting twice. This would subtract twice the points 
of triple intersection, so that 


n=3p . 2(4N)?/8—3p*(EN)19 +p, 
which gives 


ree ee at SP 2 41f P 3 
7-2 | Gayl Alesana erlesand 5. ot oo (15) 


It may be noticed that n/N=1 when half the planes are occupied, i.e. 
p=(4)', alternate planes having been selected for occupation by the triple 
intersection condition. 

Along a line of intersection between two occupied planes there are 4(1N)1/3 
interactions between sites in different planes in addition to the two interactions 
per site within the planes. This gives a total number of interactions between 
nearest neighbours : 

Inj =2 . 3p . 2(4N)?243p2. 4(4N)28, 


VN P P 
p= 6— anal! Sam are. eee (16) 


Equations (15) and (16) can be used to find y) at any value of n/N. Values 
are given below for the cases of elementary magnets in nickel being single or 
coupled spins : 


n n 

Gee: (s=4) ee (=I) 
N (ordered) 7:67 5°45 
np (disordered) 7-25 3-62 


The values of yo are given by equation (14). 

For s= the ratio 7/79 is so near to unity that it cannot significantly affect 
the 73/2 law, in which the constant is three times too large. For s=1, however, 
it gives an interesting agreement with the experimental law. 

Combining equations (11) and (12) and using the above values of y and x 
for s=1 in nickel, we obtain 


Le Fe NG 


ele AU alee 


Since substitution of a theoretical value of f would be somewhat arbitrary, 
the value required for agreement between theory and experiment is obtained by 
comparison of equations (13) and (17): 

f= 87, 

Dyson (1956b) suggests f~0-9 as a conclusion of the calculation by Rush- 

brooke and Wood (1955) who give f=0-8 to 0-9, so that the above value is as 


close as the uncertainty will permit. 
Cc 
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V. CONCLUSION 

The consideration of ionic ordering in a body-centred cubic lattice clearly 
indicates that the observed temperature dependence of spontaneous magnetization 
of a ferromagnetic near to complete saturation is not explicable in terms of 
variation of intermolecular field caused by the ordering. This conclusion may 
reasonably be applied to nickel, although the appropriate calculation would not 
so easily be carried out for a face-centred cubic lattice. 

Dyson’s (1956a, 1956b) removal of the theoretical doubt about the validity 
of the 73/2 law, allows a comparison of the theoretical and experimental values 
of the constant C, in the equation 


1—«o/o,=C(T/6)?. 


In nickel the agreement is not good unless one allows the elementary magnets 
to be spins coupled in threes. This appears improbable, although there is 
substantial evidence (particularly paramagnetic susceptibility) that the spins are 
coupled in pairs. 

To explain the discrepancy on the basis of different arrangements on the 
lattice sites of the elementary magnets, it is necessary that a low temperature, 
ordered state be produced by a mutual attraction of parallel magnets. This 
attraction must overcome the ionic repulsion, which results from the localization 
of charge on atoms with vacancies in the 3d shells, and is contrary to an earlier 
calculation based on the assumption of ordering due principally to repulsion. 
Solid local accumulations of magnets may still be prevented by the repulsion, 
leading to a tendency for occupied lattice sites to form intersecting planes. This 
leads to an increase in the exchange energy of the lattice, and modifies the 
constant C. For s—4 the modification is not significant, but for s=1 it completely 
reconciles the theoretical and experimental values of C. 

It is not necessary to the theory that the elementary magnets should be as 
individual as has been implied here. The consideration of an average value for 
the whole lattice of the effective number, y, of nearest neighbours is a concession 
to their quantum-mechanical indistinguishability (as well as being a necessary 
mathematical simplification). The difference between the described ordered 
and disordered states may be regarded as due respectively to unequal and equal 
probabilities for the occupation of lattice sites. However, it is necessary to the 
fluctuating field model that the 3d electrons (or vacancies) responsible for ferro- 
magnetism are too tightly bound to be considered as an electron band shared 
by the lattice as a whole. 

Fluctuations of intermolecular field are inherent in the model described. 
They have not been given specific consideration because they become important 
only in the region of the Curie temperature. In a ferromagnetic in which 
attractive ordering occurs at low temperatures in the manner described in 
Section IV, the temporary formation of small coplanar groups of elementary 
magnets will occur even above the Curie point. This can be described either as 
fluctuations or as the preservation of some local order. However, when spon- 
taneous magnetization is small, the ordering by ionic repulsion, rejected at low 
temperatures, may still be significant. 
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ON THE SEISMOLOGICAL ASPECTS OF THE 1954 HYDROGEN 
BOMB EXPLOSIONS 


By T. N. BuRKE-GAFFNEY* and K. E. BULLENT{ 
[Manuscript received April 29, 1958] 


Summary 

Tentative conclusions previously drawn from an analysis of seismic readings of 
four 1954 hydrogen bomb explosions are re-examined in the light of source data subse- 
quently released on these explosions. The released data show that the authors’ earlier 
computed origin-times for the four explosions were correct within 0-0, 0:4, 0-7, and 
0:1 sec respectively. The re-examination shows that the J.B. P tables need a correction 
of —2-2+1-0 sec for surface epicentres in the mid Pacific and recordings at continental 
stations. It is confirmed that any difference between the P travel-times from Bikini to 
Australia and Bikini to the United States is not much more than }sec. The authors’ 
previous inferences on the velocities of air waves from the explosions remain undisturbed. 
The re-examination confirms the occurrence of diffracted PAP waves in front of the 142° 
caustic, and confirms that these diffracted waves arrive at times significantly earlier 
than PKIKP waves. 


I. INTRODUCTION 

Three papers (Burke-Gaffney and Bullen 1957; Bullen and Burke-Gaffney 
1957, 1958), previously published on the 1954 hydrogen bomb explosions, will 
be referred to as papers I, II, and III. In these papers, various inferences have 
been drawn from seismic records of the explosions, but the inferences were all 
made without knowledge of data at the explosion sources. The United States 
Atomic Energy Commission has now released the source data, so that the 
reliability of the inferences can be checked. The purpose of the present paper 
is to carry out this check. 


The officially released (G.M.T.) origin-times of the four explosions are: 


(i) 1954 Feb. 284 18) 45m Q-0s 
(ii) 1954 Mar. 264 18h 30m 0-48 
(iii) 1954 Apr. 254 18h 10m 0-75 
(iv) 1954 May 44 18h 10m 0-15 


These figures show our previously estimated origin-times to have been correct 
within an average of 0-3 sec. This is in fact the order of accuracy that we had 
surmised during our calculations, and the corrections needed to the origin-times 
are, by themselves, too small to affect any of our previous inferences. 


Our original calculations, however, rested on the postulate that the centre 
of each of the four explosions was the same as that for the Bikini explosion of 


* Riverview College Observatory, Riverview, N.S.W. 
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1946 July 24, namely, 11° 35’ N., 165° 30’ E. The officially released coordinates 
differ from these sufficiently to warrant our carrying out a re-calculation. The 
official coordinates are: 

MAILS AIe ZT UN... 165516" 2b" Bh. 

fir erie 1 AGN. 165" 16°23" hk 
(iia eI1°0S9" 59" N., 165° 23° 14" Bi. 
(viii so" 56° N-, 165° 23°13" Ee. 


As will be seen, our principal inferences are in fact well sustained in the re- 
calculations, but a few minor numerical changes are entailed. 

Taking the above latitudes to be geographic, the corresponding geocentric 
direction-cosines are found to be: 


(i) and (ii): —0-94732, 0-24900, 0-20136 
(iii) and (iv): —0-94789, 0-24714, 0-20092. 


From these direction-cosines, we recalculated the distances of the recording 
stations, and then using the correct origin-times obtained revised residuals in 
place of those given in Table 2 of paper I. The Jeffreys-Bullen tables were again 
used, and ellipticity corrections were applied. 


II. READINGS AT DISTANCES LESS THAN 120° 

Table 1 below gives the results for stations at distances up to 120°. In 
forming this table, the arrival-time data set down in Table 1 of paper I were used 
with the sole exception of Baguio, for which revised readings had been set down 
in paper III. In Table 1, A, denotes the distance from the centres of shocks (i) 
and (ii), and A, from shocks (iii) and (iv). 

The standard four-figure direction-cosines of observatories were used in 
computing A, and A,, so that the calculated values may be in error up to 0°-03. 
The recorded arrival-times at stations were in general available only to the 
nearest second, but computed travel-times, ellipticity corrections, etc. were 
estimated to 0-1 sec in order to avoid introducing additional errors. Thus 
fluctuations at least up to 0-7 sec are to be expected between individual residuals 
in Table 1. The entries under ‘“‘ mean residual” relate only to P or PKP 
readings. 

Comparison with the residuals obtained in paper I shows that the new 
residuals are even slightly more self-consistent than the old. The residuals 
remain predominantly negative and are actually numerically a little larger than 
those of paper I. All the broad conclusions of paper I are confirmed. The 
detailed conclusions are these : 

(a) The mean residual for P readings at all stations up to Kiruna is 
—2-211-0sec. This is compatible with the result —1-8--0-8 sec obtained 
by Bullen (1948) from readings of the 1946 Bikini explosion, and confirms the 
fact that, for a surface epicentre in the mid Pacific, the J.-B. P tables need a 
negative correction of more than a second for travel-times to continental stations, 


(b) The mean residuals at Riverview, Brisbane, Pasadena, and Fayetteville 
have all been increased from paper I. But the mean difference between the 
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Australian and the United States stations remains only 0-5 sec. Thus it is 
confirmed that the differences in travel-times from Bikini to Australia and from 
Bikini to the United States differ, if at all, by not much more than a half-second. 

(c) The four readings at Stuttgart are very consistent and indicate a correc- 
tion of —1-0-++0-4 sec to the J.-B. PKP table for a mid Pacific surface focus. 
The two readings at Tananarive do not support a need for this correction, but it 
is likely that the first onsets at Tananarive were too small to be recorded. 

(a) The conclusions in paper I on the velocities of air waves from the 
explosions remain unaffected. 


TABLE 1 
P anv PKP RESIDUALS AT DISTANCES UP TO 120° 
(i) (ii) (iii) eo) 
Station AG As (sec) (sec) (sec) (sec) Residual 
(sec) 
Noumea .. Soot, 33°°69 —0-4 —0-2 —0:3 
Matsushiro 34°-73 34°- 82 +4-3(S)| —1-4 —1-4 
Brisbane .. 40°:71 40°: 72 —l1-1 —1-5 —1:9 —1-3 —1-5 
Baguio... 43°-54 43°-66 —1-6 —2:0 —3°-3 —2-7 —2-4 
Riverview 47°-22 47°-23 —1-7 —1-1 —1-5 —1-9 —1:5 
Kaimata .. 54°-15 54°-12 —1-3 —1-3 
Victoria .. 69°-O1 68°: 95 —4:5 —4-9 —2-3 
Pasadena 72°-46 72°" 38 —1:6 —2-0 —2-0 —2-4 —2-0 
Fayetteville 91°-54 91°-47 —2°-3 —1-7 —2-0 
Quetta a 91°-26 91°-37 —3:1 —2-3 —2-7 —2:-7 
Karina ee 96°: 75 96°- 80 —3-6 —3-6 
Uppsala .. | 104°-11 104°-17 +5-1 |} +5:1 
Ksara oo | AB}oCeee 114°-06 O (Uae 
Stuttgart 116°:19 116°-25 —1-5 —0:9 —1-3 —0-5 —1-0 
Tananarive 119°: 75 119°: 85 +0-2 +0:-4 +0:3 


* Tf the reading at Ksara were taken as 48™ 428 instead of 49™ 42s, the reading would agree 
with PKP with a residual of —0-1 sec. 


III. READINGS IN THE RANGE 137°<A<142° 
In papers II and ITI, attention was drawn to what, on the calculations of 
paper I, appeared to be abnormally early readings at all three stations in the 
range 137°<A<142°. It was suggested that the early readings related to 
diffracted PKP waves associated with the caustic at 142°. The newly released 
source data referred to earlier in this paper enable us to confirm this conclusion. 


In Table 2 below, we give the revised results for the three stations. The 
distances A, and A, are given in brackets below the names of stations. For 
Pretoria and Kimberley, the revised residuals correspond to the readings, both 
first onsets and certain later phases, made by Dr. Hales and referred to in paper 
III. For Tamanrasset, the revised residuals correspond to the arrival-times 
given in paper I. 

In Table 2, the means of the first arrivals at the three stations are —11-0, 
—8-3, —6-1 sec respectively, as against —11-1, —8-2, —6-1 sec, obtained in 
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paper I. Means of the late arrivals at Pretoria and Kimberley are likewise 
much the same as before. 


Thus the conclusions of paper III on the existence of diffracted PKP waves 
in front of the 142° caustic, arriving at times significantly earlier than PKIKP 
waves, are totally substantiated. The official release of the source data of the 
explosions has thus confirmed the importance of the explosions in adding a final 
link in the chain of evidence on the existence of the Earth’s inner core. 


TABLE 2 
RESIDUALS AT STATIONS BETWEEN DISTANCES OF 137° AND 142° 


Station (i) (ii) (iii) (iv) 
| (sec) (sec) (sec) (sec) 
Pretoria : ag 11-4, 2-9, 0-1 —11-0, +1-2 —10-6, +1-4 


(W372 22 US Tosi) 


Kimberley... pont Bd epee 60 Oey 26-7. 1067, sh Ts8 
(139°-45, 139°-54) 


Tamanrasset .. at —6-2 —8:6 —5:1 —4-6 
(140°-40, 140°-48) 


The authors would like to record the service which the United States Atomic 
Energy Commission has rendered to seismology in releasing the source data on 
the explosions here discussed. The release has enabled the previous tentative 
conclusions to become well-established conclusions. And the importance of 
controlled explosions as a means of studying the Earth’s deep interior is confirmed. 
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A STUDY OF “SPREAD-F”’ IONOSPHERIC ECHOES AT NIGHT 
AT BRISBANE 


IV. RANGE SPREADING 
By H. C. WEBSTER* 
[Manuscript received May 5, 1958] 


Summary 
In the course of investigations of satellite echoes from the Ff region of the ionosphere, 
it was noted that the F and LZ, traces recorded at night, on h’t equipment at frequencies 
well below vertical, are broader than anticipated and tend to change in a characteristic 
manner as the gain of the receiver is lowered. In this paper, a quantitative explanation 
of these phenomena is elaborated, based on the postulate of a “‘ rough ”’ ionosphere. 


This theory leads to a method whereby, from the swept-gain h’t records, estimates 
of roughness index can be formed. These estimates compare satisfactorily, on a 
statistical basis, with estimates by other methods. The theory is extended to the case 
of multiple-hop reflections, and to the satellite traces ; general agreement with experiment 
is found. Evidence is presented that the ionosphere appears rougher when transmitter 
and receiver are adjacent than when they are widely separated, and a tentative explana- 
tion is suggested. From the roughness indices, the relative intensities of Z- and O- 
mode F echoes for Brisbane are computed and the rare appearance of Z-traces on Brisbane 
records is satisfactorily explained. 


I. INTRODUCTION 

The fixed-frequency h’t recorder described by McNicol, Webster, and Bowman 
(1956) in Part I of this series of papers gives F traces which in almost all cases are 
substantially broader than would be anticipated from the duration of the pulse, 
even when allowance is made for the finite bandwidth of the receivers used and 
for the finite size of spot of the cathode-ray tube. In the swept-gain records 
discussed by those authors it is found that, as the gain decreases, the trace 
contracts until, just before extinction, it is no wider than would be anticipated 
on the basis of pulse duration, receiver response, and C.R.T. spot size (ef. Plate 1, 
Fig. 1). Occasionally, at a somewhat higher gain, the trace divides, indicating 
the presence of a “ satellite”? (McNicol, Webster, and Bowman, loc. cit.) which 
was not separated from the main trace when the gain was maximal (Plate 1, 
Fig. 2). If we restrict consideration to those swept-gain records in which there 
is no such unresolved satellite, it is found that the patches on the Swept-gain 
records tend to take up a shape approximating to a trapezium (cf. Fig. 1). 
Individual patches depart from this shape, but the average shape of a number of 
successive patches resembles it reasonably well. The angle BAD (Fig. 1) can 
change markedly from one hour to the next, but the angle ABC is more nearly 
constant. The distance BE (where angle CDE is made equal to BOD) usually 
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Fig. 1.—Example of swept-gain patches (March 24, 1955). Upper trace, f-region echo. Lower 
traces, H, and double-hop #,. Duration of swept-gain cycle 2 min. 
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. Fig. 2—Example of swept-gain patches (December 3, 1955), showing F’ satellite resolved at low 
gain, unresolved at high (#, not recorded on this occasion). 
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corresponds, roughly, to the trace width calculated from pulse duration and 
receiver characteristics. Examination of swept-gain records of double-hop and 
triple-hop echoes shows similar effects and such effects also appear frequently 
(a) on the records of “ satellites ’? and (b) on records obtained when there is 100 km 
separation between transmitter and receiver. 


In the present paper a tentative theory of this broadening is worked out, 
on the basis of a uniformly rough ionosphere, employing assumptions similar 
to those used by Briggs and Phillips (1950) in their study of the fading of reflected 
pulses, and quantitative experimental data obtained from swept-gain records 
are then discussed in relation to this theory. While this paper was in preparation, 
Moore and Williams (1957) have published an analysis of a somewhat analogous 
problem (ground scatter of radio emissions from an airborne transmitter). Their 
results appear to be generally consistent with those given here, but a detailed 
comparison is scarcely feasible. 


RSKSNLREKA 


Fig. 1.—Outlines of swept-gain patches and their idealized trapezoidal form. 


II. GENERAL THEORETICAL CONSIDERATIONS 
Briggs and Phillips (1950) show that the energy which is returned to a 
transmitting station by a small element of area of the ionosphere subtending 
a small solid angle dQ at the transmitter and located at an angular distance 0 
from the zenith is given by 
dW =x cos"@ dQ, 


where x is a constant depending on the transmitter power, antenna gain, etc. 
and n is an exponent dependent on the state of roughness of the ionosphere, 
antenna patterns, etc. This conclusion is based on reasonable assumptions 
and leads to a consistent explanation of fading data. 

They also assume that the total energy received from the whole ionosphere 
is obtained by adding the power contributions from the different elements. 
This amounts to assuming that the signals scattered from different areas have 
random differences of phase. In the case of specular reflection, this cannot be 
true, but in that case the effective value of n is so large that no discrepancy 
arises. The smaller the value of n the more nearly the ionosphere approaches 
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complete roughness. Values of n below 3 are impossible and values below: 10 
very improbable, under the conditions of observation used in the Brisbane 
experiments. 
It will be assumed that the dispersion of the ionosphere is so small that it 
does not affect the pulse width. This is not valid near the penetration frequency. 
On the basis of these assumptions and assuming also an ionosphere devoid 
of major irregularities or curvatures, but having such minor irregularities as 


Fig. 2.—Scattermg from a rough ionosphere, 
transmitter and receiver contiguous. Z is point on 
reflecting surface vertically above station. 


to lead to a finite value for n, it follows immediately that the energy received 
back in a time dt from a strip of the ionosphere bounded by cones of semi-angles 
6 and 0+d6 (Fig. 2) must be proportional to F(6) where 


(0)d0=2re.cos® G sin.0 dO,” io. nw wee (1) 
The time taken for this radiation to travel from the station and back is given by 
t=t, sec 0, 
where {, is the time taken for vertically reflected radiation. 


If the ionosphere behaved as a specular reflector, the shape of the received 
pulse would depend only on 


(a) the shape of the pulse emitted by the transmitter ; 
(b) distortion (due to finite bandwidth) of the receiver. 


It is convenient to lump these two effects together, assuming a distortionless 
receiver with a transmitter pulse adjusted in shape to correspond to the pulse as it 
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appears in the receiver when specular reflection has occurred. This procedure 
would appear to be valid if the receiver is linear. We shall represent the Shape 
by the arbitrary power function P(t), ie. P(t) is the radiated power at time t 
after the beginning of the pulse. 

At a time ¢ after the start of the pulse, where t> ft), radiation which originated 
at the start of the pulse will be arriving from a ring on the ionosphere at an angle 
6,, given by 

t=t, sec 0,. 


At the same time ¢, radiation will also be arriving after reflection from more 
nearly zenithal ionospheric rings; this radiation will have been emitted at a 
later time + within the pulse. In fact, all parts of the pulse, up to a time 7,, 
will be contributing, where 


Ty ==, —t, 


and corresponds therefore to zenithal reflection. Still later parts of the pulse 
do not contribute to the radiation being received at time t. If t—t)>7t, the 
whole pulse contributes. 

The energy AW returning in an interval At at time ¢ from an infinitesimal 
ring enclosed between cones of angles 0 and 0+d0 (0<0,) is therefore pro- 
portional to the energy emitted during the corresponding interval t to ++At, 
where 

+=t—1, sec 6, 
++Ar=t+At—t, sec 0. 


Since it is also proportional to F(0)d0 we may write 
AW =kP(r)AtF(0)d0=kP(t —t, sec 0)AtF(0)d0, 


where k is a constant. 


The total rate of return of energy at time ¢t may be obtained by adding the 
contribution of the several rings and thus becomes 


Tak (i Ms PG sisec OO dhe suede ee (2) 
0 


‘The shape of the swept-gain patches is determined by the dependence of log I 
ont. In order to evaluate the integral we must make some assumptions regarding 
the form of P(t). 


III. IDEAL PULSE 
It is instructive to consider first the idealized case where the pulse is strictly 
rectangular in shape. We shall take its duration as t. Thus 


P(t—t,sec0)=P — (fy tt >t>th), 
=0 (>t) +7»). 


Two cages arise, according to whether t—t,=t , i.e. t1=To- 
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Case A. 0<t,<t). Then the function P(t—t, sec 0) is the same for all values 
of 6 less than 0,, and 


6; 
T=2nkP | cos” 8 sin 0 dé 
0 


ant, faye? ee (3) 


n+1 t J 


The quantity within the braces increases from zero (for t=t)) to a value which, 
if nm is large, can be near unity (for t=t,+7)). 

Case B. +>. In this case vertically reflected radiation would have had to 
originate after the end of the pulse. In fact therefore no radiation is being 
received from within a cone of semi-angle 0,, where 


t, sec 0,=t —Tp. 


0, is the angle corresponding to the end ty of the emission. Thus in this case 


0: 
1=2nkP | cos” § sin 6 dé 
0, 


_ 2kP( es Jose( ht 
rtf : 


The function has its maximum value when 


tt Tos 
this value being 
1 —2ekP( ( fy fae 
nm -+-1 t to + J 


Thus 
i _ {t/t i) — (t/t) +4 
1is 1 —{to/(t mraz) ie 


The shapes of the swept-gain patches indicate that n is usually a large number. 
Since in the records discussed t/t) is of the order 0-05, it is clear that the first 
terms in the numerator and denominator far exceed the second and the latter 
can thus be neglected. Thus, to a good approximation, 


LT = {gl tT) WEE slo ces ee ete ne eee (6) 
log [=log T,, +( +1) log t —(n +1) log (t —t)). 


The slope of the upper edge of the swept-gain patch (i.e. beyond its maximum) 
should thus correspond to S,, where 


1 er, tT, : il 
é (10 log I)/dt 10 log6 1. 


S,= 


S, would thus vary sufficiently slowly with t to be sensibly constant over the: 
width of a normal trace. Note that it is proportional to 1/( eee ) and thus the 
measurement of the slope allows to be determined. 


SPREAD-F IONOSPHERIC ECHOES AT NIGHT AT BRISBANE. IV 327 


IV. TRIANGULAR PULSE 
The actual shape of the pulse, received under specular reflection conditions, 
is far from rectangular. In appearance it approximates roughly to an error 
function, but as this function does not yield conveniently integrable expressions, 
calculations have been made assuming a triangular pulse, defined by 


P(t) =bt/t (0<1t<t%/2), 
P(t) =b(t% —t)/7 (%/2 <1 <‘), 
P(z)=0 (<> 7). 


In this case three cases arise, corresponding to these three conditions, namely : 
Case (a). O0<1,<7,/2. 


_2nkb[i—t 1. & ia\” 

oo eae ap eee ee @ 
Case (b). t/2<1,<%. 

_ 2rkb[tp—t+t) 1 (, | UN NS AN 

Li Za Ps ae Atel +(?) |. Gg TE} 
Case (c). >. 

a cD gf tee te Ef tame \"2, [tm \" 

sun (Cee a fers] 7 ( t ‘ ly) 


To examine the general character of these results we shall again have recourse 
to approximation. If n is a large quantity (specifically if nt)St) then the 
results reduce, respectively, to 


2rkb[t—t, 1 ty 
(a) | = eal ee ee eee (11) 
Qxkb[ts—t-+t ,1 ty 
(b) eal - |. Pier, ere (12) 
(This approximation is invalid if ¢ is very near t,+7)/2.) 
2rkb 1 tf t \* 
——_ = = MEME ne selec k se fe % 13 
(¢) n+1n aed iy 


It will be noted that for the upper edge of the swept-gain patch we now 
obtain 
5 J: a lian ae (14) 


Sue (10 logD/é loge 7’ 


which is not distinguishable (for large n) from the result obtained previously. 
This suggests that (14) may be approximately valid also for the error function 


form of P(t). 
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As an example of the effect on the shape of swept-gain patches of the 
(effective) emitted pulse shape, the dependence of log J on t—t, has been computed 
for the following conditions : 


i= 10=* see, n=500, 
(a) Rectangular t)=5 x10-° see, 
(b) Triangular 1t)—10~‘* sec, 


and the results depicted in Figure 3 (with time-zero displaced appropriately). 


ty— to (SEC) 


(@) ae a a ee 


Fig. 3.—Theoretical shape of swept-gain patches, n=500, 
ty=10-* sec, ty=5X10-5sec (rectangular pulse), 10-*sec 
(triangular pulse). 


V. DOUBLE-HOP REFLECTIONS 
A complete treatment, along the same lines, of double-hop reflections is 
scarcely feasible because of the wide variety of possible paths. Scattering can 
occur, not only at each reflection from the ionosphere, but also at the ground 
(e.g. Dieminger 1951). It seemed, however, worth while to consider briefly 


(b) 


Fig. 4.—Scattering from a rough ionosphere in double-hop reflections (specular 
reflection at ground). (a) Outward and inward paths coincident, two scattering 
processes; (6) outward and inward paths different, one scattering process. 


two limiting cases, in both of which specular reflection from the ground is assumed. 
In the case represented in Figure 4 (a), radiation is scattered (non-specularly) 
twice from the ionosphere, in the case represented in Figure 4 (b) once only. 
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Comparing the first of these cases with the single-reflection case, the radiation 
is scattered twice through an angle @ instead of once through 20. Thus the 
scattering factor (cf. Briggs and Phillips, loc. cit.) becomes (cos 6 cos’ 6)? instead 
of cos 6 cos? 20 and the overall intensity is proportional to 


cos¢+2¢+89 instead of cos¢+4¢+66 


where a=t-+-r, t, r representing the properties of transmitter and receiver antenna 
systems in Briggs and Phillips’ notation. 

In the experiments to be described, a is small (of the order of 2 or 3), while 
the shape of the patches indicates a large value of n. Thus q is the preponderant 
term in the index. 

To forecast the overall slope of the swept-gain patch we have to take into 
account also the fact that in this case 


t=t,(1-+sec 6,) 

(with ¢ corresponding to a single vertical reflection). 

Applying the same arguments as in Section III, and also introducing the 
approximation 
it is possible to show that the slope of the swept-gain patch, in the double-hop 
case, should correspond to 
ca 0 loge Nz 
where n,=a+2q+9. 

For the single-hop case, using the corresponding approximation (t —ty=t,) we 
obtain 


S =: eee e L 
“1~ 10 log 6 | .n,’ 
where n,=a+4q+7. Thus 
BoB p= MaMa—2 (APPTOX.), antes vcannss (16) 


if q is large. 
In the case represented in Figure 4 (b) the important factor in the expression 
for the intensity of the scattered wave is cos? ¢, while we have 


_ ty 3ty opie 
t=, sec Baa: sec (p —9). 


A numerical calculation indicates that, if we set 


then, roughly, 
o=2-25y, and thus, if q is large, 
cos? p=cos*2y. 
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In view of the smallness of a, it is permissible to use y in place of 0 and 
(9 —0) in the remaining factors and write 


dW cccos4+5a+6y, 


For the slopes of the swept-gain patches we now have 


where no =a+5q +6, 
and thus 
So/S, =n ne=0-S (approx.).) Veen ae (18) 


Thus the ratio of slopes is expected to lie between 0-8 and 2-0 dependent on the 
relative importance of the mechanisms responsible. 


VI. THE BROADENING OF RESOLVED SATELLITE TRACES 
According to the views elaborated by McNicol and Webster (1956), the 
presence of a satellite trace indicates the existence of a large-scale irregularity, 
often of considerable extent, in the F layer. Although this irregularity can be 
regarded, as a first approximation, as a straight wave-front, there is evidence 
that minor irregularities are usually present along its length and also that the 
ionospheric surfaces on either side of it are not specular reflectors. 


Since the conditions specified in Section II are no longer valid, we might 
expect a departure from trapezoidal shape (for the main trace) when satellites 
are present. Moreover, in the case of the satellites themselves, since the effective 
scattering surface is now a narrow strip rather than the complete ionospheric 
plane (strictly, sphere) we might expect the contributions of more remote parts 
to be less important, i.e. in the swept-gain patch we might expect a smaller 
slope of the upper edge than for the main trace. 


VII. COMPARISON OF THEORY WITH EXPERIMENT 

In principle, it should be possible to. subject the theory to direct check, by 
deducing from the slope of the swept-gain patches the anticipated correlation 
coefficient between fading records on spaced receivers and comparing these 
values with those obtained in fading experiments. An attempt was made to 
do this using the fading records obtained by Burke and Jenkinson (1957) in 
measurements of ionospheric drifts. The results were indefinite ; in some cases 
the calculated correlation coefficient was much higher than the experimental, 
in other cases much lower. This discrepancy may have been due partly to the 
effect of the automatic gain control in the fading receivers and partly to 
inadequacy of the fading samples obtained. 


Some confirmation of the accuracy of the conclusions is, however, available 
from a comparison of the spread of values of n for F reflections determined from 
the swept-gain patches in a random sample of records, with the spread of values 
found by Briggs and Phillips (loc. cit.) on almost the same frequency. The 
results of the present investigation are shown in histogram form in Figure 5 
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(which should be compared with Figure 8 of Briggs and Phillips’ paper). For 
convenience in comparison, Figure 5 represents, not n, but 0, defined by 

(cos 0))"= 4, 
from which, if ) is small, 0,=95.mn-? degrees. 

Figure 5 shows a modal value slightly greater than obtained by Briggs and 
Phillips. This discrepancy could well be due to the presence of unresolved 
satellites leading to over-estimates of the slope of the swept-gain patches. Figure 5 
includes data obtained from records showing resolved satellites, as well as those 
showing no resolved satellites. No systematic relationship appears to exist 
between §)-values and the presence or absence of resolved satellites. 


7O 
60 
50 
40 
30 


20 


° 2 4 6 8 10 12 
96 
Fig. 5.—Histogram showing distribution of 0) values among 160 
cases. (0,) represents number of cases having 0) values 
between limits shown. 


The H#, traces have been analysed similarly in a number of cases. As would 
be expected from the nature of the night-time H, layer, the mean value of 0, is 
higher than for the F (14 v. 5:9). The distribution is roughly consistent with 
that obtained by Briggs and Phillips for night-time H, at Cambridge on a similar 
frequency. 

Two-hop F reflections are recorded on some swept-gain films. One film 
has been examined in detail. In Figure 6, values of 0) corresponding to 2n,, 
_ where n, is obtained from the slope of 2/' patches using equation (15), have been 
plotted against the corresponding values of 0 for the single-hop patches. The 
points are roughly symmetrical about the line corresponding to n,—0-6n, 
and two-thirds lie between or close to the lines corresponding to M,=0-5m, 
and ng=1-25n,. . The fact that the 2F patches conform less closely to the ‘* ideal ” 
shape probably accounts for some discrepancies ; neglect of ground-scatter may 
also be a factor. 
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Fig. 6—Comparison of 9, deduced from double-hop f' reflections (assuming 
N,=0:5n) with @, deduced from the corresponding single-hop reflection. The 
broken lines indicate theoretical relations for the process of Figures 4 (a) (upper 


line) and 4 (6) (lower line). 
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Fig. 7.—Comparison of 0) deduced from double-hop H, reflections 

(assuming n,=0-5n), with 0, deduced from the corresponding single-hop 

reflection. The broken lines indicate theoretical relations, the upper 

line for the process of Figure 4 (a), the lower for that of Figure 4 (6) 
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Figure 7 shows, for comparison, the corresponding situation for the FH, 
and 2H, reflections (on other films). Here rather a higher percentage of points 
lie between the predicted limits. A few swept-gain patches of triple-hop E, 
have been examined. If we write 


loge at 


Ng 


and calculate the values of 0) corresponding to 3n3, the values obtained are 
somewhat lower than for the corresponding two-hop reflection. 


@, (SATELLITE) 


o> 2° Ae 6° 8° 10° 12° 
85 (MAIN) 


Fig. 8.—Comparison of 0) value for F satellite with 0) value for 
corresponding main trace. 


In Figure 8 values of 6, determined from a “ satellite’ trace are plotted 
against 6, determined from the corresponding main trace. It will be noted 
that in the majority of cases the satellite trace gives a smaller value of 0, as 
the theory would suggest. A few satellites without any measurable spreading 
(0,0) were recorded. These were usually of rather low (<—40 dB) relative 
intensity and hence were probably due to particularly narrow wave fronts. 


VIII. TRACE-BROADENING USING REMOTE TRANSMITTER 
Some swept-gain records were made at Brisbane in which F echoes from 
transmissions from Toowoomba (100 km away) were recorded simultaneously 
with F echoes from Brisbane transmissions. In Figure 9, values of 6,, the 
angle corresponding to the value of n, estimated from the swept-gain patches for 
Toowoomba transmissions, are plotted against corresponding values 6, for 
Brisbane transmissions. In 25 per cent. of cases values were nearly equal, and 
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in 70 per cent. a lower value was found for the distant than for the local trans- 
mitter. Figure 10 gives some indication of the corresponding situation for E, 
reflections. The adjustment of the time-base was such that the one-hop £, 
reflection from the adjacent transmitter was not recorded. Values of 0’ were 
estimated from the value of n, for the two-hop H, trace, using equation (16), 
and compared with values of 0, for the one-hop EH, trace from the remote trans- 
mitter. For 75 per cent. of the points, 9, is less than 64. It will be noted 
that if 6, had been computed using equation (18), the difference would be still 
more marked. 


Fig. 9.—Comparison of 0) values from #' traces arising from a 
remote transmitter (0,), with corresponding 0, value from a con- 
tiguous transmitter (0,). 


These results are in line with the observations made during the experiments 
of McNicol, Webster, and Bowman (loc. cit.), and of Strohfeldt, McNicol, and 
Gipps (1952), that there is less evidence of (resolved) satellites when the trans- 
mitter is remote from the receiver. In searching for an explanation of the effect, 
it would seem necessary to exclude any mechanism involving refractive effects, 
since these would be strongly frequency-dependent, whereas range broadening 
is only slightly, if at all, dependent on frequency. Moreover, except in traces 
where there are, fairly clearly, imperfectly resolved satellites, the phase-path 
records usually show straight fringes running right across the F trace. This also, 
in many instances, applies to the H, trace. A geometrical model, having 
approximately the required properties, consists of a flat ionosphere eroded by 
narrow pits (say, 10km diameter) of approximately hemispherical shape. <A 
hemispherical pit would reflect back along the path of incidence any ray passing 
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through the centre of the sphere, but rays incident on the hemispherical surface 
in other directions would only return to Earth after double reflection from the 
surface. A slight rounding-off of the edges of some of the pits would provide a 
small amount of “ scattering” of the rays from the remote transmitter. It is 
worthy of note that McNicol and Webster have suggested canyons in the iono- 
sphere in explaining some of the features of satellite traces. 


8° 


Or 6° 


ae 


2° 


o° ea a° 6° B° 10° 122 142 16° 
O's 
Fig. 10.—Comparison of 0, values deduced from H, traces arising from a remote 
transmitter (8,) with corresponding 0, values from 2H, traces from a contiguous 


transmitter (0'4). 


IX. APPLICATION TO Z-RAY INTENSITY 

At swept-frequency stations at high latitude, a third (Z) trace frequently 
accompanies the O- and X-traces, the separations f,—f, and f,—f, being approxi- 
mately equal. This phenomenon has never been clearly recorded on swept- 
frequency records at Brisbane, but it has on a few occasions appeared on fixed- 
frequency records (cf. Plate 2) especially swept-gain and phase-path (McNicol, 
Webster, and Bowman, loc. cit.). Ellis (1956) has put forward a theory of the 
phenomenon which these records make it possible to check. He shows that for 
rays having directions lying within a small cone surrounding a critical direction 
§,, which at Brisbane would lie at 19° 30’, to the vertical and in the meridional 
plane, the O-ray would pass beyond the level at which it is usually reflected and 
would be reflected at a level where (in the absence of collisions) the parameters. 


satisfy the equation 
x=1+y, 


where w=Ne?/mwc, (using rationalized MKSA units) and y=a@,/, where 
@;/27 is the gyro frequency. 


336 H. C. WEBSTER 


However, this reflected radiation cannot return to the Harth’s surface ; it needs 
to be scattered back along the direction of incidence to do so. From our previous 
assumptions the scattered intensity in this direction would be proportional to 
cos” 0, AQ where AQ is the effective solid angle of the cone of rays which pass 
through the O reflection level. Ellis has found, experimentally, that the semi- 
angle to the half-power points is 0-42°. It is convenient, however, to use an 
equivalent cone, having full power transmitted for all directions within the cone 
and zero power for directions outside it. Assuming the actual distribution 
to be Gaussian, this gives AOQ=0-52° for the semi-angle of the equivalent cone, 
and AQ=7A0?=2:-58 x10-* steradian. 


Since the angle A@ is much smaller than the separation 0,—90, of the limits 
of integration, the Z-echo should thus be of the same duration as the pulse itself 
and show no variation of intensity. The ratio of the intensity of the Z-ray to 
the maximum intensity of the O-ray should, in the absence of differences in 
absorption ete., be given by 


ve cos” 8, AQ _cos” 6, AQ apery 
I, @nlm FIO) atl 
= eve (19) 
log p=log an SAO w COS: Qe ns eee ee eee (20) 
m 0/0 


Since, in the Brisbane records, 7t)/f) is approximately 0-03, this gives 
log I,/I,=3-+14 —0-0257n=3 -14—2326;* (0, in degrees). 


Thus for 0).=6° the Z-ray intensity should be about 84 dB lower than that of the 
O-ray. 

Experimentally, the Z-ray traces, when appearing on h’t records, have the 
anticipated narrow width and, on swept-gain records, a horizontal upper edge. 
The relative intensities of Z- and O-rays have been measured in three cases for 
which 0) was near 6°. These were —75, —70, —55 dB. In view of the neglect 
of absorption, the discrepancy is not serious. It is possible that, in the last case, 
reflection took place from a tilted part of the ionosphere, thus reducing the angle 
between the ionization gradient and the magnetic field, and hence the value of 0,. 


At the minimum gain of the swept-gain receiver O-ray echoes are rarely 
recorded, even when the critical frequency is near 2-28 Mc/s. Since the 
maximum gain is only 80dB above this, and since the fixed-gain receivers 
normally operate with gain intermediate between these two levels, it is not 
surprising that the Z-ray is rarely recorded. 


X. CONCLUSIONS 
It is concluded that: 


(a) From an examination of the patches produced by a swept-gain fixed- 


frequency ionospheric recorder, it is possible to gauge the degree of roughness of 
ionospheric layers. 
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(b) The effective roughness is a function of the separation of transmitter 
and receiver, being less the greater the distance between them. 


(c) The intensity of Z-ray echoes recorded in Brisbane is consistent with 
Ellis’s theory. 
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SOLAR BRIGHTNESS DISTRIBUTION AT A WAVELENGTH 
OF 60 CENTIMETRES 


Il. LOCALIZED RADIO BRIGHT REGIONS 
By G. Swarup* and R. PARTHASARATHYT 
[Manuscript received March 31, 1958] 


Summary 


The localized radio bright regions on the Sun which give rise to a slowly varying 
component of the solar radiation were studied at a wavelength of 60 cm, using a 32-aerial 
interferometer with a beamwidth of 8-7 min of arc. The observations were undertaken 
during July 1954 to March 1955 and were limited in number due to this being a minimum 
period of the solar cycle. The low activity, however, provided the advantage of simple 
interpretation as often only one region was present on the solar disk. 


The characteristics of the observed bright regions are described ; their occurrence 
is closely correlated with regions of chromospheric faculae, the emission polar diagram 
has a half-power width of 6 days, the estimated size of the sources varied from less than 
3 to 6 min of arc, the largest value of the derived brightness temperature was 107 °K, 
and for two groups of localized regions the height of the source was derived to be 
35,000-+-15,000 km above the photosphere. Sometimes the slowly varying component 
showed marked intensity fluctuations in periods of nearly half an hour. The presence of 


apparently associated fluctuations suggests that at least a part of the slowly varying 
component at 60cm has a non-thermal origin. 


I. INTRODUCTION 

Measurements of solar radiation at decimetre wavelengths by several workers 
identified a component which has been called the slowly varying component. 
It varies slowly from day to day, and was distinguished from the rapid variations 
that were observed occasionally for a duration of seconds or minutes. Pawsey 
and Yabsley (1949) found it to be superimposed upon a basic steady level 
attributed to thermal radiation from the ‘“ quiet Sun”. The component was 
found by Covington (1948) and Lehany and Yabsley (1949) to have good cor- 
relation with the sunspot area. Eclipse observations made by Covington (1947) 
at a wavelength of 10 cm, and by Christiansen, Yabsley, and Mills (1949) at 50 em 
showed that the component originated in localized regions on the solar disk. 
These radio bright regions were observed close to positions where sunspots were 
visible or had occurred during previous rotations. One was found close to a 
stable prominence well off the limb. 

To investigate the characteristics of bright regions in detail, it was necessary 
to isolate them from the background radiation of the quiet Sun by using aerials of 
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narrow beamwidth. Christiansen, Warburton, and Davies (1957) studied the 
regions at a wavelength of 21cm during the years 1952-53, using a 32-aerial 
interferometer of beamwidth 3 min of arc. Covington and Broten (1954) and 
Dodson (1954) made a study at 10 cm using a wave-guide array with a beamwidth 
of 7-5min of arc. Kakinuma (1956) made observations at 7-5 em using an 
8-element interferometer with quarter-wavelength plates that had a beamwidth 
of 4-5 min of arc. It was shown that the occurrence of bright regions on the Sun 
at 10 and 21 em is closely correlated with regions of chromospheric faculae, seen 
in calcium or hydrogen line emission. The study at 7-5 cm confirmed the presence 
of a small degree of circularly polarized component. 


We have now employed Christiansen’s 32-aerial interferometer to study the 
solar radiation at a wavelength of 60cm. The results concerning the brightness 
distribution across the quiet Sun have been reported in Part I of this series 
(Swarup and Parthasarathy 1955). The study of the localized bright regions 
which give rise to the slowly varying component is described here. 

The observations were undertaken during July 1954 to March 1955, which 
was during the minimum period of the solar cycle. The radio emission from 
the disturbed Sun was low for most of the period, which is consistent with 
the low level of optical activity. Only a small number of localized regions that 
gave strong radio emission were observed. This limited our study of the regions. 
Because of this, it should be emphasized that the results obtained here are more 
of an exploratory nature. The low level of activity has had the advantage, 
however, that often only one bright region was present on the solar disk at any 
one time. This simplified the interpretation of observations made with an 
interferometer which had a limited resolving power. 


II. OBSERVATIONS 

The 32-aerial interferometer described in Part I (Swarup and Parthasarathy 
1955) produces a family of fan-shaped beams like those of a diffraction grating. 
The angular spacing of the beams is 4-9°, which is much larger than the diameter 
of the solar disk. The half-power beamwidth is 8-7 min of arc. The aerial 
pattern was derived by measuring the response of the radio source Cygnus-A 
and that of a strong, localized, bright region on the solar disk. The fan-shaped 
beams of the interferometer scan the solar disk in a stripwise manner producing 
a series of records of the one-dimensional radio brightness distribution across 
the solar disk each day. The daily records exhibit peaks which change in position 
with solar rotation. This shows the presence of localized bright regions on the 
solar disk. As described in Part I, the response curves of the localized bright 
regions for any day are obtained by subtracting the background component due 
to the quiet Sun from the record of the one-dimensional distribution for the day. 
The derived curves give both the position and intensity of the radio bright regions. 
The location is given along a line corresponding to the position of the fan-shaped 
aerial beam on the solar disk when the peak appears on the record. 

Taking the flux density of the quiet Sun as 2x10? Wm~ (c/s)-+ on two 
polarizations, the error in derivation of flux densities of bright regions was 
estimated to be 3 x 10-23 W m-2(c/s)-!. The error was small, as the calibration 
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of records was checked in terms of power received from adjacent parts of the 
quiet Sun. Receiver fluctuations were negligible. The total effective area of the 
32 parabolic aerials was nearly 35 m2, and the measured transmission line loss 
was 3dB. The receiver had a noise factor of 10 dB, bandwidth of 4 Mc/s, and 
time constant of 2 sec. 
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Fig. 1.—Intensity of radio bright regions plotted against time separation, in days, from central 
meridian passage (full line). Area of the associated sunspots is also plotted (broken line). 


III. OBSERVED CHARACTERISTICS OF RADIO BRIGHT REGIONS 
(a) Emission Polar Diagram 
During the period July 1954 to March 1955 several isolated radio bright 
regions were studied during their passage across the solar disk. Figure 1 shows 
the radio flux densities for nine of the most active regions observed during the 


period. The projected area of the associated sunspots is also plotted in the figure 
for comparison. 
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It is clear from Figure 1 that, apart from variations due to growth or decay of 
a radio bright region, its radiation flux density is greater when it is located closer 
to the central meridian of the Sun. An attempt was, therefore, made to calculate 
the directivity or the emission polar diagram of an average radio bright region at 
a wavelength of 60cm. It was assumed that the emission polar diagram was 
symmetrical with respect to the central meridian, and that for the nine regions 
observed any variations due to growth or decay occurred randomly with respect 
to their location on the solar disk. The latter assumption was considered to be 
justified on an examination of the associated sunspot areas. Only those observa- 


FLUX DENSITY (RELATIVE VALUES) 


NUMBER OF DAYS FROM CMP. 


Fig. 2.—Emission polar diagram derived by us (full line), by Machin and 
O’Brien (broken line), and by Miller (dotted line). The values of flux 
density measured by us, after being normalized, are shown by dots. 


tions were considered for this study for which the radio bright regions were seen 
near their central meridian passage (C.M.P.) and for the adjoining 5 days on the 
eastern or western side of the solar disk. A mean was taken of the flux densities 
of each region measured for the above 6 days. The mean values were used to 
normalize the curves shown in Figure 1. The normalized values are plotted in 
Figure 2 against the time separation, in days, from C.M.P. of the regions. The 
values of days are approximated to the nearest integer. The curve passing 
through the mean of the points shown in Figure 2 is the derived emission polar 
diagram. The variation with position for the radio regions at 60 cm is steeper 
than the cosine variation known to occur for the visible area of sunspots. 
Machin and O’Brien (1954) calculated the emission polar diagram for a wave- 
length of 60 cm by a statistical analysis of the daily apparent disk temperature 
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of the Sun measured during 1953. Miiller (1956) deduced the polar diagram at 
50 cm from a study of the apparent disk temperature during the passage of eight 
large sunspot groups in the years 1949-1952. The curves derived by them are 
also shown in Figure 2 and are reasonably similar to ours. However, we would 
like to point out again that the present observations, though limited in number, 
had small errors and were free from confusion as the radio bright regions were 
isolated from the background. 


(b) Source Height above Photosphere 

As mentioned earlier, the interferometer gives the position of a radio bright 
region on the solar disk along a line. Its location, however, can be determined 
unambiguously by a method described by Christiansen and Warburton (1953) 
if it is observed for several days during its rotation on the solar disk. On a 
Mereator’s projection of the Sun, an are is drawn for each day correspording 
to the heliographic coordinates of the line that passes through the bright region 
on the solar disk. The arcs intersect at a point only if the bright region lies on 
the photosphere. Several similar graphs are drawn, assuming different values of 
effective solar radius corresponding to distance of the source from centre of the 
Sun. The best intersection gives heliographic coordinates as well as height of 
the bright region. The method has only one assumption, that the heliographic 
coordinates of the region remain the same from day to day; this implies a 
rotational velocity of the region of 13-2° per day. However, a correction can 
be made for a different rotational velocity of the region, if it is known. 

During December 1954 and January 1955 two bright regions were observed on 
the solar disk over several days and gave sufficiently strong radio emission for 
their positions to be located within + {min ofare. The mean rotational velocity 
of the associated sunspot groups was 12-5° per day foreach group. For derivation 
of height, it was assumed that the bright regions had the same rotational velocity. 
The height above the photosphere was determined to be 35,000 +15,000 km for 
both the regions. There were two main sources of error, uncertainty in measure- 
ments of the positions of the radio source, and change of heliographic coordinates. 
of the source in an uncertain manner due to its proper motion or due to any 
absorption effects taking place as the source approached the limb. 


(c) Size and Equivalent Brightness Temperature 

For an extended source the response pattern of the aerial is wider than that: 
for a point source. The approximate size of the source can be deduced from this 
widening if an assumption is made as to its shape. We assumed the bright regions 
on the solar disk to be circularly uniform. The only cases analysed were those: 
where the radio bright regions were completely isolated and there was only a 
single area of optical activity within the region of response of the aerial beam. 

The radio bright regions observed at 60 cm produced only a small amount 
of broadening. This was reliably determined only when the sources were 
sufficiently strong, and the study was limited to these. The largest calculated 
size was 6 min of are, which was obtained for the radio source observed on J anuary 
15 and 17, 1955. Some strong sources did not show any detectable widening, 
for which an upper limit to their diameters was calculated to be 3 min of are. 


SOLAR BRIGHTNESS AT 60 CM WAVELENGTH. II 343 


The equivalent temperature of a bright region was calculated using the 
measured value of its flux density and its estimated size. The largest value 
obtained was 10’ °K which occurred on December 16, 1954 at 0144 U.T. It should 
be noted that the radio source, which was probably not uniform, was not fully 
resolved and the peak value of brightness temperature could be higher. The 
deduced value of size, average daily flux density, and the corresponding equivalent 
temperature for the various days are listed in Table 1. Values of the associated 


TABLE | 
SIZE AND EQUIVALENT BRIGHTNESS TEMPERATURE OF RADIO BRIGHT REGIONS 

Projected Diameter Average Brightness 
Date C.M.P. of Sunspot (min of Flux Temperature 

the Region Area (10-§ arc) (lO s225 Wim 3 (10° °K) 

disk units) (e/s)-) 

1954, Dec. 16 Dec. 15-5 240 =3 3:2 >7-4 

Dec. 17 Dec. 15-5 310 <3 2-2 >5-1 

Dec. 19 Dec. 15-5 415 <3 1-3 So) 

Dec. 30 Dec. 30-0 240 <3 2-1 >4:-9 

1955, Jan. 5 Jan. 8-5 260 <3 1-4 Sssiell 

Jan. 14 Jan. 13-2 830 5 1-4 1-2 

Jan. 15 Jan. 13-2 820 6 19 Ito 

Jan. 17 Jan. 13-2 530 6 19 1-1 

Jan. 18 Jan. 13-2 415 4 0:8 1-0 

Jan. 19 Jan. 13-2 300 4 0-9 1-1 

Average... Se 440 <4 hoy >2-8 


sunspot areas are also given in the table for comparison. It is interesting to 
note that the values obtained for the size and equivalent temperature of 
the sources at 60cm are similar to those derived at 50cm by Christiansen, 
Yabsley, and Mills (1949) from observation of an eclipse in 1948. The total 
sunspot area was 850 x 10° of the solar disk on the day of the eclipse. Hight 
sources were identified whose estimated sizes varied between 2 and 4 min of arc. 
The average equivalent temperature was 5 x 10° °K, the most intense being at 
least 107 °K. 


(d) Association with the Optically Active Regions on the Sun 

The bright regions observed at a wavelength of 60 cm were compared with 
the optical features on the Sun. It was found that radio bright regions were 
always associated with regions of chromospheric faculae or plages. Except for some 
weak regions, sunspots appeared in these active regions for at least some part of 
their lifetime. The radio bright regions often preceded sunspots by a few days 
and succeeded them for a much longer period. The activity of bright regions 
usually increased with the appearance of sunspots. 

The relationship between the flux densities of radio bright regions and the 
areas of the associated sunspots can be investigated using the curves shown in 
Figure 1. It has been shown in Section III (a) that the observed radio emission 
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decreases as the region rotates from the centre to the limb. Also the visible sunspot 
area has a cosine variation. It has been pointed out by Christiansen, Warburton, 
and Davies (1957) that this common dependence on position might give a 
fictitiously high correlation between radio emission -and sunspot area. The 
dependence on position was, therefore, eliminated for the radio regions by using 
suitable correction factors obtained from the emission polar diagram shown in 
Figure 2. Correspondingly, in the case of sunspots, values of projected area were 
used. As it was undesirable for the correction factors to become too large, only 


FLUX DENSITY (UNIT 10722 w M2 (c/s)-") 
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Fig. 3.—Scatter diagram showing flux of a radio bright region 
versus projected sunspot area. The radio flux has been corrected 
for directivity of the source (see Fig. 2). 


those regions were considered which were situated within 5 days of the C.M.P. 
The corrected values of radio emission are plotted in a scatter diagram, Figure 3, 
against projected area of the associated sunspots. The correlation coefficient 
between the two was found to be 0-62. 


(e) Variation of Brightness in a Short Period 
Previous observations of the total radio emission from the Sun at decimetre 
wavelengths have shown that the slowly varying component remains noticeably 
steady for a period of a few hours and usually varies slowly from day to day. 
Our measurements, however, occasionally gave evidence of marked fluctuations 
in the brightness of the localized regions which gave rise to the slowly varying 
component, in periods of half an hour. 


Records of the one-dimensional distribution across the solar disk were 
obtained by the interferometer over a period of about 2 hr around midday. Five 
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records separated by nearly 20 min were obtained in this period as the successive 
interferometer beams scanned the solar disk. Any variations in the brightness 
of a localized region covld be detected quite accurately in the successive records 
as any gain change of the receiver could be checked by comparing in the two 


TABLE 2 
FLUX DENSITIES OF FLUCTUATING BRIGHT REGIONS 
(10522 W m=? (c/s)=) 


Relative Time 


Date 

Qm 21-5m 43m ]h 4-5m [bh 26m 
1954, Dec. 16 .. 3-0 3:0 3:0 4-2 2°8 
Dees 19 w< 0-7 0-7 1-5 1-9 1-5 
Dees) 30e... 2:3 2-0 2°4 1-9 1:9 
1955, Jan. 7 .. 4-0 4:6 4-8 4-1 4-1 

Ata, WS es 1-6 1-6 1-8 2°6 
ans Siciieas 2-2 22, 1-6 1-6 


records power received from adjacent parts of the quiet Sun. From December 15, 
1954 to January 19, 1955, when four large sunspot groups moved across the solar 
disk, the flux density of the associated radio bright regions was more than 5 per 
cent of the quiet Sun flux density for 22 cases; in such cases it was thought that 


TIME (MIN) 


Oo 5 10 15 20 25 30 
S$ ooo ) —V3a_nr RK Raa 


(a) 


(b) 


Fig. 4 (a).—Two successive records obtained on December 16, 1954. 

Fig. 4 (b).—The two records shown in (a) are superimposed upon each other. The back- 

ground radiation is shown by the dotted line and the size of the visible solar disk by the 
thick line. 


a relative change of 15 per cent or more in brightness of the regions was detect- 
able, being outside the limits of experimental errors. Variations were noted only 
in five cases for which the values of flux density for the five patterns are given in 
Table 2. Two successive records obtained on December 16, 1954, are shown in 
Figure 4 (a). The records are superimposed in Figure 4 (b), which illustrates the 
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observed change. Though the brightness of the localized regions changed, the 
shape of the response curves obtained on subtracting the background component 
remained the same in all five cases. This implies that the variations are slow, as 
it takes about 1-25 min for the interferometer beams to scan the bright regions. 
The changes are slower than that occurring at the time when bursts are observed 
in solar radiation. Moreover, no bursts were observed on the above occasions at 
frequencies of 200 and 600 Mc/s. Only in one case (January 15, 1955) a noise 
storm occurred at a frequency of 200 Mc/s. At two other times when a noise 
storm occurred at a frequency of 200 Mc/s no detectable variation was observed 
in our records at 500 Mc/s. The changes observed in the present observations 
are considered to have been caused by comparatively rapid variations of the 
slowly varying component. 

It can be seen from Table 2 that on two occasions a variation of more than 
40 per cent. and on one occasion a variation of more than 100 per cent. in the 
brightness have been noted in a period of nearly 20 min. 


IV. COMPARISON WITH CHARACTERISTICS DERIVED AT OTHER WAVELENGTHS 

Some of the characteristics of radio bright regions determined by various 
high resolution observations at decimetre wavelengths are summarized in Table 3. 
The differences in the characteristics with respect to the wavelength are in the 
proper direction to fit qualitatively in the existing ideas about the radio bright 
regions. 

The emission polar diagram of the radio source becomes narrower as the 
wavelength increases. This result is the same as derived by Miller (1956) and 
others from statistical analysis of observations of the whole Sun. However, 
the emission polar diagram calculated from observations of the whole Sun is 
narrower for each wavelength than that derived from high resolution observations. 


It should be noted, that the heights of the radio source at the three 
wavelengths were derived for different bright regions. Moreover, experimental 
errors were large. It is therefore difficult to make a comparison. It is likely 
that the height of the radio source above the photosphere increases with the wave- 
length, although the possibility of origin from nearly the same level cannot be 
excluded. 

Observations at decimetre wavelengths show that the size of the radio bright 
regions corresponds approximately to that of the chromospheric faculae (Ca or 
Ha plages). Also, Dodson (1954) found good correlation between intensities of 
the radio regions at 10 cm with those of calcium plages. Recently it was shown by 
Hatanaka et al. (1955a) that the brightness isophotes of a radio region at 8 em 
agreed well in shape with a calcium plage. All these observations suggest that 
there is a very close relation between the origins of the radio emission and line 
emission from chromospheric faculae. 


We compared our 60cm observations with the 7-5 cm _ observations 
(simultaneous in time) undertaken by Kakinuma (1956), who employed an 
8-element interferometer with beam of 4-5 min of arc. It was found that the 
ratio of the radio flux at 7-5 cm to that at 60 em, when the regions were near 
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C.M.P., varied between 3 and 10 for different regions. If we assume nearly the 
same ce of the source, it is seen that the brightness temperature of the radio 
region is appreciably higher at the longer wavelength. The values of the bright- 


TABLE 3 
CHARACTERISTICS OF BRIGHT REGIONS DETERMINED BY HIGH RESOLUTION OBSERVATIONS AT DM-CM 


WAVELENGTHS 
Technique ite z Multiple-element Interferometer Eclipse Observations 
Observations 
Period of observations 1954 1952-53 1955 Nov. 1, June 20, 
1948 1955 
Observers Pe me Authors Christiansen, | Kakinuma |Christiansen,| Hatanaka 
Warburton, (1956) Yabsley, et al. 
and - and | (19550) 
Davies (1957) Mills (1949) 
Wavelength (cm) 
Characteristics 
60 21 7°5 50 8 
1. Emission polar diagram | Steeper than Cosine 
cosine variation 
variation 
Half-power width .. 6 days i 9 days 
2. Height above photo- 35,000 24,000 35,000 
sphere (km) +15,000 +3,000 
3. Observed sizes (min. 
of arc) <3 to 6 <3 to 10 3 to 5 2 to 4 4 
4. Brightness temperature 
of a strong region | 
(108 °K) 5 2 0-7 5 1 
5. Flux density near 
C.M.P. for an  as- 
sociated sunspot area 
of 10-* of the Solar 
disk (in units of 10-2? 
W m-? (c/s)-) 3°5 10 18* 
Flux density of quiet Sun 20 30 80 
(10-22 W m-? (c/s)—1) 


* This information was evaluated by the authors from the drift curves of the interferometer 
published by the observers (Proc. Res. Inst. Atmosph., Nagoya University (1955) 3: 149). 


ness temperature for the radio regions that are given in Table 3 agree broadly with 
the hypothesis of thermal origin of the radio emission (Waldmeier and Miller 
1950; Piddington and Minnett 1951). 

It was shown by Christiansen, Warburton, and Davies (1957 ) that at 21 cm 
the slowly varying emission corresponding to the same sunspot area decreases to 
nearly half from the maximum (1947) to the minimum (1952-53) of a solar cycle, 

E 
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and so does the quiet Sun flux. The study made at 60cm gives a similar 
indication though the effect is less pronounced. At 60 cm both of the components 
decreased by a factor of 0-7 approximately. 


V. CONCLUSIONS 

The observations, made with an aerial of high resolving power operating at 
a wavelength of 60 cm, enabled us to study several highly emitting regions on the 
solar disk which give rise to the slowly varying component. It was found that 
the radio regions always occurred in association with Ca or H« plages. It was 
possible to detect radio emission even from a very faint plage region. Except 
for some weak radio regions, sunspots appeared in these for some part of their 
lifetime. A correlation coefficient of 0-62 was found between the flux from the 
radio regions and the area of the sunspots. 

The study gave information about the emission polar diagram, the height 
above the photosphere, the size, and the equivalent brightness temperature of the 
regions at 60cm. The results are summarized in Table 3. A comparison was 
made with the results derived at shorter decimetre wavelengths by different 
workers. The characteristics change with wavelength in the proper direction to 
fit qualitatively the existing ideas about the origin of radio emission from these 
active regions on the solar disk. The simplest explanation is that the radio 
emission originates in thermal radiation from regions of very high electron 
density and temperature such as “‘ coronal condensations’”’ (Waldmeier and Miller 
1950) which tend to occur in the corona over sunspot groups. In order to make 
quantitative deductions it is desirable to make simultaneous optical and radio 
observations of the same region. 

Christiansen, Warburton, and Davies (1957) pointed out that no evidence 
appeared against the hypothesis of thermal origin in their investigation at 21 cm. 
However, the present observations give some evidence that at least part of the 
slowly varying component at 60 cm has a non-thermal origin. On six occasions, 
there were marked fluctuations in the brightness of the radio regions in periods of 
half an hour. It is difficult to visualize these fluctuations on the hypothesis of 
thermal origin as it takes time to change the temperature of a large volume of gas 
(70,000 km in extent). As a further indication of the non-thermal origin, it 
should be noted that, whereas radio brightness temperatures over 107 °K have 
been measured, such high optical temperatures have not. 
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FLARE-PUFFS AS A CAUSE OF TYPE III RADIO BURSTS 
By R. G. GIOVANELLI* 
[Manuscript received April 17, 1958] 


Summary 


An analysis has been made of the association of type III solar radio bursts with 
flares which show sudden bright expansions, or “‘ puffs’. Type III bursts occur within 
+2 min of the times of two-thirds of the puffs; by comparison, they occur during the 
whole lifetimes of about one-quarter of flares of all types (Loughhead, Roberts, and 
McCabe 1957). Most if not all puffs are followed by surges, and hence it appears that 
the same explosion yields two quite different ejections ; one, at velocities of the order 
of one-fifth that of light, is responsible for the burst, and the other, at velocities of the 
order of 100 km/sec, is the surge. 


I. INTRODUCTION 

In a solar radio burst of type III (Wild, Roberts, and Murray 1954) the 
frequency of maximum intensity decreases rapidly in a few seconds, the accepted 
cause being a disturbance ejected at velocities of the order of one-fifth that of 
light through the solar corona. 

Loughhead, Roberts, and McCabe (1957) found that 60-70 per cent. of 
type III bursts occur during lifetimes of flares of apparent area (i.e. uncorrected 
for any foreshortening) exceeding about 20 x10-® of the Sun’s hemisphere. 
However, rather less than one flare in four is associated with a type IIT burst. 
This low figure indicates that there are differences of degree or type between 
various flares ; as over two-thirds of the type III bursts are associated with tiny 
flares of apparent area below 40 x 10~-® of the Sun’s hemisphere, flare size alone 
is not the determining factor. 

It is well known that some flares are associated with other types of ejection. 
In particular, surges dark in Ha sometimes appear on the disk during or after 
flares. These have outward velocities of the order of only 100 km/sec, and cannot 
themselves be the disturbances directly responsible for type III bursts, though 
the chances of a surge accompanying a flare are about the same as those of a 
type III burst. 

Recently, Giovanelli and McCabe (1958) have shown that the first trace of 
a surge is usually the ejection from the flare of diffuse matter, brighter than the 
chromosphere, which fades and disappears by becoming transparent, though 
it can be detected if the ejection crosses the limb. The dark surge subsequently 
appears close to the flare and travels outwards in the same direction. The basic 
feature of the event is the emission of a substantially continuous particle stream 
having different appearances at different stages. 


* Division of Physics, C.S.I-R.O., University Grounds, Chippendale, N.S.W. 
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Close examination of films of flare-surges shows that some of the flares, 
but not all, appear to be of an explosive character. Within a minute or so the 
flare may expand rapidly (e.g. Giovanelli and McCabe 1958, Plate 1, Figures 
1 and 2; Plate 2, Figure 2; Plate 3, Figure 1). Usually, but not always, this 
expansion or ‘‘ puff”? occurs at the outbreak of the flare. However, the initial 
bright expansion is much more diffuse and indefinite in some of the other flare- 
surges (e.g. Giovanelli and McCabe 1958, Plate 2, Figure 1), and these are not 
included here as ‘‘ puffs ’’. 


Its violent and sudden nature suggests that a puff is the identifiable flare 
characteristic most likely to be associated with type III bursts. The following 
account describes an investigation to establish whether or not this is so. It igs 
found that there is a very strong and significant association, and that the times of 
type III bursts and puffs are closely identical. 


II. OBSERVATIONS AND ANALYSIS OF RESULTS 
The flare observations were made with the Sydney H« flare-patrol camera, 
16 mm diameter photographs of the Sun being obtained on Eastman Kodak IV E 
film, usually at 0-5 min intervals. These have been examined in projection. 
Type III burst data obtained with the Dapto radiospectrograph have been 
provided by Mr. J. P. Wild. 


The analysis covers observations made in 1956-1957, from which there has 
been prepared a list of flares showing clear, indisputable puffs occurring during 
the times of radiospectrograph observation. The list is small (27 flares) and 
incomplete, but the events are reasonably well distributed over the 2-year 
period. Times of puffs have then been compared with times of type III bursts. 


TABLE 1 
ASSOCIATION OF TYPE II] BURSTS WITH FLARE PUFFS 
Apparent area (10-$ hemisphere) .. 56 0-40 41-80 >80 Total 
Number of flare puffs i of we 14 6 Th 27 
(a) Total oe re 11 4 3 18 
Puffs. with  co- | (b) Cases with non- 
incident type III puff flares beginning 
bursts at puff time -+-4 min 2 2 1 5 


Results are summarized in Table 1, which gives (i) the numbers of flare-puffs 
grouped according to apparent flare area, (ii) the number of these with a type IIT 
burst occurring within --2 min of the time of the puff, and (iii) the number of 
the latter group in which puffs occurred within --4 min of the beginning of 
another flare. With one exception, all the above flares produced dark surges. 


Table 1 shows that 18 of 27 puffs, or 67 per cent., coincided with type II 
bursts to within +2 min. Most of the flares were of class 1 —, 20 having apparent 
areas below 8010-6 of the Sun’s hemisphere. The apparent decrease in 
frequency of association as the flare area increases is not statistically significant. 
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The analysis of Loughhead, Roberts, and McCabe has shown that type III 
bursts occur during the lifetimes (+2 min) of only about 22 per cent. of all flares. 
There is therefore negligible chance of the close association found between puffs 
and type III bursts being fortuitous. Loughhead, Roberts, and McCabe have 
also shown that in 50 per cent. of associations the type III bursts occur within 
+2 min of the beginning of the flare. In five of the present cases non-puff flares 
began within the rather larger limits of +4 min of the time of the puff. At 
most, these would be expected to produce only about one association, insufficient 
to affect the conclusions. 

The present investigation establishes that there is a close and significant 
association between flare-puffs and type III bursts, two-thirds of the flare-puffs 
producing bursts within +2 min of the time of the puff. No significant 
dependence on flare size has been established. 


III. Discussion 

The question naturally arises whether the flare-puff is the only flare 
phenomenon which produces type III bursts. It is not possible to answer this 
as yet, for the small size of the majority of flares makes it very difficult to 
distinguish puffs on the small-scale flare-patrol photographs. However, it is of 
interest that Loughhead, Roberts, and McCabe (1957) reported an investigation 
in which 48 flare-surges were studied, type III bursts being found to occur during 
29 per cent. of them, whereas such bursts occurred during 18 per cent. of 246 
flares not accompanied by observed surges. Their data were insufficient . to 
establish that flare-surges are more likely to be associated with type III bursts 
than flares not ejecting surges. But, from the relatively low rate of association 
with flare-surges as a whole, it appears that type III bursts are much more likely 
to be associated with flare-surge events showing rapid expansions (puffs) than 
with those where the initial bright expansion is more diffuse and indefinite. 


The present conclusions add appreciably to our knowledge of the flare-surge 
event. As shown by Giovanelli and McCabe, puffs, in common with other flare 
expansions, are the first stages in the ejection of particle streams with velocities 
of the order of 100 km/sec; in Ha, these streams are bright, transparent, or 
dark against the Sun’s disk, depending on excitation conditions which vary with 
time along the stream. Within about a minute or so, i. effectively 
simultaneously, the same explosions eject at velocities of the order of one-fifth 
that of light the high speed disturbances responsible for type III bursts. 
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OPTICAL OBSERVATIONS OF THE SOLAR DISTURBANCES 
CAUSING TYPE II RADIO BURSTS 


By RK. G. GIOVANELLI* and J. A. ROBERTSt 
[Manuscript received May 12, 1958] 


Summary 


Identifications have been established for the solar optical events associated with 
a number of type II radio bursts. Near or at the limb these have been ejections with 
velocities exceeding that of sound in the corona. Where the event has been on the disk 
there has usually been a very bright flare, with some evidence of dark filament activity. 
In two cases the event was the disappearance (i.e. ejection) of a filament with the subse- 
quent development of flares on either side. 


Evidence is presented that the fundamental plasma frequency is emitted from 
events much further from the centre of the disk than expected on the basis of a spherically 
symmetrical corona. 


I. INTRODUCTION 

Solar radio bursts of spectral type II are characterized by a steady decrease 
in frequency over a period of a few minutes (Wild 1950). This has generally been 
interpreted as due to the passage of an ejected particle stream through the corona 
at a velocity of the order of 500 km/sec, exciting plasma oscillations whose 
frequency is proportional to NV :, Type II bursts are relatively infrequent, and, 
while it is known that they are associated with chromospheric flares, there has 
been no account of direct observation of the particle streams causing them. 

In many events a fundamental band and its second harmonic can both be 
observed. On the plasma hypothesis it is expected that in the case of a spherically 
symmetrical corona this will happen only when the source is close to the centre 
of the disk; for sources beyond about 20° the fundamental band should not 
escape (Wild, Murray, and Rowe 1954). 

The investigation described below has been aimed not only at identifying 
the particle streams responsible for type II bursts but also at establishing 
whether, well away from the centre of the disk, emission is confined to the second 
harmonic of the plasma frequency. 


II. OBSERVATIONS 
The radio-frequency records have been obtained with the Dapto radio- 
spectrograph (40-240 Mc/s), the optical records with the Sydney Ha flare-patrol 
camera. , 
During the period 1956-1957, 18 type II bursts were recorded during times 
of optical observation. In 13 of these cases we believe that we have been able 


* Division of Physics, C.S.I.R.O., University Grounds, Chippendale, N.S.W. 
+ Division of Radiophysics, C.S.I.R.O., University Grounds, Chippendale, N.S.W. 


R. G. GIOVANELLI AND J. A. ROBERTS 


354 


‘sqouy 48048BF Jo AGIOO]OA (g) 
‘uoroole Jo 4aed s9Mmoz Jo doq Jo AFTO0TCA (4) 
‘uorzoelo Jo doz Jo Aqro0]@A (4) 

‘quyT puoseq poasosqo uoryoofe soyeorput (r[) 107,07T ¢e) 
‘Surucz10ysosoy Aue s0f¥ poxoorrooun ‘ eroydstumey $,UNg 9-0 X (g) 
‘THper repos peqoeford ut (7) 


OL eF-0 "M 063 “N 09% | SEFO-EZF0 ory Sutpuedxe Ajosnytq Cart SEFO-1EFO | Lg mag 
009 66-0 “H 0&9 “N oTF | 0090-8800 (J) serey jorfered omg &q 
peMoToF quoweyy Surreeddesiq = €010-1010 | LgTX “6% 
soley jeered omy Aq 
OSOT 0¢-0 ‘Hof =“ N oG% | OS90-8¢g0 | pomozjoy quourery Surrvoddesiq oT FEFO-LOFO | LOT “IE 
= OLO~ 00°T ‘M 06 “S .8Z | 9¢F0-EeF0 ('T) es1ng = 8090-4080 | LEXI “FZ 
OT 00z= 00°T ‘M 06 “S083 | 9%%0-0020 (J) o3.ms-orepy = 96C0-ZIZO_ | -LE'XE “FG 
= (9)06F +00-T ‘A+ .06 “NoIT | T1O-Lg¢g0 (J) coueurmosd poqoolsy —- 91#0-¢ [#0 LGT °9z 
a meat +00°T Waro0Gn Sats 6&00-0 100 (e)("T) soueutur01d peqoolny — 6200-800 LGU *T 
(PON 
BolY rep (d0s/ury) 
(z) Peqoor Agtoo0ja A. tip tas 8o}BUTpIOOD OuILy, odAT, ee oully, 
‘ DTBIpery i ; SOTUOULIV ET 
-r00uQ, sousuTUOL : i 97eq 
queay [vod Ir ody, 


SNOILVOIAIINGAGI GNY SLSYN Il AdAL AO LStt 


I @iavy, 


GIOVANELLI AND ROBERTS PLATE 1 


OPTICAL AND RADIO SOLAR DISTURBANCES 


4 8 
= 3 = 6 
x . z 
x) re nae al = 
x ; x 4 
OPTICAL a a 
Ls bk 
ae 8 
© oO 
wy Fy AL Onley , 
3 — S 2 
re) fl J ie) — ij 
0020 0040 0100 0020 0040 0100 
U.T. Wet 
FUNDAMENTAL PLASMA FREQUENCY SECOND HARMONIC OF PLASMA FREQUENCY 


ret tte 


EJECTION 


0035 0040 0045 0050 


MARCH 1, 1957 


Aust. J. Phys., Vol. 11, No. 3 


GIOVANELLI AND ROBERTS PLATE 2 


OPTICAL AND RADIO SOLAR DISTURBANCES 


HEIGHT (xX 10° KM) 
HEIGHT (x 105 KM) 


0405 0410 0415 0420 
U.T. 
FUNDAMENTAL 
PLASMA FREQUENCY 


0405 0410 0415 0420 
U.T. 

SECOND HARMONIC OF 

PLASMA FREQUENCY 


0356°5 0407°5 0408°5 0409°5 0410°5 


4o 


EJECTION 


140 
0412 0413 414 Ss 


MARCH 26, 1957 


Aust, J, Phys., Vol, 11, No. 3 


GIOVANELLI AND ROBERTS PLATE 


OPTICAL AND RADIO SOLAR DISTURBANCES 


35 6r 
= |=e = sit 
x = 2 SPan 
u . 
va) ry) 
OR ee @ Gente 
2 ee = = 5 
ee ly x 3hF 2 
fr S 
Toit rt 2b 
) 0 os 
Ww WO oat eo ae 
i I eae 
ie} 2 it =n J Ov Pas 1 Je J 
0205 0215 0225 0205 0215 0225 
War. Weta 
FUNDAMENTAL PLASMA SECOND HARMONIC OF 
FREQUENCY PLASMA FREQUENCY 


0209 0211 
U.T. 


ao 


70 
o 
18) 
Se 

125 

200 sens 

0205 0210 0215 0220 0225 
(Wele 


SEPTEMBER 24, 1957 


Aust, J. Phys., Vol. 11, No. 3 


GIOVANELLI AND ROBERTS 


PLATE 


OPTICAL AND RADIO SOLAR DISTURBANCES 


o 

= 2 

ao = 
~ 5 0 
=a. Woes w 
x eS 

< xO 
Te) a < & 
° be SS = 

7) : y . 

x 1 a py Pd ae 
= 32 “rx GZ ee 
rs eal Cee: 
og) Ct gee 4 
(U) a 7 
or eS ee es 
Se 0410 0420 0430 0440 


U.T. 
FUNDAMENTAL PLASMA FREQUENCY 


19) 
0) 
5 
oO 
Ww 
S 5 1 ea 
x =) 
4 Woisy 
0 | 
fo) 2 33 Ul 
= 3) aly es : 
x uw £2 : re 
< w * © 
2 4ow oo 
E ay re S2 
x <q <q #7 
Oo "’ 2 ak pia 
7 ©» LO 2 as 
2% <0) eee AZESE 3) 
0410 0420 0430 0440 
U.T. 
SECOND HARMONIC OF PLASMA 
FREQUENCY 


7O— 

o 
= 
UO 
= 

125 

200 

0425 0430 
UT. 


Aust. J. Phys., Vol. 11, No. 3 


NOVEMBER 


EJECTED 
am PROMINENCE 


FLARE SURGE 


0435 


6, 1957 


355 


OPTICAL AND RADIO SOLAR DISTURBANCES 


“WOTPBOYTFUOPTL UlVILOOUL) (g) 
uoTyeAdosqo eye[duroouy (,) 


0€ 06-0 “WH oGG “SE | OSFO-ETFO (9) OSINS-OLE[ 
<3 OFZ +00-1 A+.06 “S 8 | SFrO-FZF0 (@(J) eousututord poyoo! gy Pa FEFO-SZFO LGTX "9 
= 08-0 AH .0¢ “NOT | 8ZTO-S110 (quourey Surveddestq 
0% 8F:0 ‘Ho “NGI | GPIO-ZITO (9) OLB Sol EELO-SE10 LGUALT 
Suppreu yarep 
SLT FE-0 “Mo “N OAT (20860 | PopvBroosse UB YIM OV FURIE j ‘T GSG0-LFS0 LGTEX'0G 
quewreyy Aqreou Jo couvrvedde ; 
oce GL-0 ‘A oF SN oLT | OFFO-GFEO | “SIP Suysnvo ‘orey qyserq ATOA 3 ‘1 6140-0040 LgTEx'9 
Subyreur 
yaep pezeroosse =e = puB 
G8é 19-0 "M 9% “N oZE | OFFO-FOFO | SUOTSUO}xe BuTMoYs rep QYySTIg z ‘I 9ZFO-LLFO LOTX “6S 
OL 69-0 "HA oL’ “GS oGS | TISO-LSFO ore FUVITTITE, | z ‘TI G0¢0-Z0S0 LGUs 
ystip uo Sutmvedde suryreut paro000r1 
G8é LL:0 “M oLF “SN o&% | 908O-1F10 | AVP poat-yoys B YQIA orepq | oyenbopeuy | 0ZZO-L0ZO OGTx “€1 
quewepy jo eourarvedde 
OSPF 99:0 “OH 09 “N 0% | 9F00-9100 “sip  Suisnwo erepe = FuRTT Cael T§00-9600 OG EOL 
Rory Oe (oos/ wy) 
poeqoor AYOOTO A. raat seqRUTpro00g owl], odAyq, Usage oully, 
[eIpeyy soTmOULIe py . 
-100U() oouUOUIUIOL =e 
queagy [eodo Ir od4y, 


(penuyuog) [| XIAV\L, 


356 R. G. GIOVANELLI AND J. A. ROBERTS 


to identify the optical disturbance responsible for the bursts. In two additional 
cases there are alternative identifications. In the remaining three cases the 
optical records are poor or interrupted. A list of the identified events in Table 1 
gives the classification of the optical disturbance, date, times of optical disturbance 
and of type II bursts, disk coordinates, radial distance, and harmonics observed. 


Four of the events originated at or beyond the limb, and in a fifth case 
(November 6, 1957) one of the alternative identifications is with an ejected 
limb prominence. Ejected matter was also observed beyond the limb in the 
event of November 29, 1957, during which a filament on the disk disappeared 
and two parallel lines of flares developed on either side of its former position. 
Of the limb events, those of March 1 and March 26, 1957 were well observed. 
The record was interrupted during the earlier event of September 24, 1957 ; 
the later event on the same day was too confused for detailed analysis. Fairly 
good records were obtained of the limb event of November 6, 1957. 


Plates 1-4 show selected photographs of the limb events on March 1, 
March 26, the earlier event on September 24 and on November 6, 1957, together 
with radiospectrograph records of the same events. On the same plates, graphs 
are given of the height-time plots obtained from the optical and radio observa- 
tions. The latter have been derived by assuming that the emission occurs at 
the coronal plasma frequency or its second harmonic, and that the distribution 
of electron density with height follows the Allen-Baumbach model. There is no 
clear harmonic structure in any of these cases, and, as it is not obvious whether 
the observed emission is in the fundamental or second harmonic band, two 
alternative graphs are given. 


III. DIscUSSION OF RESULTS 

Examination of Table 1 shows that type II bursts have been identified with 
a range of optical events. Of the 13 definite identifications, 9 are with flares on 
the disk, 2 with surges at the limb, and 2 with ejected prominences at the limb. 
Seven of the flares on the disk occurred in the neighbourhood of sunspots ; 
almost all were particularly bright and were active in the sense of ejecting surges 
or showing evidence of dark hydrogen activity. Two flares followed the dis- 
appearance of filaments, a sequence studied in detail by Bruzek (1957); such 
events involve the ejection of prominences, as was in fact observed at the limb 
in one of our cases (November 29, 1957) and on the disk in the other (January 31, 
1957). 

The linear velocities of all these events were high, in excess of 200 km/sec. 
This is greater than the velocity of sound, which is 170 km/sec in ionized hydrogen 
at a temperature of 10°°K. It may be noted that on September 24, 1957, 
several other surges not accompanied by type II bursts were observed in the 
region responsible for the two bursts listed in Table 1. The velocities in these 
events were lower, of the order of 160 km/sec or less. 


The above evidence indicates that type II bursts are mostly associated 
with bright flares showing particle ejections. It is then of interest to examine the 
limb events illustrated in Plates 1-4 to ascertain whether the particle ejections 
observed in Ha are the exciting agencies responsible for the type II bursts. 
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Comparison of the height-time plots of the optical and radio events on 
March 1, 1957 (Plate 1) suggests that the type II burst is the second harmonic 
emission of coronal plasma oscillations excited by the ejected prominence material. 
The appearance of the second harmonic rather than the fundamental is in 
accordance with theory. The correlation between the optical and radio events 
is quite remarkable when one considers that the radio heights are based on 
averaged electron densities from a number of eclipse observations. 


In the other cases (Plates 2, 3, and 4) the agreement is not nearly so good, 
but favours the emission of radiation at the fundamental plasma frequency. 
The second event on September 24, 1957 (not illustrated) favours the second 
harmonic. 


oa 


NUMBER OF CASES 


fe} O-s 
RADIAL DISTANCE (UNIT Ro) 


Fig. 1.—Distribution of type II bursts with radial distance. 

Shaded regions refer to bursts not showing harmonic structure, 

while unshaded regions refer to bursts with fundamental and 
second harmonic bands. 


From the study of these five limb events, we conclude that the ejections 
seen in Ha could well be the exciting agency responsible for type II bursts. 
However, the case is by no means proven. If the emission at the limb occurs 
only in the second harmonic, this demands some additional assumption such as 
(a) the extension of the ejected particle stream beyond the observed ejected 
prominence ; longer exposure times could possibly test this in future events ; or 
(b) a lower electron density than given by the Allen-Baumbach formula; or 
(c) departures from spherical symmetry. The alternative (c) is not unexpected, 
since the corona shows a strong structure of bright streamers and dark lanes, and 
therefore possesses considerable density variations. 

The present results may be used in a different way to determine whether 
the fundamental band is emitted from the limb. In Figure | we give a histogram 
showing the distribution of the radial distances of the bases of the optical events 
associated with the type II bursts. This figure also includes additional probable 
identifications using flares recorded elsewhere. The part of this histogram 
which is shaded refers to bursts that show no evidence of harmonic structure, 
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the unshaded portion applies to bursts showing both fundamental and second 
harmonic bands. The two harmonics almost always appear when the radial 
distance is 0-75, but are rarely observed together in events nearer the limb. 
These results confirm theory to the extent of showing that limb events are 
observed only in one band (presumably the second harmonic). However, the 
fundamental band is observed considerably further from the centre of the disk 
than expected on the spherically symmetric model. 


Clearly, some modified theory is required taking account of coronal structure, 
while more extensive observations are needed of limb ejections, with direct 
measurements of the position and movement of the radio sources. 
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EXPLANATION OF PLATES 1-4 


Each of the Plates 1-4 illustrates one of the limb events and contains the following four 
sets of data. 


(1) Height-time plots derived from the optical and radio observations. Optical results are 
shown by points joined by full or broken lines, and the radio results by a series of dots and shading. 
The two height-time diagrams given for the radio event have been derived on the assumption of 
emission at (a) the fundamental plasma frequency of the corona, or (b) tha second harmonic of 
the plasma frequency. The Allen-Baumbach distribution of electron density has been assumed. 


(2) A series of photographs of the optical event, selected to show its development. 


(3) The dynamic radio spectrum, printed with an inverted frequency scale so as to simulate 
a height-time plot. Sharp features in these spectra, and in particular continuous or intermittent 
jines at discrete frequencies, are caused by interfering or calibrating signals. 


(4) A sketch of the solar disk showing the location of the optical event. 


PLATE 1] 


Event of March 1, 1957. The two arms of the height-time diagram for the optical event 
(shaded in this figure) refer to the two parts of the ejected prominence which are visible in the. 
photographs at 0027 and 0029 U.T. 


PLATE 2 


Event of March 26, 1957. Identifiable knots in the ejected prominence were used to form 


the height-time diagram. Note that the time scale of the spectrograph record is very different. 
from those in the other plates. 
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PLATE 3 


Event of September 24, 1957. The first two photographs of the flare surge show the develop- 
ment of the flare. Enhanced limb photographs shortly afterwards show the flare to be surrounded 
by a cloud of fainter matter in the process of ejection. The record was interrupted between 
0211 and 0225 U.T., durimg which time there had clearly been a surge. The radio spectrograph 
record shows a group of type III bursts coinciding closely with the beginning of the flare. 


Pate 4 


Event of November 6, 1957. There are alternative identifications for the optical event 
corresponding to this type II burst. The photographs show clearly an ejected limb prominence, 
for which the heights of various features are plotted in the height-time diagrams. Not so clearly 
visible on the photographs is a faint dark surge ejected towards the limb from a tiny flare in 


contact with the upper left of the sunspot at the bottom of the photographs. The flare had 
almost subsided by 0420. 


A CATALOGUE OF RADIO SOURCES BETWEEN- DECLINATIONS 
+10° AND —20° 


By B. Y. Mi1s,* O. B. SLEE,* and EH. R. Hi1* 
[Manuscript received March 3, 1958] 


Summary 

A catalogue has been prepared of the radio sources observed between declinations 
+10° and —20°, using the Sydney cross-type radio telescope at a wavelength of 3-5m: 
a total of 1159 sources is listed in the area of 3-24 steradians. This supersedes an 
earlier catalogue of Mills and Slee in portion of the area, but the differences between 
the two are small. A number of new identifications with galaxies are suggested, and 
an analysis made of the statistics of the source distribution. It is concluded that 
cosmological effects displayed by the distribution, if present, are small. Possibilities 
are discussed of separating from this distribution the effects of the instrument, the finite 
angular sizes, and/or the physical clustermg of the sources. 


I. INTRODUCTION 

A preliminary catalogue of radio sources has been published in the declination 
interval +10° to —20° and between Right Ascensions 005 and 082 (Mills and 
Slee 1957). The observations were made with the Sydney cross-type radio 
telescope at a wavelength of 3:5m. This catalogue was preliminary in the 
sense that adequate checking had not been possible in some places, but was 
published at that, time to draw attention to the large discrepancies between it 
and the catalogue of Shakeshaft et al. (1955) of Cambridge. 


The area concerned has now been checked thoroughly and extended between 
the same declination limits over the whole 24 hr of Right Ascension; in the 
additional area a great deal more observational data have been used than 
previously. Other catalogues of more southerly regions are in preparation and 
will be published in due course. 


Very few drastic changes have been needed in the preliminary catalogue, 
but a large number of minor improvements were possible as the result of 
accumulating more observations. Accordingly, it has been found desirable 
to repeat in full the list of sources in the original area. A total of 1159 sources 
is now listed between +10° and —20°; the area involved is 3-24 steradians. 


These more extensive data strengthen the conclusions reached in the earlier 
paper. There is again extremely poor detailed agreement with the Cambridge 
catalogue ; moreover, the new statistics agree closely with our earlier more 
limited results but disagree grossly with the Cambridge statistics. It is concluded, 
as before, that the source count ogive is not significantly different from that 
expected with a uniform spatial distribution of sources. However, there is 
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evidence for a slightly excessive slope which could be due to a small excess of 
faint sources, physical clustering of the sources, or simply a statistical deficiency 
of stronger sources in our immediate neighbourhood. These possibilities are 
considered in Section IV. The catalogue has been examined for identifications 
with various celestial bodies using the Skalnate Pleso Catalogue (Beevar 1951) 
and some parts of the Palomar Sky Atlas that are now available. There are a 
number of possible new identifications with extragalactic nebulae, including the 
Hydra II and Pegasus I and II clusters of galaxies: these are very briefly 
discussed. 


II. THE CATALOGUE 

The preparation of the catalogue, given in Tables 1, 2, and 3, follows the 
methods outlined by Mills and Slee (1957) ; that paper will henceforth be referred 
to as paper I. Over most of the area, at least two normal ‘“ scanning ” type 
records were available (i.e. quasi-simultaneous recordings on five declinations) ; 
in addition, ‘‘ non-scanning ’’ records had been taken in a large number of areas. 
In general, sources were systematically picked out using the best of the available 
scanning records and checked against all other records of the same region. 
During the checking process, a few additional weak sources were noted which 
had been obscured on the original records by noise fluctuations or interference ; 
these were also included. There remain a few areas where checking was not 
possible, either because of the absence of a second record or because of interference. 
Sources in these areas are indicated in the catalogue and must generally be 
regarded as less reliable than the others; experience indicates that the main 
effects of using a single record are to miss some of the weaker sources and to 
introduce rather large errors in the flux densities. In estimating the positions 
and flux densities of the remaining sources the best possible use of all the data 
has been made by taking averages or, where indicated, weighted averages of 
the measurements available. This procedure has resulted in slight modifications 
to at least one of the three listed measurements of a substantial proportion of the 
sources in paper I. Flux densities, in general, are given to two significant figures, 
but for the weaker sources the second figure has no significance and has been 
retained only for consistency in the statistics. Regions where possible confusion 
arises with bright sources in the side lobes have been indicated by Mills e¢ al. 
(1958). 

The same general method of cataloguing has been adopted as in paper I, 
and, for convenience, a reference number has been attached to each source which 
is defined in a similar way. The first two digits of the reference number denote 
the hour of the Right Ascension ; these are followed by the sign and tens digit of 
the declination in degrees and an italicized serial number arranged in order of 
increasing Right Ascension within the 1-hr period. To save space, however, 
only the italicized serial numbers are given in the catalogue as the others are 
immediately evident ; for example in Table 1, the second source listed would be 
referred to in the text as 00-+02. 

As before, the probable errors in the final digit of a position measurement 
have been estimated and are indicated by superscripts. Some comparisons 
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TABLE 1 
SOURCES BETWEEN DECLINATIONS +10° AND 0° 
Sources observed on one record only are indicated by an asterisk. Sources which may be 
‘‘ extended’, that is, resolvable, are indicated by a dagger. A colon has been placed beside 
uncertain flux densities 


Position (1950) Flux Position (1950) Flux 
Ref. Density Ref. Density 
No. ARN. Dec. (10-26 No. R.A. Dec. (20-2 
N. W m-* (e/s)-) N. | Wm + (c/s)>) 
hm Ss hm ea 
00 02 
1 04:93 | 06 058 35 (20) 4 12-55 | 06 118 14 
2 10:22 | 00 375 20 5 19-42 | 08 088 24 
3 14:23 | 06 487 18 6 26-23 | 02 357 9-0 
4 16-04 | 08 208 11 7 35-73 | 07 O18 10 
5 24-84 | O07 28° 11 8 50-44 | O1 198 10 
6 30-08 | O1 40% 68 (20) 9 53-43 | 06 487 ll 
i 30-88 | 05 535 25 10 © 55+12 05 534 51 
8 32-14 | 04 288 16°) 11 58-93 | O1 355 27 
9 34-23 | 00 126 15 
10 36-74 | 03 358 14 03 
Tt 37-42 | 09 305 37 1 00-23 | 07 208 18 
12 40-13 | 06 537 14 2 00-93 | 09 378 13 
13 40-64 | 02 208 7: 3 05:42 | 03 505 34 
14 42-64 | 05 267 19 4 09-24 | 05 118 10 
15 55-33 | Ol 148 16 5 25-23 | 02 255 41 
16 55-54 | 08 478 14 6 34-14 | 09 517 24 
17 59-83 | 04 32° 19 "4 35-84 | O07 407 13 
8 40-53 | 04 555 35 
01 9 45-63 | 00 41° 15 
1 14-93 | 06 058 ll 10 46-63 | 05 428 15 
2 16-32 | 08 11° 14 1 51-44 | 02 588 16 
3 17°34 | 03 205 33 (16) 12 58-22 | 00 275 19 
4 23-18 | O1 225 2019) 
5 24-43 | 09 137 16 04 
6 28-72 | 03 528 18 1 00-0? | 05 358 13 
7 29-22 | 06 075 23 2 00-13 | 02 215 ll 
8 33-54 | O07 536 15 3 04:72 | 03 454 37 
9 34-94 | 06 348 7:4 4 11-94 | 05 437 8-6 
10 43-03 | 02 018 9-4 5 21-94 | 00 248 14 
ti 46-23 | 06 108 19+ 6 23-24 | 04 268 13 
12 47-23 | 07 076 19+ 7 28-62 | O1 025 20+ 
13 52-14 | 03 328 49 (27)(8) 8 32-82 | 03 575 25+ 
14 57-43 | O1 108 16 9 38-25 | 07 058 8:7) 
10 41-83 | 02 155 30+ 
02. 11 51-54 | 02 338 10 
1 02-34 | 04 208 10 12 54-95 | 06 438 13 
2 07-42 | 09 358 23 13 56-33 | 05 208 10 
3 11:02 | 02 585 24 14 58-54 | Ol 246 15 


{) Perhaps two sources. 

®) Complex brightness distribution; may be several sources. 

® Perhaps a background irregularity. “) (NGC 470/474). ‘5 (NGC 533). 
‘8) Perhaps two sources or interference from 05N2A. 

Doubtful, not visible on all records. 


COSMIC RADIO SOURCES BETWEEN DECLINATIONS +10° AND —20° 363 
TaBLE 1 (Continued) 
Position (1950) Blas Position (1950) Flux 
Ref. Density Ref. _ Density 
No. R.A, Dee. (10-26 No. R.A. Dec. (10-26 
a. W m* (e/s)-1) N. W m- (e/s)-4) 
h m aoe hm @ y 
05 09 
1 04-58 | 07 20? 16 1 09-23 | 08 237 13 
2 10-93 | 01 02° 38 2 15-22 | 09 358 4018) 
3 16-44 | 09 588 20 3 34-12 | 04 505 24 
4 16-52 | 03 598 17 4 34-44 | 02 136 14+ 
5 28-98 | 06 356 30 5 41-83 | 09 577 32 
6 38-84 | 05 438 9-2 6 43-03 | 02 215 71 
r, 41-58 | 02 468 22418) 7 44-92 | 07 394 89 
8 49-72 | 00 065 36 
06 9 50-53 | 09 007 16 
1 00-54 | 02 237 ll 10 55-32 | 03 355 18 
2 02-3 | 00 545 12 
3 05:45 | 08 081° 109 (28) 10 
4 14-24 | 05 438 18+ 1 05-72 | 07 548 30 
5 15-34 | 03 368 8-8 2 08:63 | 06 326 39 
6 20-34 | 09 001° 158 (45) 3 09-94 | 04 5010 8:7 
7 24-83 | 02 505 18* 4 10-93 | 03 118 9-4 
8 29-62 | 05 013 250 (87)'9) & 22-03 | 09 368 15 
9 32-63 | 02 094 29 6 24-03 | 06 418 35* 
10 34-83 | O07 158 72 (40) 7 38-23 | 02 368 13 
11 42-74 | 05 158 27 8 47-33 | 04 257 13+ 
12 42-84 | 00 101° 16 9 48-82 | 00 005 21+ 
13 52-54 | 03 008 22 10 54-04 | 02 098 24 (14)0” 
14 54-13 | 08 361° 24t m4 56-84 | 09 157 19 
07 11 
1 17-94 | 08 488 i 1 06-55 | 09 457 16} 
e 19-43 | Ol 345 17*(20) 2 07-14 | 03 487 15 
3 29-63 | 03 068 21 3 08-05 | O1 568 7:0 
4 41-92 | 02 055 36 4 20-24 | 07 408 8-2* 
5 44-94 | 09 578 13 Si 20-93 | 05 257 19 
6 53-74 | 07 107 8+ 2010) 6 22-54 | 02 208 8°5 
7 26-34 | 00 428 71 
08 8 37-48 Ol 247 15 
1 03-44 | 04 488 8-7 9 38-44 | 05 438 82% 
2 12-42 | O01 336 29 (22) 10 42-43 | 08 147 14 
3 19-82 | 06 074 125 (60)0) Zz 42-55 | 09 301° 8-6 
4 33-43 | 00 427 17 12 47-03 | 05 407 11* 
5 34-53 | 09 307 13 13 54-13 | 04 2610 12+ 
6 38-55 | 03 178 17+ 14 59-63 | 00 367 8-5 
7 41-04 | 07 287 14 
8 43-34 | 02 208 9-4 
9 54-94 | 09 558 14 
10 55:04 | 03 368 9-922) 


(8) Could be associated with Barnard’s ring. 
41) Possibly interference from 08S4A. 


43) Possibly interference from 09SI1A. 


(10) A doubtful source. 
(22) (Hydra II cluster). 


(*) (NGC 2237). 


4) Perhaps two sources. 


364 B. Y. MILLS, 0. B. SLEE, AND E. R. HILL 
TaBLE 1 (Continued) 
Position (1950) This Position (1950) Flos 
Ref. Density Rel Density 
No. R.A. Dec (10-26 No. R.A. Dec. (10-26 
N. W m-* (c/s)-1) N. W m~ (c/s)-1) 
h m a hm Bie 
12 14 
il OLE 07 148 13 The 35-5? 00 23° 14 
2 04-2? 04 19° 25 12 sicko 08 588 12* 
3 07-48 08 391° 12 13 40-6? 05 048 15 
4 14-8? 04 00° 305) 14 45-0? O07 548 19° 
5 og 05 59° 1000 15 56-58 04 01° il 
6 18-08 09 501° 24 
7 19-02 02 46° 12* 15 
8 26-6? 02 174 167 1 00-14 06 151° 15% 
g 35-3? Ol 428 16 2 08 - 2? 08 097 42+ 
10 46-9° 09 238 140”) 3 08 - 6? 06 08° 24* 
11 51-58 08 53° aCe 4 09-8° Ol 428 20 
5 14-2? 07 115 140 
13 6 14-45 00 188 16 
1 02-0? 09 027 22 7 19*3? 07 55% 50*t 
2 04-54 07 02? 18 8 33°3° 09 298 13 
3 08 - 08 06 107 22*F Y) 34-1? 02 386 Li 
4 09-72 04 007 7-5 10 36-14 O01 427 12 
5 12-65 07 418 16 Thi 37-48 06 088 22* 
6 IMsjoi73 01 008 50 (27) 12 42-18 04 067 Wie 
7 30-38 02 188 19 18 42-42 02 205 16 
8 32-88 06 2210 8-0 14 48-9? 03 10 18* 
9 40-34 02 20° 13 
10 45-68 00 42° 8:3 16 
11 50-0° 06 197 d4 (22)* 1 00-0? 02 135 100@)) 
12 55-0? Ol 24° 19 2 02-84 O01 057 45 
13 55-48 04 507 10 3 03-3? 00 06§ 35 
4 07-04 04 257 ay 
14 5) 13-38 04 255 27 
i 01-08 09 227 28 6 22-28 08 216 14 
2 09-48 07 31° 14 v 29-05 09 0829 22*+ (22) 
3 13-08 05 498 17 8 38-15 03 4410 23* 
4 15-88 Ol 067 13 9 44-78 01 438 33T 
5 16-71 06 434 114 10 48-81 05 04? 39023) 
6 Wgfoe 04 00° 2218) 
if 24-38 04 197 3* Wy 
8 25-44 00 36° 16 1 03-28 09 161° 78 (49)*22) 
9 32-58 06 387 T7fAEO 2 22°38 05 444 36*F 8! 
10 35-5? 03 36° 47 (31) 3 56-14 02 461° 48:* 


(15) (NGC 4234). | (NGC 4261), (NGC 4270). 

07), 18) Perhaps one extended source. (*) (NGC 5566). 
(20) Perhaps E.-W. side lobe of Virgo-A. 

1) Perhaps slightly extended. 

22) A doubtful source. 

3)TAU 16NO0A. 

4) Perhaps a galactic irregularity. 


COSMIC RADIO SOURCES BETWEEN DECLINATIONS +10° AND —20° 365 
TABLE 1 (Continued) 
Position (1950) Thix Position (1950) Flux 
Ret Density chee Density 
No. R.A. Dec. (10-26 No. R.A. Dec. (10-2 
a W m° (e/s)-+) N. W m7 (c/s)-1) 
h m 2 @ h m 9 , 
18 21 
1 03-94 00 127 337 4 26-42 07 157 27 
2 04-34 03 4010 27 5 27-15 01 068 67 (25) 28) 
3 15-34 00 0410 14 6 36-04 03 476 12 
4 17-48 03 058 41 ve 39-84 02 457 18} 
5) 26-54 00 258 50 (24) 8 42-48 07 548 155 
6 29-64 09 4010 457 9 42-54 04 005 Il 
u 34-63 O3N37° 20:7 10 49-64 07 528 23 
8 42-77 09 301° 547 11 50-54 OoRli 17 
9 43-34 07 158 28: 12 52°24 02 087 mali 
10 44-05 05 078 25F 13 58-35 05 16? 8:3* 
iy 53-7" 01 295 5505) 14 59-98 04 255 8-4 
19 22 
1 09-03 05 05% 597 28) 1 06-54 Ol 54? 26 
2 12-78 00 098 297 2 10-05 OF FATE 14 
3 17-53 00 541° 207 3 10-8° 08 487 Sia 
4 30-15 00 547 20 4 21-45 02 177 8-1 
io 32-44 09 435 30: 5 22-44 05 555 16 
6 33-8? 05 558 187 (26) 6 26-68 08 277 19 
i 37°43 04 131? 347 7 34-94 05 438 12 
8 ASOVE- 01 061° 8-3 8 39-94 04 288 12 
9 43-83 09 168 13* 9 46-98 07 008 15 
10 49-83 02 262 64 10 49-+5% 09 437 17 
Il 50-4? 03 355 Il 
20 a2 51-78 00 54? 13 
1 15228 08 498 15* 13 52-33 02 437 16 
ze 15-78 Ol 54? 14 14 55°34 08 08° 16 
3 16-98 04 007 ie) 15 57-24 09 438 15 
4 25-68 06 228 16 
6) Soon 04 131° 11 23 
6 37-39 05 208 14 1 05-14 03 238 9°4 
7 39-18 00 487 12 2 08-28 07 288 99(29) 
8 42-45 03 297 ll 3 09-64 09 168 51 (29) 
9 45-93 | Ol 54? 19 4 10-53 | 04 508 18 
10 45-98 06 57? 227 5 14-01 03 538 57 
il 47-73 | 04 007 10 6 19-04 | 09 167 7:8* 
12 55-44 00 424 104 (23) di 24-94 06 498 15 
a3 55:74 05 438 19 8 25-04 03 54° 7 
9 3l34 O01 035 8-6 
21 10 35°57 05 397 13 
1 07:64 06 191° 12*(27) 11 39-38 04 385 13} 
2 12-73 04 06° 12 12 ols 09 485 12* 
3 21-98 02 45° Ave 


(25) Perhaps slightly extended. 


(27) A doubtful source. 
(29) (Pegasus I cluster). 


6) Perhaps a galactic irregularity. 
(28) May be several sources. 
(30) (Pegasus II cluster). 


366 B. Y. MILLS, 0. B. SLEE, AND E. R. HILL 


TABLE 2 
SOURCES BETWEEN DECLINATIONS 0° anpD —10° 
Sources observed on one record only are indicated by an asterisk. Sources which may be 
“extended ”’, that is, resolvable, are indicated by a dagger. A colon has been placed beside 
uncertain flux densities 


Position (1950) Flux Position (1950) Flux 
Ref. Density Ref. Density 
No. R.A. Dec. (10-26 No. R.A. Dec. (10-26 
8. | Wm" (é/s)-1) W m-? (c/s)-4) 
h m oer hm en 
00 02 
Lf 03-38 00 56+ 35 1 02-64 05 33° 8-5 
Z 06-04 06 198 15 2 08-34 03 385 12(4) 
3 17-48 05 01% 9-5 3 10-78 08 11° 8-5 
4 17-78 02 514 23 4 10-84 04 546 8°7 
i) 18-83 Ol 428 9-8 5 12-48 02 46° 7-5 
6 21°54 08 148 24+ 6 14-28 00 548 12 
7 32°37 08 274 13 7 18-6? 02 11% 74) 
& 32-68 07 328 9-0 8 18-64 03 458 7:5 
g 36-4? 02 505 120 (67) 9 29-48 04 555 12 
10 39-04 06 235 10 10 29-84 00 186 14 
i] 39-21 09 438 56 EME 29-88 06 57° 15 
in 42-98 00 055 12 12 30-84 02 408 11 
13 46-08 O07 OL 12 13 39-44 02 308 15 
14 46-78 02 486 18 14 40-01 00 098 35 (8) 
15 51-78 03 424 23 15 42-83 05 215 25T 
16 52-44 05 06° 8°5 16 43-68 09 507 8°7 
10% 54-51 O01 39? 90 (72) LG 46-34 O7 465 9-0 
18 54-14 03 308 11 
Ol 19 56-88 05 065 8-8 
1 06-53 00 578 13 20 57-88 07 305 11 
2 10°58 05 078 15 
3 19-68 00 135 LO 03 
4 21:14 03 50° 18 I 12-68 03 374 20 
5 23-51 Ol 35? 88 2 29-88 07 40° 12 
6 28-83 07 03° 19'8) 3 31-72 O1 254 64 
7 30:83 00 265 10 4 39-08 04 55° 8-87) 
8 35-1? 09 254 18 3 46-04 04 207 16 
9 35-48 02 065 13 6 49-6? O7 256 25 
10 43-7? 02 275 12 7 56-55 03 505 1 
11 45-54 00 02° 12 8 59-25 02 108 168) 
12 47-64 09 098 9-4 
13 49-9? 03 524 20 
14 51-64 07 268 w)0(0) 
15 52-28 05 177 6:8 
16 55-18 00 396 8-0 
17 57-04 02 318 8°5 


| (NGC 157). ©) May be two sources, 
® (NGC 584). “ Perhaps background irregularity. 
) TAU 0280A. ‘) NGC 1068. 

() (NGC 1417). 

‘S) Interpretation difficult, complex response, 


COSMIC RADIO SOURCES BETWEEN DECLINATIONS -+-10° AND —20° 367 
TABLE 2 (Continued) 

a Position (1950) Wax Position (1950) TAlkves 
ef. aici Ref. : 
No. R.A. Dee. ee No. R.A. Dec. cay 

gtr 3 es W mm? (e/s)-*) on 7” SS W m-? (c/s)—) 
04 05 
1 00-15 | 09 566 10 14 40-14 | 05 168 9-515) 
2 00-93 | 08 546 19 15 45-64 | 04 428 6-1 
3 05-58 | 05 375 12 16 46-64 | 06 41° 9-0 
4 06-0? | 06 465 17 17 48-0% | 08 08° 15 
5 09-58 | 01 505 15 18 52-08 | 02 00% 29118) 
6 09-61 | O1 024 35 19 53-15 | 01 00° 19°17) 
7 15-5 | 05 357 36 (18)! 20 54-8 | 03 278 18°18) 
8 15-72 | 03 214 28 21 56-8? | 08 035 14 
9 20-34 | 09 288 8-5 
10 26-44 | O1 158 9-7 06 
11 28-23 | 09 588 7:3 y 04-53 | 04 025 9-0 
12 30-92 | 08 446 11 2 06-12 | 07 214 237 
13 32-93 | 05 304 10 3 12-02 | 03 535 15 
14 39-0? | 09 525 ef 4 25-0! | 05 568 120 
15 39-63 | 00 498 12 m3 DT 7% | OR e25E 8-7 
16 46-83 | 09 555 16 6 38-95 | 06 408 9-5 
N7 47-34 | 04 338 46 (23) 7 39-05 | 08 018 50 (25) 
18 49-33 | 06 384 9-6 8 45-04 | 02 066 337 
19 49-64 | 02 315 13 9 45-34 | 08 108 17 
20 52-44 | 00 248 20 (12) 10 45-64 | 09 168 11 
21 58-74 | 03 398 18 11 47-23 | 05 375 25 
22 59-63 | 05 48% 8°5 12 56-72 | 02 125 24 
05 07 
of 00-04 | 08 378 9-1 1 07-0? | 00 387 ily 
2 10-03 | 07 36° 16 2 10-43 | 09 065 21 
3 12-48 | 02 195 17+ 3 12-72 | 02 414 25 
4 13-02 | O1 158 18 4 22-38 | 09 494 36 
5 13-33 | 09 418 8-8 5 23-13 | 06 108 94 (47) 
6 18-33 | 06 155 17020) 6 24-42 | 02 004 29 
7 22-24 | 02 468 16 7 31-44 | 05 316 8:6 
8 Oe84" | VOT 228 1540 8 36-23 | 02 035 19 
9 23-63 | 09 366 12 9 38-8? | O1 018 15 
10 27-93 | 00 035 15 10 44-22 | 08 058 17 
11 32-52 | 05 248 83 (69) 2) 11 48-63 | 06 528 1] 
12 38-05 | 02 201° 88 (24)(18) 12 58-94 | 02 06° 7:3 
is 39-14 | O1 258 23114) 18 59-73 | 09 408 17 


(9) May be two sources. 

(10), (11) Perhaps one extended source. 

(2) M 42. 

(13) TC 434 ete. 

(14) Possibly connected with source 05—012. 
(15) (M 42—eastward extension). 

(16), 17), 18) Perhaps part of Barnard’s ring. 
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TABLE 2 (Continued) 


Position (1950) Flux Position (1950) Flux 
Ref. Density Density 
No. R.A. Dec. (10-26 R.A. Dec. (10 
8. W m-? (c/s)-1) a W m* (¢/s)*) 
h m ory h m ee 
08 10 
1 01-0? 04 138 14 23-18 08 10° 1l 
2 03-18 00. 30° 15 24-18 02 198 17 
3 03-94 O07 547 Di 24-38 04 477 5:3 
4 09-3? 05 40° 22 25-48 07 20° 10 
3 13-42 02 535 3509) 27-3? 05 578 Wii 
6 21-5? 09 328 207 30-14 09 7107 6-57 
a 22-74 04 387 8-8 33-48 02 298 16 
8 27-28 03 15° 27 (19) 33-74 06 177 6-5 
9 32-08 05 10° 13 36-04 00 536 8-2 
10 32-33 O07 25° 13 41-95 08 12? 17+ 
Il 34°33 Ol 047 13 44-78 Ol 06° 14 
12 40-34 09 157 7 46-3? 02 335 20 
13 53°58 06 07° 12 48-54 09 197 8-5* 
14 57-64 02 057 78 59-64 09 39° 6-5* 
15 59-98 05 078 18 59-8? 00 525 23 
09 11 
1 Ole? 06 46° 13 I 00-38 06 18° 15 
2 06-58 09 386 17@0) 2 03-04 08 227 8-5 
3 06-94 03 157 7-6 3 05-44 03 557 5-0 
4 07-08 Ol 227 183 4 09-08 06 10° 12 
o) 21-64 04 227 9-5 5 11-8* Ol 548 18 
6 34-98 04 00° 15 6 13-38 OT LOS 16 
7 38°83 Oi igs 12 7 16-18 08 436 15 
8 41-44 O07 14° 8-4 8 16-9? 02 465 31 
9 42-05 | 09 398 | 7100 (28)*@D 9 25-44 | 06 527 14+ 
10 48-78 04 576 03} 10 28-18 03 158 10 
Ih 48-98 08 31° 12 itil 31-44 07 437 6-0 
12 34-24 00 307 8-2 
10 13 39-34 01 287 6°3 
I 05-3? 09 455 el 14 41-68 03 455 8-4* 
2 07-38 03 44° 10 15 42-75 06 067 6-0 
3 08-18 07 258 / 16 42-92 00 12° 24+ 
4 hots 09 30° 9-4 17 46-48 06 59° 16} 
5 IG}oGe 02 34° 16 18 56-28 00 30° 16 
6 ipfote 03 007 7:3 
29) TAU O8S0A. 


0) Perhaps together with 09—13 makes an extended source. 
1) Complex distribution, may be several sources. 


COSMIC RADIO SOURCES BETWEEN DECLINATIONS +10° AND —20° 369 


TABLE 2 (Continued) 


Position (1950) Flux Position (1950) Flux 
Ref. Density Ref. Densit 
el ee ee Dec. (10-6 Wels) RA Dee. aoa 
a Pon é BS W m~ (¢/s)~?) bale 2 = W m-? (e/s)-) 
12 14 
1 01-83 04 36° 11-8 1 04-2? 02 098 127 
2 Osea Onesie 18 2 05-5? 06 195 18 
3 04-4? 07 27° 9-9 3 06-1? 09 498 10 
4 05-08 08 426 il 4 06-58 08 598 Bay (leh) 
i) 08 - 64 09 387 alt 5 09-0? 02 588 a 
6 11-2% 04 361° 9-9 6 09-6? 06 52? 14 
Gf 11-98 00 368 15 if 14-78 03 507 24-47 
8 15-98 04 477 15-7 8 TOR 05 20° 5-0 
9 15-9? 09 54? 23 go 20-18 09 097 16 
10 16-1? 07 03° 9-2 10 23-48 08 007 195) 
11 35-9? 00 31° 8- QO?) Ii 26-64 OURS 25 
12 37-15 | 07 198 52 (24) 12 29-18 | 03 385 16 
13 yf Tk 04 24° 25 13 34-7? 08 218 14 
14 39-2? 08 337 20 14 37-48 06 56° 227 
15 40-54 06 078 12 15 42-44 08 447 207 
16 43-14 03 06° 10 16 43-08 03 457 Pow 
aie 44-83 05-218 14 wif 52°72 04 10° 22 
18 45-54 06 128 Li 18 53°52 05 445 16 
19 48-0? O01 36° 14 19 5d=5° 00 54? gia) 
20 Esto 7 05 38° 37 
21 yiORe 00 248 7:5 15 
1 02-6 00 1818 18 
13 2 04-3? 06 41° 17 
1 04-28 05 428 8-5 3 08-38 00 42° 19 
Zz 06- 0+ 09 497 19 4 09-0? (OS) aire 18 
3 07-3? 00 295 25 5 09-04 05 26% 8 
4 09-6? 02 297 11 6 09-28 08 157 (28) 
5 12-84 08 058 45 (23) 7 20-48 05 127 14y 
6 13-08 06 176 7-0 8 21-8? 06 52? 12t 
di 13-18 O01 258 16 9 21-94 03 13° 7-0 
& 16:84 00 307 13 10 22-13 07 287 18 
9 28-44 06 078 13 i 22-98 08 17° 12 
10 33°83 O7 54? 8:7 12 38-1 Ol 548 37 (21) 
1H S1soi7 06 21% 35 13 39-08 04 597 12 
IZ 41-8? 03 047 16 14 42-58 03 41° 23 
13 43-08 07 487 53 (23) 15 45-35 07 20° 14-8* 
14 48-18 09 557 8-0 16 46-0? O07 558 12 
15 48-38 05 368 12 TU 51-8° 02 525 9-7 
16 50-08 06 07? 7+ 8 (23) 18 52-42 06 578 1) 
aly 53-42 08 101° 8-7 Lg 53-44 09 057 10 
18 _ 56-74 09 578 8-5 20 57 <3® 04 387 7-0* 


(22) (NGC 4592). 
(28) (NGC 5324). 
(24) (NGC 5792). 
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TaBLE 2 (Continued) 


Position (1950) Bla Position (1950) Flux 
Ref. Density Ref. Density 
No. R.A Dec. (10-26 No. R.A Dec (10-8 
Ss. W m= (c/s)-1) “ W m* (c/s)-1) 
h m oma? hm soa 
16 18 
1 02-78 09. 158 20 & 31-6? 08 421° 160 
2 05-88 06 36° 9-5 9 38-5? 05 108 > 20: 
3 12-3? 02 304 Sou 10 41-74 03 515 180 (100) 
4 12-4? 00 35° 15 11 41-8° 01 481° 25: 
5 14-08 05 447 9-5 12 46-34 00 538 20: 
6 16-03 08 427 8-0 13 50-34 07 488 17 
7 26-44 06 20° 9:0 14 5304 02 427 150 (40) 8) 
8 26-64 03 246 17 15 57-98 04 13° 34 
9 34-18 03 33% 12 
10 36°95 00 30° 26 19 
11 42-7? O07 147 21 1 04-24 03 067 53 (34) 
12 49-34 00 18° 80 (50) 2 08-93 06 417 16 
13 52-04 05 09° if 3 PP<35 09 41’ 15t 
14 52-6? i Wi 60 (26) 4 AL 4) 102 a? 28 
15 54-68 09 08° ll 5 18-58 05 338 9- 8*(20) 
16 56-08 (il laid 15: 6 20-08 03 387 16 
7 26-25 02 05° 23 
17 8 28-18 06 41° 12 
1 05-84 01 36° 17 9 32-68 09 468 23 
2 06-28 04 41° 12725) 10 39-83 04 368 12 
3 09-74 00 267 15; (26) iil 40-8° 07 295 33 (24) 
4 12-54 03 167 21 12 42-94 04 558 20 
5 16-9 04 258 31 13 43-5? 02 458 22 
6 181+ 00 553 47527) 14 44-84 00 137 22 
7 22-18 03 50° 16 15 45-88 08 548 9-5 
& 24-64 08 217 157 16 53°38 05 228 10 
9 30-9? 05 107 16* ——t 
10 33-78 06 528 19 20 
IB 37°74 O01 188 39 i 06-48 04 257 19 
12 48-18 02 068 53 2 09-78 09 007 9-5 
18 53-8? 08 108 21* 3 18-74 09 387 9-0 
14 54-48 05 34° 55* 4 23°24 OLS? 14 
15 55-7? Ol 246 50f 5 27-04 00 477 8-7 
6 28 - 6? 08 097 14 
18 7 33-52 | 09 278 14 
1 02-48 05 197 25 8 Soa 02 547 9-7 
2 05-28 00 598 62+ 9 44-18 02 17? 1s 
3 12-48 05 597 82 (48) 10 45-08 07 598 9-0 
4 14-98 07 038 30; (28) 11 45-18 03 157 27 (19) 
5 17-64 09 325 50 (25) (28) 12 53-2 06 528 15 
6 20-6? 01 346 76 (55) 13 58-84 08 497 hy 
7 25-38 04 388 40: 


5) May be two sources. 


°8) Perhaps a galactic irregularity. 


6) Possibly side lobe of source 17-06. 
7) Perhaps superimposed on extended source. 


9) A doubtful source. 


COSMIC RADIO SOURCES BETWEEN DECLINATIONS +10° AND —20° Obl 


TABLE 2 (Continued) 


(30), (31) Perhaps one extended source. 
(32), (883) Perhaps one extended source. 


(34) (NGC 7716). 


| 
ee Position (1950) Wu Position (1950) has 
ie Densit Ref. ; 
No. R.A. Dec. a No. R.A. Dec. Hees. 
emi ° ES W m~ (¢/s)*) — ee W m ~? (c/s)) 
21 22 
1 00-28 09 45° 12 12 29-24 08 336 Ma 
2 00-98 04 027 19+ 13 33-33 07 038 8-0 
3 02-13 00 307 11 14 36-98 04 13 16 
4 05-4? 07 06° i ty 15 43-54 02 10’ 14182) 
5 10-58 09 507 11 16 45-08 02 52? 20°33) 
6 (arf 02 471° 28 (15) The 49-24 03 258 9: 
7 24-98 05 358 19 (30) 18 53°15 06 378 12 
8 25-04 06 366 1080 19 53°95 00 186 32 (19) 
y 25-75 00 597 15* 20 54-9? O01 16° 6-6 
10 28-15 09 15’ 16; 21 55°38 08 328 13 
iil 31-9? 02 288 9-0 
12 31-6 Ol 16° 6 23 
13 38-04 07 02° 12 il O1-74 OZR TS 7 
14 40-64 09 147 7:0 2 02-63 05 278 10 
15 41-7 04 028 12 3 02-84 O01 008 9-5 
16 43-83 08 107 13 4 03-68 03 43° 14 
ay, 50-73 03 407 6-0 5 05-58 O759" 6-7 
18 54-28 O01 29° 15-6 6 07-54 09 228 9-0 
19 56-38 05 558 iti if 12-68 05 57° 6-7 
20 Ojeuie 03 558 13 8 15-68 02 297 9-8 
9 19-5? 09 16° 6-0 
22 10 24-38 05 15° 35 (19) 
1 02-28 08 438 TL dial 25-18 02 228 19 
2 04-6? 09 165 10 12 25 +24 08 108 9-0 
3 05-42 05 30° a 13 32°78 04 595 9-7 
4 05-78 03 278 13 14 33-4 00 19° 9-584) 
5 10-8? (UB) AEP Ny 15 38-08 00 08° 11 
6 16-38 03 46° 33 (18) 16 42-58 05 227 7:6 
7 16-98 00 42° Toe We 46-18 03 368 8-6 
8 19-44 08 431° Teall 18 48-78 04 218 13 
9 21 bt 02 18% 60 19 49-78 08 107 10 
10 23°15 05 13° 30 20 49-98 01 237 18 
11 24-58 03 398 9-6 21 51-38 05 307 9 
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Sources observed on one record only are indicated by an asterisk. Sources which may be 
“‘ extended ’’, that is, resolvable, are indicated by a dagger. 
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TABLE 3 


SOURCES BETWEEN DECLINATIONS —10° and —20° 


uncertain flux densities 


A colon has been placed beside 


Position (1950) Flux Position (1950) Flux 
Ref. Density Ref. Density 
No. R.A. Dec. (10-26 No. R.A Dec. (ieee 
Ss. W m= (c/s)-1) e W m~ (¢/s)-1) 
hm id hm rie 
00 Ol 
1 00: 0 ge ays 28 13 36°94 17 498 10°) 
2 00-38 15 285 15 14 38°44 18 254 8-0 
3 00:68 12° 238 12 15 40-4? 16 514 28 
4 05-63 19 588 1 ef 16 45-68 18 44? 16 
oO: 09-2? 19 075 13} Ly, 47-68 Vie 77s 10 
6 12-48 ils) Oye 34 (20) 18 47-98 gS ee ye 8-1 
7 15-98 13 025 52 (33) 19 50-64 14 546 12 
8 16-2? 10 465 23 20 5b 15 10 458 16 
9 18-68 19 175 8-7 21 59-68 pee brfs 14 
10 25-04 16 488 6-0 
II 25-3* 13 10? 13 02 
ne. 27-6? 11 50% 14 1 02-04 19 43? 8-5 
LS 29-48 15 338 8:8 i 03°58 18 168 17 
14 32°58 16 508 12 3 08-0? 11 186 30 (19) 
LS 32°58 18 145 17 4 11-48 16 02° 8-2 
16 35°05 Py Bia 9-6 5 1322 13 198 42(4) 
a 38-04 JN TES3C 10 6 14-84 17 588 8:5 
18 39:08 15 44° 14f if 22-98 11 388 13 
19 43-54 14 496 9-0 8 26-58 iy Sihe 19 
20 45-84 17 587 8-9 9 30-83 10 125 17 
21 48-68 12 285 18 10 35:41 19 428 44 
22 50-18 19 53? 11 11 36-04 14 457 14 
23 62°34 16 198 12 12 36-34 18 206 9-5 
24 56-98 13 40° 13 13 45°83 16 476 6:2 
25 57-28 15) 22° ai 14 46-24 13 298 15 
26 57-68 ie 24> 29 15 47-53 18 105 9-3 
27 58-98 14 30° 9-8 16 56-28 16 528 12 
O01 03 
il 01-62 12) 27° 18 1 03-58 12 205 18 
iy 05:91 16 152 53 2 05-44 16 44° 17 
3 07-28 18 518 9-0 3 07-53 ose 16 
4 08-24 14 336 16 4 15-18 14 488 9-5 
6 11-74 10 078 7°8 5 27-98 h6wole 16 
6 14-58 Il 63° iil 6 31-14 18 486 12 
7 16-85 16 4510 13f if 44-12 Il 134 34 
8 16-83 19 008 14 8 46-44 13 088 10 
9 18-0? 15 348 45 9 49-3? 14 38% 44 
10 24-98 12 108 7:0 10 49-7? 10 08> 21 
Uh 25°12 14 138 30 iil 57-68 16 207 18 
12 27-93 | 15 385 18} 


“ Extended N.-S., 


‘9 TAU 02S1A. 


may be two sources. (), 3) May be one extended source. 
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TABLE 3 (Continued) 


Position (1950) Wl Position (1950) Plux 
res Density -— Densit 
No. R.A. Dec. (10-26 No. R.A. Dec. foe 

ce 5 a W m* (c/s)~) an ‘ oo W m-? (c/s)—) 
04 05 
1 05-03 13-208 14+ 22 49-3? 10 324 17 
2 05-41 12 268 31 23 51-08 16 59° 8-5 
3 08-94 16 27° 10 24 51-75 14 197 8-7 
4 11-44 19 367 9-4 25 51-98 12 29° 9-5* 
5 11-84 11 266 18 26 57-68 16 508 183 
6 13-83 15 228 15* 
i 16-33 LS eb3* 13 06 
8 23-02 16-57° 14* I 03 - 98 10 458 9-2 
9 23-98 12 075 16 2 04:64 17 497 15 
10 25-98 11-38? a 3 07°34 14 407 147 
£y 225 18 368 9-0 4 14-85 15 007 19 
12 32-0? E26" 38 5 17°85 U6 36"° 63 (21) 
13 32-94 16 38° 15 6 20-34 13 398 9-5 
14 36-94 15 00? 7-3 7 25-88 12 528 167 
15 38-33 12 108 8-0 8 34-14 15 467 16 
16 42-85 18 52? 7:0 9 34-98 13 448 9:3 
7 48-03 7 346 14 10 36°33 16 50° 18 
18 52-14 19 078 7:3 GE 42-24 10 198 84 (27) 
19 54-28 Cis Te Ly 12 44-0? IES ByBi8 18 
20 59-9? 12 164 14 13 49-75 12 431° 55 (11)™ 
14 53°28 19 15? 7:6f 
05 
I 03-0? iO) 1% 20 O07 
2 06-53 14 298 16 I 03-2? TUR OZ 55 (25) (8) 
3 08-5? 18 428 41 Z 03: 64 LOTS" 10 
4 13-03 15 568 i 6) 12:08 14 3010 ray 
D 13-6? 13 418 16 4 13:84 11 205 25+ 
6 15-5? 16 34° 16 5 16-24 mone Ti; 
7 21-24 iN ooh 11 6 21.48 18 385 19 
8 23-83 18 248 14 7 23°83 (ey aad 13+ 
) 24-28 13 736° 16 8 26-12 14 518 ie 
10 24-98 16 31? 12 9 29-74 ese Wey 29 (17) 
Br | 24-98 Wieoe 8:2 10 32-98 15 598 12 
12 25-48 10 45° 16 ag 34-28 19 386 11 
as 26-64 14 487 8°3 2 34-83 15 007 9-2 
14 BBs 12 01° 15 13 38-68 13 58° 12 
15 34-64 iS Bile 12 14 41-54 17 437 9°8 
16 35-0* igh dish 15 15 43-45 16 327 10 
ile 3523" T3w6® 14) 16 45:64 10 01° 13 
18 Sift 16 048 9°7 17 45-5? 19 004 52 
19 42-04 12 33° 8:0 18 46-24 ial ayaye 20 
20 “|B 3ol7) irmoss Ny) 19 61-35 19 228 Wey 
21 48-73 | 15 488 8°7 


(5) Rather doubtful because of a large side lobe of 05N2A at this declination. 


(6), (7) Perhaps one extended object elongated 


parallel to the galactic circle. 
May be associated 


(8) Extended source with apparently complex brightness distribution. 
with the emission nebulae IC 2177 and NGC 2327. 
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Position (1950) Pax Position (1950) Flux 
Ref. Density Ref. Density 
No R.A. Dec. (10-26 No. R.A. Dec. (10-26 
8. W m-? (c/s)-1) S. W m- (c/s)-1) 
h m oes; hm ea. 
08 10 
1 00-34 | 14 407 33 (18)* 4 10-13 | 18 158 14 
2 03-43 | 17 115 18* 5 10-34 | 15 167 9-207) 
3 05-33 | 12 378 14* 6 18-93 | 19 438 7°5 
4 07-02 | 10 273 40 7 19-93 | 10 257 6-5* 
5 13-14 | 11 497 4-2 8 22-48 | 10 436 18 
6 13-83 | 15 575 14* 9 23-04 | 11 447 8-5 
7 17-64 | 11 007 8-919 10 23-64 | 18 108 10* 
8 27-34 | 17 398 14 11 28-03 | 15 288 18 
9 33-14 | 16 047 8-8* 12 30-04 | 13 367 7:5 
10 35-03 | 11 278 18 13 31-04 | 17 048 9-0 
11 39-63 | 17 498 1019) 14 32-44 | 19 157 11 
12 43-83 | 11 288 12 15 33-53 | 10 205 9-4 
13 44-64 | 17 447 g- 4D 16 34-73 | 18 248 14 
14 45°64 | 15 337 6-619) 17 38-74 | 11 53? 6-5 
15 48-44 | 10 157 7-6 18 39-44 | 14 007 9-3 
16 51-32 | 14 185 24 19 44-84 | 17 087 7:5 
17 53-28 | 12 278 13 20 46-63 | 18 468 24+ 
18 54-45 | 15 388 9-4* 21 48-73 | 20 128 13 
19 55-68 | 19 387 17 22 54-64 | 16 007 9-2 
09 11 
1 00-03 | 14 188 12 1 00-65 | 15 012° 56 (14)* 
2 03-53 | 12 328 16 2 10-42 | 11 50° 10 
3 06-44 | 10 227 9+ 5 (12) : 11-23 | 13 158 17* 
4 15-71 | 11 532 6908) 4 19-93 | 12 008 12* 
5 30-03 | 19 568 11 5 30-44 | 15 168 9-4*(18) 
6 31-42 | 16 478 13 6 30-92 | 19 224 32 
7 38-24 | 17 188 15+ 7 32-63 | 17 258 19 
g 39-33 | 16 097 10* 8 36-51 | 13 414 44119) 
9 39-78 | 11 285 50 (25) 9 39-8? | 17 118 7:3 
10 42-78 | 19 336 12 10 40-02 | 15 085 25 
11 43-52 | 13 195 25 (16)* 11 40-33 | 11 298 14 
12 47-0! | 18 15? 12 12 42-63 | 15 436 15 
13 53°34 | 12 507 9+ 7014) 13 47-18 | 11 478 i 
14 54-03 | 13 368 1405) 14 50-44 | 10 107 7:7 
15 52-04 | 15 228 6-6 
10 16 53-18 | 17 398 9°5 
1 03-84 | 10 387 7:3 17 56-64 | 11 427 7:3 
2 07-63 | 11 477 32 (16) 18 59-52 | 18 416 10°29 
3 08-3? | 14 476 1748) 19 59-93 | 10 275 16 


(9) A doubtful source. 
"2) Perhaps one extended source with 09—02. 


(14), 


20) NGC 4038/39. 


5) Perhaps one extended source. 
8) A rather doubtful source. 


20), 4) Perhaps one extended source. 
CLAW ZOOS TAT 


7) Perhaps one extended source. 
Gay TAU TISTA: 
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TABLE 3 (Continued) 
Position (1950) Flux Position (1950) Flux 
Pee Density a Density 
No. R.A. Dec. (10-26 No. R.A. Dee. (10-26 
a. | Wm (js)>) ee 8: | Wm? (¢/s)-2) 
12 14 
1 01-83 15 338 14 1 01-34 | 19 237 14} 
2 02-45 | 17 3910 48 (16) (22) 2 09-84 | 18 417 15 
3 04-08 12 531° 56 (20) 3 15-34 | 17 1510 14+ 
4 09-12 10 555 10 4 16-0? 15 478 34 (22) 
5 09:33 19 275 lly 5 17-73 | 19 148 11 
6 13-73 14 397 6:3%* 6 20-4? 14 298 26 (16)* 
7 18-22 | 16 305 12 7 20:55 | 13 148 12 
8 22-53 19 326 9-0* 8 20-93 | 18 2010 9-0 
9 23-42 11 228 16 9 23-64 | 17 288 11 
10 28-41 16 594 38°22) 10 24-62 | ll 444 22 
11 34-08 14 137 9-6 11 31-45 | 19 138 8-9* 
12 35-23 19 536 24 (12)* 12 32-04 | 12 228 6°5 
13 37-35 | 15 388 14f 13 32-8? | 11 118 8-5* 
14 41-92 19 365 18* 14 37-2? | 17 088 11 
15 43-33 17 505 7-0 1 41-72 | 18 008 Li; 
16 43-62 | 11 065 18 16 42-92 | 19 238 14 
17 51-62 18 207 13 17 44-13 | 11 36? 17* 
18 52-31 12 194 53 (23) WS 46-94 | 15 538 42 (20) 
19 57-04 | 17 168 27 (14) 19 50-23 | 12 588 19 
20 58-13 1l 175 19 20 51-73 | 18 307 9:3 
21 53:42 | 11 025 4lt 
13 22 59-25 | 19 538 16*(25) 
1 00-08 18 038 18 
2 08-33 | 19 537 7-0* 15 
3 12-03 12 077 8-7 1 00-32 | 14 417 13* 
4 12-82 | 18 415 22 2 02-72 | 12 001 9:3 
5 31-7 | 14 1810 13 3 03-38 16 368 10 
6 31-98 10 007 18 4 04:52 | 13 527 13* 
7 34-43 | 10 57? 17 5 08-13 | 18 058 15 
8 34-73 |= V7 568 11 (24) 6 10-65 | 19 236 49 (30) 
9 41-44 | 19 228 14 7 14-13 | 13 587 19* 
10 Ate 72" eel oeo te 18* 8 16-62 | 12 32% 13 
11 45-42 | 11 07? 15 9 23-52 | 13 414 16* 
12 46-84 | 12 587 14 10 27-18 12 216 8-2 
13 47-24 | 16 805 12 wil 31-53 18 368 13 
14 52-18 19 235 15 12 37-82 | 17 237 16} 
NG; 53-92 | 17 398 18} 13 40-95 | 16 028 7+ 525) 
16 56-83 | 16 177 8-7 14 41-38 13 361 8-8* 
17 59-12 11 355 13 15 43-9? 12 237 9-5 
iis 59-92 14 50° 15t 16 48-62 | 19 515 11 
LY 50-03 | 16 571° 21 (14) 
18 53-38 16 107 10+ 


(21) Possibly several sources. 


(22) Possibly a side lobe of [AU 12N1A, but appears genuine, 
(23) (NGC 4783), (NGC 4782). 


(24) (NGC 5247). 


(25) A doubtful source. 
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TABLE 3 (Continued) 
Position (1950) Flux Position (1950) Fox 
Ref. Density Ref. Density 
No. R.A. Dec. (10-26 No. R.A. Dec. (10-26 
S. W m- (e/s)-1) 8. W m-? (c/s)-2) 
h m OS h m a ie 
16 18 
il 03-28 Tey Alefe 16* a 00-1° 17 497 40: 
2 04-18 18 201° 7-6 2 04-75 11 26’ 29T 
3 05-58 16 188 8-5 3 11-6? 7 ees 160: 
4 Ope ge 12 45? 15 4 b2=0! 12 401° 20: 
5 08-14 10 44? 11 a 14-98 10 57? 35:F 
6 16-94 10 057 17 6 18-9° 18 381° 15: 
7 17-6 13 366 12* 7 21-5* 13 50° 40: 
8 2118 11 284 20 8 21-8* 12 244 150 
9 22-08 17 34? 15* 9 25-08 Ha 74 50 
10 22-85 19 235 11 10 26-53 17 54? 15: 
Stil 30-42 12 488 15* 11 27-5? 12 46° 40: 
12 32-65 15 18° 14* 12 28-78 14 368 30: 
13 34-98 14 187 16* 13 30-1? 10 O1¢ 230 
14 36-95 12 53? 829% 14 42-14 19 408 56: (28) 
15 38-0? 19 356 23% 15 42-94 13 378 24t 
16 38-15 502° 19 16 48-98 10 557 23 
Mi 40-48 15 195 30:* ue 61-18 177082 15+ 
18 43-14 18 20° 18 
Hg) 45-4? 10 48° 37* 19 
20 48-18 12 53? 14* il 04-95 EOFOL2 20 
21 55-54 18 518 Ls 2 05-88 12 37° 17 (80) 
22 55-78 14 035 22* 3 Oey io a® ha, 
4 14-78 16 308 12 
17 5) 14-9? TAZ 8® 25 
il 05-28 10 026 15* 6 24-15 14 18° 28 
2 05-48 Limits e 60 (35)* 7 27-12 LSmLOS 23 
3 10-5° 13 418 32*> 8 29-5? 19 447 22 
4 oO 12 437 igh Y) lois 78s 12 
5 15-94 16 257 15* 10 32-24 10 557 75 (34) 
6 19-45 18 45? 150 (50)*(26) shy 37-7? 15 364 38: 
7 22-34 10 498 mils 12 39-78 13 267 i153 
& S7foule 11 40% 16* 13 48-98 14 088 15 
y) 47-74 13 04° 18* 14 49-98 18 107 11 
10 48-74 17 288 30:*F 27) 15 50-64 19 437 18: 
iH 51-18 14 56° 19* 16 53-34 12 307 19 
12 ole 3® 10 438 16* (28) hye 54-18 16 308 9-2 
13 53-98 11 398 Lge 2) 
14 55-48 16 077 24* 
(26) Perhaps two sources. 
7) Measurements doubtful because of side lobe difficulties. 


(28), (29) Perhaps one extended source. 
9) A doubtful source. 
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Position (1950) 


aoe Flux Position (1950) Flux 
pr Densi i 
No. R.A. Dec. ees R.A. Dec. pier! 
“ioe | W m4 (ejs)>3) ore 8 | wm? (¢/s)-2) 
20 21 
L 04-18 19 328 15 35°28 18 54? 23 
2 08-23 16 148 8-3 38-28 16 356 16 
3 21-38 LASSE 8:5 46-28 La Og 13} 
4 21-93 13 56° 6-7* 46-94 13 367 25 (13) 
5 22-44 19 437 8-8} 48-78 15 54? 8-8* 
6 25-5? 15 414 20 48-98 19 537 18+ 
7 33723 ipot® 15 5372 12 537 8-8 
8 36-54 13 477 13 54-28 18 258 25 
g 40-94 15 008 9-0 58-22 17 045 14 
10 43-04 Ore te 8-0 58-54 Ne aoe 126 
11 45-08 18 207 15 
12 48-53 14 457 13 22 
13 48-83 16°15* 17 1 03-0? 18 405 16: 
14 50-23 16-237 13 Z 03-48 i ee 6:7 
15 50-3? 18 417 9-0 3 07-6 14 135 10 
16 53.58 12 227 8:5 4 08-58 10 128 9°5 
17, 56-8? 15 00° 13 5 08-58 12 587 14 
18 58-28 17 488 24 6 Ons? 11 58° 16 
19 59-78 13 207 14 7 12-01 gy alike 1272) 
8 21-48 15 436 10 
21 9 22-68 14 086 15 
1 01-4? 10 44° 14 0 23-0? 16 468 15 
2 03-4? 11 288 12 Hil 2s 18 51? 1lt 
3 07-38 13-255 10 12 28-08 10 238 6:5 
4 15°35 16 037 9:3 13 34-9? 137565 10 
5 15-84 14 087 14 14 35°42 12037 16 
6 17-08 12 026 7-1 15 35-8? 17 368 17 
7 iM rf 15 16” yy 16 36-78 19337 17 
8 19-18 18 408 9-7 Lie 39-94 14 56? 6-0 
9 20-24 16 497 30:7 18 40:64 16 367 8: 
10 24-54 19 278 8-2 19 43-7? 19 025 8-0 
11 25-98 OP VRS 15 20 56-0? Lens 8:6 
12 26-03 14 37? 8:4 pa | 56-98 Vsy 4 12 
13 Soe 13 097 15 22 57-48 Ny isp 6-7 
14 Boro" il ah 28 2: 58-05 10 288 8-0 
15 34-7? 14 395 33 


(31) (NGC 7171). 


(32) Perhaps slightly extended. 
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Position (1950) Flux Position (1950) Flux 
Ref. Density Ref. Density 
No. R.A. Dec. (10-28 No. R.A. Dec. (10-26 
s. W m= (c/s)-4) S. W m= (c/s)-1) 
h m ° / h m ° 4 
23 23 
1 04-84 12 01’ 8-6 14 26-7? 19 37° 19 
2 06-5 I ase ili! L5 27°37 17 56° 11 
3 07-78 10 457 126 16 27-6? 18 47° 13 
4 09-68 12 548 11 Tk 29-24 1G.5L* 10 
a) 13-98 14 187 9-6 18 30-03 10 16? 10 
6 14-18 L2a0S 8-6 19 34-98 14 528 16 
7 15-9® UE ele 6-9* 20 39-54 i761" 6-9 
8 17-68 16 30° 23 21 39% 72 16 46° 16 
g 18218 19 32° 15 22 42-94 15 228 13 
10 18-58 13 368 7-4 23 48-14 16 258 13 
Ll 20-14 15 338 10 24 54-58 13 208 8-3 
12 22-6? 12 295 30 25 59-6? 17 26° 14 
13 25°38 15 02? 14 


have been made between different sets of measurements on the same sources and 
it appears that our estimates do represent the probable errors reasonably well ; 
they may indeed be rather pessimistic, but the effects of systematic error or 
confusion due to finite resolutions would not show up in such a comparison. 
The Right Ascensions have been given only to the nearest 0-1 min, since this is 
the highest accuracy justified in the great majority of cases. As shown by Mills 
et al. (1958), there is probably a collimation error of —48 in Right Ascension, 
so for the most accurate positions, having a probable error of --0™-1, a correction 
of +48 has been applied before selecting the nearest 0-1 min. For some of 
the stronger sources the position accuracy is somewhat better than indicated 
in the catalogue; they will be discussed elsewhere. 


Sources resolved by the aerial beam have been treated as before, both their 
peak flux density and their integrated flux density being given, the former in 
parentheses. Possible identifications with bright nebulae are also indicated and 
discussed in the next section. 


Every effort has been made to produce a uniform treatment of the whole 
area, but this has not been possible for the weakest sources because of sensitivity 
variations. or instance, at the northern border of the catalogue zone, the 
sensitivity is only half that at the southern border. This has been compensated 
to some extent by taking more observations at the most northerly declinations, 
but simple inspection of the catalogue shows that there are many more faint 
sources listed in the southern zone. Similarly, close to the galactic circle at the 
crossing near the centre, the sensitivity is reduced by a magnitude or more, 
because of the very high brightness temperature of the galactic disk and the great 
complexity of the brightness distribution. However, it is considered that the 
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catalogue of Class IT sources (i.e. those for which | b |> 124°) is complete down to 
a flux density of 210-25 W m-? (¢/s)-! over the whole area, and to a much 
lower level in regions of low sky temperature in southerly declinations. 


III. IDENTIFICATIONS 

A study of possible identifications of the radio sources with visible nebulae 
is in progress, using the Palomar Sky Atlas. This is a large undertaking which, 
to be really useful, requires the collection of information about any suspected 
nebula and, in addition, the measurement of the angular size of the associated 
radio source. As an interim measure we will therefore merely list some of the 
brighter sources which may possibly be identified with faint galaxies on the 
Palomar prints and, as in paper I, discuss in some detail possible identifications 
with objects listed in the Skalnate Pleso Catalogue (Becvar 1951) for which 
additional data are usually available. 

Objects examined in the Skalnate Pleso Catalogue include emission nebulae, 
novae, planetary nebulae, globular clusters, and galaxies. The situation as 
regards emission nebulae is not different from that described in paper I and will 
not be enlarged upon. No additional identifications were obtained in the central 
galactic crossing now included in our catalogue, but this is not surprising in view 
of the high background brightness (e.g. Mills, Little, and Sheridan 1956). Of 
the novae, planetary nebulae, and globular clusters, the only coincidence in 
position is between the globular cluster NGC 7089 and the radio source 21-012. 
However, the position agreement is not at all close and, in view of the lack of 
radio emission from other globular clusters, it cannot be regarded as significant. 

In the case of the galaxies the situation is different ; two reasonably certain 
identifications have been made, and, on a Statistical basis, it appears probable 
that there are several ‘‘ radio galaxies ”’ among a total of 20 coincidences noted in 
the catalogue. These coincidences are noted where source and galaxy have 
positions within 1™ in Right Ascension and 20’ in declination, which correspond 
approximately to three times the mean probable errors in each coordinate. 
There are 315 galaxies listed in the area of the catalogue and it is easily shown 
that the number of coincidences expected is about 9 if galaxies and sources are 
completely uncorrelated. The number of actual coincidences, 20, is therefore 
significantly greater, but not enough to warrant further analysis. To reduce the 
chance coincidences we therefore restrict attention to those galaxies within 
0™-7 in Right Ascension and 13’ in declination, that is, within twice the mean 
probable error in each coordinate ; there are 14 such coincidences and less than 5 
expected by chance. The coincidences are listed in Table 4 together with our 
estimate of the quality of position agreement and the difference between radio 
and optical magnitudes, m,..—m,, on the assumption that the source may be 
identified with the galaxy. The radio magnitude is defined by 

mM, = —53°4—2°5 log Sy, 
and, for comparison with other data, it is converted to the scale of Brown and 
Hazard (1952) at 1-9m by addition of the factor, 0-8 magnitude (Mills 1958, 
in press). The photographic magnitude used is the total magnitude as listed 


by de Vaucouleurs (1953). 
@ 
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The number of good and very good coincidences is the same as the difference 
between the actual and chance coincidences, suggesting that most may be real. 
The galaxies NGC 1068 and NGC 4038/4039 are almost certainly associated with 
the coincident radio sources, as the radio emission in each case is only about 
2 magnitudes greater than the mean of the “normal” galaxies for which 
M1.9—m,~ +1 and in each case the extra emission is compatible with peculiarities 
in the galaxies; e.g. NGC1068 is known to have strong and broad gaseous 
emission lines in the nucleus and the galaxies NGC 4038 and NGC 4039 appear 
to be undergoing a mild collision. No abnormalities are listed among the other 
galaxies, but this means little, for there seems no reason why an optically normal 


TABLE 4 
POSSIBLE IDENTIFICATIONS WITH BRIGHT GALAXIES 
‘ Galaxy Agreement in 
Radio Source Position My-9—M, 
NGC Type 
00—07 157 Se Very poor —1:3 
01-+03 470 Sbe Fair —3°5 
01+03 474 EO Good —4-0 
01+04 533 3 Very good —3-6 
01—06 584 E3-4 Very good —1-9 
02—014 1068 Sbp Very good —1-0 
03—04 1417 8: Good —2-3 
11—118 4038/39 Sep Very good —0-7 
12+04 4234 I Good —3-6 
12+05 4261 E2-3 Very good —3-8 
12—118 4782 SO: Very poor —4-7 
12—118 4783 SO: Poor —4:°7 
14—019 5792 S Very good —2-5 
21—125 7171 SBb Very good —2-3 


galaxy should not emit substantially more than normal at radio frequencies ; 
an established example is NGC 1316. In one case, NGC 7171, for which a Palomar 
print is available, there is an adjacent cluster of faint galaxies with several close 
to the radio position, one or more of which could well be the radio source ; angular 
Size measurements would clearly be useful here. 

If the coincidences are taken at their face value, the suggestion is clear 
that a substantial proportion of galaxies may have a slightly abnormal radio 
emission. On the figures quoted, out of the 315 galaxies in the catalogue area, 
about 1 in 30 emits between 2 and 5 magnitudes more than a normal galaxy. 
While not very much weight can be given to this conclusion, it in no way 
contradicts the observed lack of correspondence between the majority of the 
sources and the brighter galaxies. It is necessary to increase the statistical 
reliability of the identifications by extending the catalogue to a larger area and 
if possible, by increasing the sensitivity. 

Our prints of the Palomar Sky Atlas are, at present, very incomplete, so 
that a systematic examination of the catalogue area is not yet possible. Huweven 
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it is worth noting a number of strong sources which correspond with the positions 
of galaxies on the Palomar prints down to a magnitude of about 18. These 
are the sources 02—15, 09+07, 12—110, 13—011, 16+02, 17—06, 21—125, 
and 23—1/2. Sources in an area between 00" and 06" near the celestial equator, 
which has been investigated by Minkowski, have not been included in this list. 
While positive identifications are not suggested for the above sources, they 
undoubtedly need further investigation. 


We may also mention the IAU sources 09S1A (09—14) and 16NOA (16 +010) 
for which Minkowski has suggested possible identifications. The former may 
possibly be identified with a faint double galaxy at position 095 15™ 428, —11° 53’ 
(1950) ; our most accurate radio position, after allowing for a probable collima- 
tion error of 1’ in the aerial, is 092 15™ 448+38, —11° 52’-512’ (1950). The 
angular size of the galaxy is about 3+’ compared with 14’ for the radio source. 
(Carter 1955). Minkowski (unpublished data) notes that the 13727 line of 
[O 11] in emission is detectable in the galaxy, but is not unusually strong. The 
corrected position of the radio source 16NO0A is 16" 48™ 468438, +5° 04’ +2” 
(1950) compared with the position of a faint galaxy at position 165 48m 495, 
+5° 01’-8 (1950). Minkowski (1957) states that the galaxy displays a double 
nucleus and rather strong emission lines of [Om] and [Ot], indicating that 
an active collision may be in progress. The angular size of the galaxy is about 4’ 
and that of the radio source about 2%’ (Carter, unpublished data). 


Finally, the coincidences noted in the catalogue between the source 08 +010 
and the Hydra II cluster of galaxies, and the source 23-+02 and the Pegasus I 
cluster of galaxies are probably significant. The less good coincidence between 
the source 23-+03 and the Pegasus II cluster may also be real. These and other 
observations of southern clusters will be discussed in a future paper. 


IV. STATISTICS 

Two properties of the distribution of radio sources in the catalogue area, 
have been investigated statistically ; these are the two-dimensional distribution 
across the celestial sphere and the distribution in depth based on counts to 
different flux density levels. Because of the finite resolution of the aerial, 
spatial clustering may affect the source counts substantially ; clustering is. 
therefore dealt with first, principally by consideration of the two-dimensional 
distribution and some observations of source sizes and background irregularities_ 


(a) Clustering 

In paper I it was suggested that the radio sources might display large-scale 
clustering. This conclusion was based essentially on applying the x? test to areas 
- measuring 10° by 10°; the distribution was found to be non-random at the 
2 per cent. confidence level. We now have a much greater quantity of more 
homogeneous data, and similar tests which have been applied indicate that 
large-scale deviations from randomness are much less than before and perhaps 
not significant. The y? test was applied to sources above various limiting 
intensity levels in areas of different sizes well away from the galactic circle. It 
is only with 30° by 30° squares that a significant non-randomness is indicated. 
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This applies to all sources, and also to sources stronger than 10-25 W m=? (¢/s)-1; 
in both cases, however, the confidence level is only 5 per cent. It appears that 
large-scale clustering, if present, is small; with the accumulation of more data 
it may be possible to usefully apply more sophisticated tests. 


In paper I it was also noted that the number of “‘ extended ”’ sources listed 
in the catalogue was significantly more than expected from chance blending effects 
in a universe of randomly distributed ‘‘ point’’ sources. This conclusion is 
strengthened by analysis of the present catalogue. ; 


We have considered areas from 215-005-055 and from 095-155, that is, 
areas well away from the galactic circle. Of the sources with flux densities 
greater than 40 x 10-26 W m-? (c/s)-!, 20 are listed as “‘ extended” and 2 as 
“ perhaps extended ’’: of sources stronger than 20 x 10-76 W m-? (c/s)—1, 36 are 
listed as ‘‘ extended ” and 17 as “‘ perhaps extended’. The numbers of chance 
blends classified as a single source which is ‘“‘ extended ” or “‘ prehaps extended ” 
may be estimated as in paper I. The expected number of such blends having 
flux densities greater than 40 x 10-26 W m-? (c/s) is 2, and the number greater 
than 20 x10-2 W m-? (c/s)-1 is 15. These numbers are very much smaller 
than those observed. We therefore conclude that a substantial proportion of 
the stronger sources have an angular size which is resolvable with our aerial 
(> 4°) and/or that small-scale clustering effects are significant. 


Both these explanations are consistent with present astronomical knowledge. 
It is now commonly accepted, for instance, that the majority of galaxies are 
organized into clusters of various sizes, and in a large cluster the conditions 
would seem favourable for the production of radio sources by collision or inter- 
action ; thus the existence of several physically related radio sources very close 
together is quite conceivable. There is also evidence for clustering of a higher 
«order into ‘‘ supergalaxies ’’ (for example, de Vaucouleurs 1956) to which the 
same arguments apply. Clusters of galaxies in general emit much more at 
radio frequencies than the integrated emission of their component normal galaxies 
(e.g. Brown and Hazard 1953). This may be attributable to associated ‘‘ radio 
galaxies ” or sometimes equally well to radiation from the cluster as a whole, 
that is, to intergalactic emission. The latter process has been discussed in some 
detail by Shklovsky (1954) in its application to radiation from the local super- 
galaxy. Thus, on present evidence, it would seem quite possible that individual 
radio galaxies should appear relatively frequently in physically related groups 
of two or more, and that close clusterings of galaxies can create vast radio sources 
of large angular size even at very great distances. These possibilities will be 
considered quantitatively in future papers. A further possibility which should 
not be ignored is that some, at least, of the Class II sources of large angular size 
may be located in our galaxy. Analysis of variations in brightness of the back- 
ground radiation observed with the 3-5 m cross aerial shows that some bright 
regions at moderate distances from the plane are probably related to the galactic 
emission: obvious examples in the present catalogue (not, however, included 
in the area analysed for obvious reasons) are the large sources associated with the 
nebulosities in Orion. Such aspects of the galactic emission will also be considered 
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in future papers. At the moment it is sufficient to note that a model comprising 
a random distribution of “ point’? sources is inadequate to explain all the 
observational data. 


(b) Source Counts 
In order to investigate the distribution of the radio sources in depth, source 
counts have been made to various limiting flux density levels. As in an earlier 
paper (Mills 1952) the sources have been divided into two classes, those within 
121° of the galactic circle (Class I sources) and the remainder (Class II sources). 


300 


100 


30 


No. OF SOURCES/ STERADIAN 


10 20 40 80 


FLUX DENSITY (10726 WM @ (c/s)=') 


Fig. 1—Counts of Class I sources, that is, sources within 123° 
of the galactic circle. 


The counts are shown in Figures 1 and 2, where the logarithms of the number 
density of sources with flux densities S or higher are plotted against log 8 = 
the standard errors in the plotted points due to chance effects in the distribution 
(4/) are shown as vertical wings in the figure. The actual numbers from which 
the diagrams were constructed are given in Tables 5 and 6. 

There are clearly insufficient Class I sources for a detailed analysis. There: 
are enough, however, to show that their statistics are greatly different from the 
Class II sources, which is consistent with the original results of Mills (1952); as. 
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before, the smaller slope suggests an origin in the galactic disk for the majority 
of the stronger sources. It is interesting that there are substantial differences 
shown in the catalogue for the sources near the centre and anticentre of the 
Galaxy, those near the centre being, on the average, much stronger and more 
humerous. This again suggests a relation with the galactic structure, and it is 
clear that these sources must be considered in relation to the general distribution 
of the galactic emission. This will be done in some papers dealing with the 
Galaxy which are now in preparation. 
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Fig. 2.—Counts of the Class IT sources. 


The Class II sources are sufficiently numerous for further analysis. The 
straight line shown in Figure 2 passing through the derived points has a slope of 
—1:8. As discussed in paper I, there are two instrumental factors which 
contribute to this slope, the finite resolution of the aerial and the uncertainties 
in the weaker flux densities due to noise. However, with randomly distributed 
sources neither of the effects is large ; from the data in paper I a mean increase 
of slope of about —0-15 is estimated, leaving a net Slope of —1-65. It is well 
known that, after all corrections, the slope should be —1-5 for a random distribu- 
tion of “ point ”? sources in a Static Euclidean universe ; thus there is, in addition 


COSMIC RADIO SOURCES BETWEEN DECLINATIONS +10° AND —20° 385 


to the previous evidence of angular size and clustering, some evidence from the 
source counts that the above model is inadequate. However, the evidence is 
not conclusive, for inspection of Figure 2 shows that the standard errors due to 
Statistical effects are large and the apparent small excess of faint sources could 
equally well be a statistical deficiency of close and strong sources. 


It is interesting to compare the evidence from the angular size data and the 
source counts to see if (i) an excess of faint and distant sources, corresponding 
to a slope of —1-65 in the source counts ogive, can increase the number of blends 
sufficiently to account for the excessive number of “ extended ” sources, or 
(ii) a large number of “ extended ’’ sources can result in an increased apparent 


TABLE 5 
THE NUMBERS OF CLASS I SOURCES ABOVE DEFINED FLUX DENSITY LEVELS 


Flux density (10-2 W m-?(ce/s)-") .. 10 20 40 80 160 
No. of sources, N “ a eS 142 88 40 15 4 
(Total=156) 
TABLE 6 


THE NUMBERS OF CLASS II SOURCES ABOVE DEFINED FLUX DENSITY LEVELS 


Flux density (10-26 W m-? (e/s)-1) .. az 10 20 40 80 160 


No. of sources, N a ne 5 982 754 218 63 19 4 
(Total= 1003) 


slope of the magnitude observed. It is easy to see from the earlier data that 
(i) is not possible; the increase in the number of blends would be negligible, 
as the parameters of the model source distribution were fixed largely by the 
numbers of faint sources. On the other hand it is evident that, if the clustering 
is greater than in a random distribution, the increased slope due to blending 
will be enhanced ; quantitatively the attribution of all extended sources to blends 
is adequate to explain the observed slope. It might appear that sources of 
finite angular size could have no effect on the slope, since integrated fluxes 
are used in the counts. However, the possibility arises because the catalogue is 
restricted to sources of angular size less than 2°, in order to eliminate background 
irregularities as far as possible; it seems likely that, at the same time, many 
large-scale extragalactic concentrations are excluded. One obvious example 
which comes in this category is the ‘‘ Local Supergalaxy ”’. 


In principle we may investigate the importance of these factors by comparing 
the proportion of extended sources listed at different flux density levels. The 
bottom end of the catalogue must be excluded from comparisons of this kind 
because of the difficulty of identifying an extended source: the lowest level at 
which consistent recognition seems possible is 40x10-?° Wm (e/s)-*. In 
Subsection (a) we gave the number of extended sources above this level as 20, 
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with 2 listed as “perhaps extended”, in a defined area well away from the 
galactic circle. The total number of sources above the same level in the same 
area is 44; whence it would appear that about half the sources are either of 
large angular size or physical blends. For sources with flux densities greater 
than 160 x10-26 W m- (c/s), that is, sources which, on the average, are at 
half the distance, the number of extended Class II sources listed in the whole 
southern sky is 3 out of a total 10 sources (excluding the Magellanic Clouds as 
belonging to the class of ‘‘ normal” galaxies with which we are at present not 
concerned). Unfortunately these numbers are too low to permit a firm conclusion, 
although they are consistent with some systematic omission of very large sources. 
The data are obviously inadequate to correct for such effects in order to derive 
counts which are dependent only on the large-scale distribution in depth, which 
is required before they may usefully be applied to a cosmological model. Further 
information on these questions might be expected to come from the Cambridge 
interferometer surveys which discriminate strongly against large sources. 

In paper I it was shown that the Cambridge 2C catalogue (Shakeshaft 
et al. 1955) can be accorded little weight, principally on account of the poor 
primary resolution of the instrument. Ryle (1956) has criticized this conclusion 
on the basis of conjecture as to the assumptions made in paper I, which was 
at that time unpublished. However, comparisons of the assumptions and 
method of analysis used in the paper with Ryle’s conjectures shows that the 
latter were unfounded. The assessment of the reliability of 2C appears to have 
received confirmation in a report by Hewish (1957) of greatly improved agreement 
between Sydney and a more recent Cambridge survey. This survey has been 
made using their original instrument at double the 2C survey frequency and 
hence four times the resolution of the earlier work. 


However, he also reports that the source counts again have a very large 
slope, —2-2 in one area and —2-7 in another, although somewhat less than the 
slope of —3-0 obtained in the original survey (Ryle and Scheuer 1955). We 
have no detailed information about these results but it would appear that the 
increased resolution has reduced the slope, and the question remains whether 
the excess slope is again the result of instrumental effects, or whether it is real. 
Ti the latter, it would suggest strongly, when taken in conjunction with our 
pencil-beam survey, that the effects of angular size or small-scale clustering are 
significant. Hewish also remarked that the statistics of the output envelope 
fluctuations are inconsistent with a uniform distribution of “ point’ sources. 
This has already been noted by Ryle and Scheuer in connexion with the 2C 
survey ; but with the data supplied it was not possible to verify this, or to make 
use of their probability density distribution. It is to be hoped that some 
quantitative information will be published on this important point. 

One of the regions discussed by Hewish is bounded by Right Ascensions 
00 and 08" and declinations +-10° and —10°; that is, within our present 
catalogue. For this area he quotes a slope of —2-7 for the log N —log S relation. 
We have performed a source count in this region and find a slope of —1-7. It 
is interesting that if the peak values of the flux densities of our extended sources 
are used instead of the integrated fluxes, thus to some extent simulating the 
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results obtained with an interferometer, the slope is increased to —2 ‘0, making 
up at least some of the difference. 


It is clear that the accumulation of data of this kind and intercomparisons 
between surveys carried out under different conditions will go a long way towards 
sorting out the complex picture. However, it is hoped that a more direct 
approach which is now being instituted will yield definite answers to the more 
important questions. Since the principal uncertainty is in the proportion of 
distant sources of small angular size, the most obvious procedure is to use an 
interferometer with sufficient spacing between aerials to respond to these alone. 
Such an instrument is now being put into operation at the Radiophysies 
Laboratory, in which the aerial spacing is 3000A, yielding a lobe separation of 
1-2 min of are-: the sensitivity is expected to be similar to that in our survey. 


To conclude, it seems hardly necessary to point out the futility of attempting 
to analyse the cosmological implications of these source counts in detail until 
the above problems are sorted out. It would seem that, as in the optical case 
(although for different reasons), the straightforward counting of observed sources 
to various flux density levels is inadequate to define the form of the Universe. 
We have some hope that additional angular size data which we are planning 
to collect may make a significant contribution towards this end. 
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ON THE RADIO EMISSION OF HYDROGEN NEBULAE 
By C. M. WADE* 
[Manuscript received April 29, 1958] 


Summary 


The interpretation of radio-frequency observations of Hm regions is discussed 
with particular regard for the possible effects of random variations in the electron density 
and electron temperature through the nebulae. It is shown that such variations serve 
to alter the optical depth and that the conventional definition of the “ emission measure ” 
requires modification if it is to be considered an observable quantity. The radio emission 
of Strémgren spheres is discussed, and a means of determining their electron temperatures 
is described. An empirical method for the determination of Strémgren’s constant 
defining the ionized volume as a function of the spectral type and luminosity of the 
exciting star is described. 


I. INTRODUCTION 
A number of galactic H m regions have been observed at radio frequencies. 
The observations published to date cover frequencies ranging from 19-7 to 
9375 Mc/s. Such observations can provide information about the temperatures 
and densities of the nebulae, and about the far ultraviolet radiation of the stars 
exciting them. The objective of the present paper is to examine in some detail 
the problem of deriving physical data on the nebulae from radio observations. 


The Ht regions constitute a special class of radio source characterized by 
their spectra, which are ‘flat’? except at the lower frequencies where they 
become optically thick. That is, their flux densities are nearly constant over a 
very wide range of frequencies. This is what is expected if the nebulae are 
radiating by the thermal process of free-free transitions in an ionized gas. They 
are readily distinguished from the ‘‘ non-thermal” radio sources, whose spectra 
show a strong frequency dependence. 


The radio emission of Hi regions is well understood theoretically (e.g. 
Piddington 1951). Discussions of the nebulae as radio sources have generally 
assumed for simplicity that the objects are uniform throughout, although it has 
been known that a non-uniform distribution of the nebular gas would tend to 
increase the radio emission because the emissivity of an ionized gas depends on 
the square of the electron density. In the present paper we shall give particular 
attention to the consequences of such a non-uniform distribution. 


Section IT is devoted to a discussion of the directly observable properties of 
Hi regions. Section III considers the effect of density and temperature 
variations on the optical depth, and the magnitude of the effect is estimated 
for some particular nebular models. A modification of the definition of the term 
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“emission measure” is suggested. In Section IV, the radio emission of 
Strémgren spheres is discussed, and a method of deriving their electron temper- 
atures is described. Section V is concerned with the excitation of the nebulae. 


II. DIRECTLY OBSERVABLE PROPERTIES 
Mills, Little, and Sheridan (1956) have used the term “ apparent flux density ”’ 
to describe the observed radiation of an H 1m region of uniform electron temper- 
ature 7’, lying between the observer and a background of uniform brightness 
temperature 7,. This quantity is 


Ppp = (2kf2/2)(L, —T) i (Giaea Ge eae eee (1) 


where the integration is extended over the entire solid angle Q subtended by the 
nebula. In the above equation, k is Boltzmann’s constant, ¢ is the velocity of 
light, f is the frequency in hertz, and 7z is the optical depth at the frequency f. 
The “ apparent flux density ”’ as defined here is the difference between the actual 
flux density coming from the nebula plus the transmitted portion of the back- 
ground radiation, and the flux density which would be incident from the area 
covered by the nebula if the latter were absent. It should not be confused with 
the actual flux density coming from the area covered by the nebula, which is 


(Qhf2/e2){T, i (1—e-)dO-+7, f edQ}, 


provided no emission arises between the nebula and the observer. This assump- 
tion is reasonable for frequencies above about 100 Mc/s for nebulae near enough 
to be observed optically. The quantity ‘‘ apparent flux density” offers the 
advantage that it describes the “‘ visibility”’ of a nebula in a convenient manner. 
If T7,>T,, the object appears in emission; if 7,<T7',, it is seen in absorption. 
It will not be detectable at allif 7,—7,. It is important to note that, while the 
actual flux density is always positive, the ‘‘ apparent flux density ’’ may be 
either positive or negative, depending on whether the object is seen in emission 
or absorption. 

The apparent flux density incident from an H 0 region may be measured. at 
various frequencies. Existing observations have been made with aerials having 
beamwidths of the same order as the angular sizes of the nebulae observed. In 
the future it will be possible, presumably, to resolve a number of the larger 
nebulae with very large aerials. This will permit direct determinations of the 
distributions of radio brightness across these objects. At present, however, the 
radio data usually consist only of measurements of F,,, and 7, at various 
frequencies. Information about the angular sizes and apparent shapes of most 
of the nearer H 1 regions may be obtained from photographs, although in some 
cases these are severely affected by interstellar absorption. In the present paper 
we shall consider only the quantities derivable from these data. 

Equation (1) implies that we may learn the electron temperature of a nebula 
simply by finding the frequency at which F’,,, is zero, and measuring 7’, at this 
frequency. Then 7,=T7',. Mills, Little, and Sheridan (loc. cit.), following this 
line of thought, have shown that the commonly accepted value of 7,~10,000 °K 
is consistent with the observational evidence. There are two considerations 
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which prevent this approach being a sensitive method of determining electron 
temperatures. Firstly, current calibration methods do not permit the absolute 
accuracy of brightness temperature measurements to be better than about 
+20 per cent. Secondly, the random noise fluctuations in the output of 
contemporary receivers prevent an accurate determination of the frequency at 
which F,,, vanishes. Therefore at present this method can give us only the order 
of magnitude of the electron temperatures. Nevertheless, future improvements 
in instrumental calibration techniques and receiver characteristics may make an 
approach of this kind useful. 


III. THE RaApiIo Emission OF A NON-UNIFORM HYDROGEN NEBULA 
(a) The Optical Depth 
We shall consider the optical depth in a cloud of completely ionized hydrogen 
gas. We assume that the emission and absorption of radiation in the gas are 
completely described by the mechanism of free-free transitions. According to 
Piddington (1951), at low densities the absorption coefficient per centimetre in a 
gas consisting of equal numbers of protons and electrons is 


n= tn2/fe7en, ) 
€=9-70 X10-3 In (3k7,/2hf). SJ 
In these equations, n, is the number of free electrons per unit volume and h is 


Planck’s constant. The optical depth along a particular line of sight in a cloud. 
of ionized hydrogen is 


where 8 is the length traversed by the line in the ionized region. If the distribu- 
tion of matter and temperature is perfectly uniform, we have simply 


Eatin ao ee om rege NE HE (4) 


The subscript u denotes the uniform case. 


In general, there is no physical justification for an a priori assumption that 
an actual nebula is entirely uniform. The electron density and electron temper- 
ature at a point s on a particular line of sight may be written 


n,(s)=n, +8n,(8), 
T (8) =, +5T,(8), 


where n, and Te are the average values for the nebula, and 3n,(s) and d7,(s) are 
the local deviations from the average. Defining 


we have 
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Neglecting the slow variation of C as a function of T,, we may rewrite the 
equations (2) as 
_ in? (em)? 
(eo CE a kane eee (6) 
C=9:70 10-3 In (3k7,,/2hf). 


The optical depth is then 


(1+m)? 
iz al fag oe cee eee (7) 
The optical depth therefore differs from that in the uniform case by a factor 
(1-+m)? 
= ae ata TAS Men ae oe teen, (8) 


‘We shall call this the ‘“ amplification factor”. If Q>1, the optical depth is 
greater than that corresponding to a uniform density and temperature; if 
@ <1, it is less. The value of Q is independent of the frequency, and is fixed by 
the distribution of matter and temperature within the nebula. Equation (8) 
is quite general; it may be applied for either systematic or random variations. 


It is evident that, in the absence of systematic density and temperature 
variations, the optical depth is the same as if the nebula were at a uniform 
temperature T, with a uniform density equal to ,./Q. An unfortunate conse- 
quence of these considerations is that the average density of an Hm region 
cannot be found from radio-frequency observations without an independent 
knowledge of the distribution of matter and temperature. We may, however, 
derive an ‘“‘ equivalent density ” defined by 


tg, Sa Nin! Oy eit en Bae eek Cina (9) 


This is ‘‘ equivalent ’’ in the sense that it is the density the nebula would need 
to have in order to produce the observed radio emission if it were uniform. 
Strictly speaking, it is a parameter which depends in an undetermined manner 
on the average electron density and the variations in density and temperature. 
In the special case that the electron temperature is uniform the equivalent 
density is equal to the root mean square density. 


(b) The Apparent Flux Density 
The apparent brightness temperature at a point on the projected surface of a 
nebula is 


L567 | : T edz +T,e~ 
0 


Tv 
=T,(1—e*) +Te-| te™dt’+T,e7 . 
0 


If the temperature fluctuations are random along the line of sight, and if their 
linear scale is small compared to the length of the line of sight in the ionized 
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region, —=0, and consequently the integral vanishes. Therefore, the apparent 
brightness temperature is 


T= T\1—e-)--T ,e-. 
This differs from 7, by 
AT=(T,—T,)(1—e~). 
The apparent flux density is then 
Fapp= (2kf?/o*)(T,—T,) ip (end 22 ree (10) 


This expression is equivalent to equation (1) if the electron temperature is 
uniform. 


(c) On the Evaluation of the Amplification Factor 

There is no general solution to the equation for the amplification factor 
(equation (8)). A considerable simplification results, however, if the variations 
are purely random and if there is a functional relationship between electron 
temperature and density. In an actual nebula, it is likely that such a functional 
relationship exists, at least approximately. In the present subsection we shall 
consider two extreme possible cases: an isothermal nebula (uniform electron 
temperature) and an adiabatic nebula (uniform entropy). If the density varia- 
tions within a nebula arise from turbulent motions of the gas, we may expect 
the actual relationship to lie somewhere between these two extremes. 


In an isothermal nebula, t=0 everywhere and equation (8) gives 


Q=(1+m)?, 
where the average is taken over the part of the line of sight lying in the nebula. 
Since we are assuming that the density variations are random, the above 
expression may be written 


Q=1-+m?. 
In an adiabatic nebula, we have 
1+t=(1-+m)r-1, 


where y is the ratio of specific heats. The electrons and protons comprising the 
gas have no communicable internal degrees of freedom, so y=5/3. We obtain 
the result that 

Q=1+m=1. 


Thus the optical depth is unaffected by the presence of random density variations 
if they are adiabatically related to the temperature variations. 


(d) The Diserete Cloud Model 
The value of the amplification factor depends not only on the relation 
between m and ¢ but also on the form of the function m(s). A particularly simple 
model is one in which a fraction 6 of the mass of a nebula resides in condensations 
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occupying a fraction « of the nebular volume, the densities being uniform and 
equal in the condensations, and also uniform outside them. This situation ° 
corresponds to having 


m=B/a—1 
inside the condensations and 
m=(a—B)/(1—a) 


outside. If the electron temperature is uniform, and if the condensations are 
distributed at random, we find 


QCA} a (LBA (1 a) s,s (11) 
A consequence of this result is that 
Q(a, B)=GA—a, 1—8). 


This means that if, instead of condensations, we have uniform regions of sub- 
average density scattered through a nebula, we obtain a positive amplification 
factor equal to that in the inverse case. Figure 1 shows @ as a function of « and 6 
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Fig. 1—Q(a, 8) for an isothermal nebula. 


for constant electron temperature. The part of the diagram above the diagonal 
corresponding to Q=1 applies to the case of true condensations («<f); the 
part below refers to “ negative condensations ” («> 6). If a=, the nebula is 
uniform and perforce Q=1. 


(e) The Emission Measure 
Strémgren (1948) introduced the term emission measure to describe the 
monochromatic intensity of nebular radiation in the Balmer lines. The emission 
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measure is defined as the product of the square of the density (which Stromgren 
assumed to be uniform) and the length of the emission path in parsecs ; 


2=(8:08K10-)- 08. eee eee (12) 


The numerical factor is required because we are using c.g.s. units. 

The emission measure has also been used by some authors in discussing the 
radio emission of Hu regions. According to equation (4), we have a simple 
relationship between emission measure and optical depth for perfectly uniform 
nebulae : 


Ty=3°08 X10 fete. eee ee ee eee (13) 
For a non-uniform nebula, however, 
s=C(n,)*8Q/PT22=Cn7 SPT. .....00-. (14) 
Tf we define 
2 =3(5 OS 10") ni Bye eo ses eee eee (15) 


we obtain an expression analogous to (13): 
e=S 08 10 UC es /f27 8i8- Moe eee (16) 


The emission measure as defined by Strémgren is not appropriate for 
discussing a non-uniform nebula, since it cannot be determined from observations 
without reference to a physical model of the nebula. However, the analogous 
quantity ¢’ defined by equation (15) can be related directly to the optical depth, 
provided the average electron temperature is known. In the next section we 
shall outline a means of obtaining the average electron temperature and the 
equivalent density of a spherical nebula from radio data. Therefore e’ is in 
principle an observable quantity, whereas < is not. We suggest that the term 
‘‘ emission measure’ should be defined by (15) instead of (12). The two 
definitions are equivalent for a uniform nebula because then Q=—1. 


IV. STROMGREN SPHERES 

Strémgren (1939, 1948) has studied theoretically the ionized region which 
would surround a hot star imbedded in an extended uniform cloud of hydrogen 
gas. He showed that the Lyman continuum radiation of the star would cause 
almost complete ionization of the hydrogen out to a quite sharply defined 
boundary. The radius of the ionized sphere was shown to depend upon the 
density of the gas and the Lyman continuum flux emitted by the star. Strémgren’s 
theory provides a convenient basis for discussing hydrogen nebulae, although it 
treats a highly idealized case. Many galactic Him regions are very nearly 
spherical in shape and are reasonably concentric with the stars exciting them. 
Such nebulae evidently approximate to the case considered by Strémgren and 
are frequently referred to by the convenient designation ‘‘ Strémgren spheres ”’. 
In the present section we consider the radio emission of these objects. 


(a) The Apparent Flux Density 
We assume that the average density of the nebular hydrogen does not 
change as a function of distance from the exciting star and that the density and 
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temperature variations have a linear scale small compared to the radius of the 
ionized sphere. We shall let zt) denote the optical depth of the ionized sphere at 
its apparent centre, and 0, be the apparent angular radius of the nebula in radians. 
We also assume that the radius of the ionized region is small compared with its 
distance, so that we may set 

0,=sin 6). 


The optical depth at an angular distance 0 from the centre of the nebula will be 
+(0) =t9(1 —62/05)!. 
For a spherical nebula, equation (10) takes the form 
— 8» 
Fopp=2kfre(T, —ry[ (1 —e—*()) 277000 


ae. 
Sune O(1—e-*)d0. oe. eee. (17) 
0 


Completion of the integration gives the result 


Poy arg fT PON (tae Se. oe See (18) 
where 
VGA a de cme (les 6 Ae: tl hand eee tao prec rar (19) 
An equivalent expression is 
co an 
==. Aiea 0 
SO (—1) ie ee (20) 


This series may be shown to converge for all values of ~>0. If t)<0-1, the 
approximation 
Y (%) = 37 
is sufficiently accurate. We also note that Y(oo)=0-500. Figure 2 shows 
Y(t) for 0-l<ct)<10-0. 
Equation (18) takes the limiting forms 


Hg ee 1 Cees | Stel ye (21) 
for <1 and a 
ey Sareea f(D pf O haa stewie sea eos (22) 


for t)>1. These correspond to expressions given by Mills, Little, and Sheridan 
(loc. cit.). 


(b) The Electron Temperature 
Equation (18) provides a means of estimating the average electron temper- 
ature of a Stromgren sphere from observations of the apparent flux density at 
two well-separated frequencies. The central optical depth as a function of 
electron temperature may be calculated at each frequency. The ratio of the 
optical depths at each temperature is then found. The ratio corresponding to 
asi 
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the correct electron temperature will be equal to the ratio of the opacities at the 
two frequencies, so 
Ri Gi 2 
=> (23) 


cee e 2 Ae co OR re oencraaycie oe 


where the subscripts 1 and 2 denote the two frequencies. 


We may illustrate the calculation by considering the Rosette Nebula 
(NGC 2237). This object resembles a classical Strémgren sphere except for the 
fact that its central part appears to be much lower in density than the average. 
According to Mills, Slee, and Hill (1958), the apparent flux density at 85-5 Me/s 
is 2-7x10-4 W m-2 Hz. Piddington and Trent (1956) found the apparent 


Fig. 2.—The function Y(z,). 


flux density at 600Mc/s to be 4:0x10-*Wm-?Hz-. At 85-5 Me/js, 
PL ,=1800 °K (Mills, unpublished data), while 7, is negligible at 600 Mc/s. The 
angular diameter of the nebula is 80 min of are. Using these data, we find the 
values given in Table 1. The values of the ratio of 70,1 tO to, 9 calculated from 
equation (23) are 56-6 at 8000 °K and 56-4 at 10,000 °K. We can now plot 
the two determinations of optical depth ratio as a function of electron temperature. 
The intersection of the two curves gives the required value of the average electron 
temperature. We do this in Figure 3, obtaining the result T,=8600 °K. 
Unfortunately, this result is sensitive to the errors in the measured flux densities ; 
it is probably within about 30 per cent. of the correct value. The method has 
other limitations. Firstly, it is not reliable if the central optical depth is too 
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great at one or both frequencies, since the computed values of t, are then too 
Sensitive to errors in Y(t»). Secondly, if the nebula is too thin optically at both 
frequencies, so that Y(t.) is linear at each, one cannot obtain a reliable result. 
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Fig. 3.—Determination of the electron temperature of the 
Rosette Nebula (NGC 2237). 


(c) The Equivalent Density 
We may use equation (18) to derive the equivalent density of a spherical 
nebula from measurements of its radio-frequency flux, provided its central 
optical depth is not too great. If F,,,, T,, T,, and 0, are known we may solve 
for Y(t,), and find the corresponding value of 7). 


Now vt. 
%=6 16 X100,REn;, [f2T 22, 
whence * 
P18 wT Uk ted bow W100 4 | (24) 
TABLE | 
CENTRAL OPTICAL DEPTH OF THE ROSETTE NEBULA AS A FUNOTION OF FREQUENCY AND ELECTRON 
TEMPERATURE 
Frequency 85-5 Me/s 600 Mc/s 
7, ¥ (to, 1) (70, 1) ¥ (70, 2) 70, 2 To, 1/70, 2 
(°K) 
8,000 0-229 0-96 0-00535 0-0161 59-5 
9,000 0-197 0-78 0-00475 0-0142 55-0 
10,000 0-173 0-66 0-00428 0:-0128 51-5 
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R is the distance to the nebula in parsecs, which titist be found from optical 
studies of the exciting star. This ordinarily requires 4 knowledge of the absolute 
magnitude and intrinsic colour of the star. These data are not well determined 
for O, B, and Wolf-Rayet stars. Since only stars of these types are sufficiently 
hot and luminous to excite an observable Strémgren sphere, it follows that the 
distance to an H 1 region is not easy to find accurately. The seriousness of the 
matter is reduced somewhat for our purposes by the fact that the equivalent 
density depends only on the square root of R. We note that the derived 
equivalent density is almost independent of T since the product f?T 2x is 
nearly constant for a given nebula over a very wide range of temperatures. 

Johnson (1957) has found that the distance to the eluster NGC 2244, which 
contains the stars exciting the Rosette Nebula, is 1660 parsecs. Using this 
distance and the radio data given above, we obtain an equivalent density of 
17 cm~%, in good agreement with the value 14 cm-* found by Minkowski (1955) 
from optical data. 


V. THE EXCITATION OF THE NEBULAE 
Strémgren (1939) has shown that the quantity 


Tay 28) ian ka eee Oe eee (25) 


is a constant depending on the spectral type and absolute Tuminosity of the 
exciting star, s) being the radius of the ionized zone in parsecs. Strémgren 
assumed a uniform density in his derivation ; according to the considerations: 
we have presented in Section III this may be replaced by the equivalent density 
Nog 
: Strémgren computed the excitation constant U for stars of various spectral 
ttypes from his theory. The calculated values depend on a number of assumptions, 
-however, and it is desirable to have a direct observational determination of 


‘these quantities. Substituting (24) in (25) and replacing RO, by s, we get 
C= 6-81 X10, eer 20) 8s rae (26) 


This result is independent of the possible presence of density variations in the 
nebular gas, since t) varies as 8)? for any value of Q. It is almost independent 
of the electron temperature, because of the quasi-constancy of the product 
f?T,3/2z,. Therefore we may find U for a star exciting a spherical nebula if we 
know s, from optical studies and t) from radio observations. 

We may apply equation (26) to the Rosette Nebula, using the data of 
Section IV. We find U=126. The nebula is actually excited by four O-stars— 
one each of types 05 and O6, and two of type 08. The effective U for a group 
of stars is the cube root of the sum of the cubes of the U’s of the individual 
stars. The effective U found from the data given by Strémgren is 167, which 
is in fair agreement with the empirical value. 
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AN INVESTIGATION OF THE STRONG RADIO SOURCES IN 
CENTAURUS, FORNAX, AND PUPPIS 


By K. V. SHERIDAN* 
[Manuscript received May 20, 1958] 


Summary 


Isophotes of three strong southern radio sources have been prepared from observa- 
tions at a wavelength of 3-5 m with a 50 min pencil-beam system. The two extragalactic 
sources Centaurus-A and Fornax-A are found to have extensive coronas very much 
larger than the size of the associated galaxies. Using optical estimates of distance 
these two sources are shown to have similar spatial extensions and may be physically 
similar systems. The third source, Puppis-A, may be the remnants of a galactic 
supernova of type II. 


I. INTRODUCTION 

The three strongest southern radio sources, Centaurus-A, Fornax-A, and 
Puppis-A, have been reliably identified with visible objects, the first two with 
the external galaxies NGC 5128 and NGC 1316 respectively (Bolton, Stanley, 
and Slee 1949 ; Mills 19526, 1954) and the last with a peculiar galactic nebulosity 
(Baade and Minkowski 1954a). They have all been shown to have an angular 
extent of the order of 1° or more, and in one case (Centaurus-A) it is known 
that the object comprises at least two distinct emitting components (Mills 1953 ; 
Bolton et al. 1954). The major part of the published material is based on inter- 
ferometer observations which had to be interpreted under various simplifying 
assumptions. 


The aim of the present paper is to describe new observations of these sources 
with a high-resolution, pencil-beam system producing records which can be 
readily and directly interpreted. Contour diagrams of the brightness distributions 
across the sources have been prepared using the Sydney Mills Cross at a wave- 
length of 3-5m. This instrument has a beamwidth between half-power response 
points of about 50 min of are, and, while this is insufficient to resolve the fine 
structure of the sources, it is adequate to obtain a general picture of their size 
and shape. When used in conjunction with the interferometer data much 
useful information may be obtained. 


The most striking feature of the observations is the extremely large 
dimensions of the two extragalactic sources, considerably more than that of the 
visible portions of the galaxies. Taking estimates of distance based on optical 
data it appears that the spatial extent may be similar in each example. 


* Division of Radiophysics, C.S.I.R.O., University Grounds, Chippendale, N.S.W. 
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II. OBSERVATIONS AND REDUCTIONS 
The radio telescope and its use have been described in detail b 


(1958). 


y Mills et al. 
transit instrument, 


witched successively to five declinations 
20 min of are; the beam is held at each declination 


The central position of the beams is set by manual 


In the present case it is operated as a meridian 


and the aerial beam is automatically s 


separated by approximately 
for a period of 12 sec. 


A typical record showing the passage of the Centaurus 


adjustments to the aerial. 


CALIBRATION=~ 


eS 


A record of a passage of Centaurus-A through the scanning aerial beam. Five separate 


Fig. 1.— 


declinations are recorded quasi-simultaneously. 


The recorder deflection 


at the top of one of the lines is proportional to the average aerial temperature 
observed with the aerial pointed to one declination for the 12-sec period. The 


source through the aerial beam is shown in Figure 1. 


five declinations are scanned from south to north so that every fifth line on the 


The aerial temperatures* are 


therefore observed at points on a grid with spacings 1 min in Right Ascension 


chart corresponds to the same declination. 


* The procedure necessary to correct for various instrumental effects is described by Mills 


These corrections, which include those for beam asymmetries and collimation 
error, have been applied to the data quoted subsequently. 


et al. (1958). 
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and 20 min of arc in declination. These spacings are sufficiently small to define 
the distribution uniquely within the resolution limits of the aerial (Bracewell 
1956). 

The records include the effects of both source and background radiation. 
The background temperature can be removed by interpolating between regions 
around the source. This process was easily applied to the Fornax-A records, 
as the background level is practically uniform in this region, but was rather 
more difficult in the case of the Puppis-A source, which is superimposed on a 
Steep galactic gradient. 

The removal of the background was not performed on the Centaurus-A 
source because it covers such a large area that interpolation becomes very 
subjective ; consequently it was decided to present the direct observational 
data. 

Observations of the Fornax and Puppis regions required records at 15 
declinations, involving three different manual settings of the aerial. However, 
the five most important sections straddling each source were obtained within 
periods of about 10min. Because of the great size of the Centaurus source 
records at over 30 declinations were required. To minimize the effects of any 
calibration changes occurring in the period during which the records were 
obtained, the background temperatures were matched at a particular Right 
Ascension (viz. 132 01™) where the temperature was nearly uniform over the 
declination range concerned. After smoothing the temperatures at this Right 
Ascension (to discriminate against the possible inclusion of small sources) and 
plotting against declination, the calibration changes were detected by noting if 
groups of five consecutive points were displaced to one side of the curve. Ten 
sections were corrected, one group by 10 per cent. and the others by about 
5 per cent. This process merely smoothed the background level, to avoid 
irregularities in the final plot. 

For each source an additional set of curves was constructed along hour 
circles (using the above east-west sections) and used to interpolate in declination. 
To complete these curves, use was made of the interpolation theorem of Bracewell 
and Roberts (1954) to compute extra points at declination positions between 
the east-west sections. The values so obtained are those which would result if 
the aerial beam was actually pointed to these positions. 

Both sets of curves were used to construct contour maps for each source, 
following the method outlined by Mills et al. (1958). The procedure was straight- 
forward for Fornax-A and Puppis-A but more complicated for Centaurus-A 
owing to the effects of aerial side lobes in the north-south directions in which 
Centaurus-A is greatly extended. These small effects were removed by a 
smoothing process. 


III. DISCUSSION 
The results of these observations are summarized in Table 1 which sets out 
the radio features together with some optical data and estimates. The three 
sources will be discussed in turn. 
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Fig. 2.—Radio isophotes of Centaurus-A at a wavelength of 3-5 m (epoch 
1950), contour interval 3000 aS 
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(a) Centaurus-A 

Radio emission from this source was first detected by Bolton (1948) using 
a 3m wavelength sea interferometer. He reported its angular width as less than 
15 min of are. Subsequent observations have revealed two contributions : 
intense radiation from a small area of about 6 by 3’ coincident with the position 
of the galaxy NGC 5128, and a much more extensive and less bright area 
surrounding the galaxy. Mills (1953) measured the brightness distribution 
across the source with an interferometer at a wavelength of 3m and found 
about 45 per cent. of the total energy in the central concentration, with a 
maximum brightness temperature of about 4106 °K. 


A preliminary investigation to determine the main features of the radio 
brightness distribution was made with the present aerial in an early state of its 
development and the result has been compared with the optical brightness 
distribution (de Vaucouleurs and Sheridan 1957). The radio results were 
presented as contours of apparent equal brightness temperature above a smooth 
interpolated reference level but were uncorrected for aerial beam asymmetries 
and side lobes. The main result of this comparison was that a reasonable 
agreement existed in the east-west directions but the radio distribution was much 
more extensive in the north-south directions. 


Figure 2 shows radio isophotes (epoch 1950) constructed from the later, more 
accurate, observations described above. The contour interval is 3000 °K and 
the galactic background has not been removed. The background distorts the 
outermost contours slightly, but otherwise will have little effect on the distribu- 
tion. The contours show a large source, of apparent maximum temperature 
about 5 x 104 °K, considerably elongated in position angle about 12°. Emission 
is intense over an area of about 2 by 6° and is strongly concentrated in the central 
region with the peak at 132 22m-4+0™-2, —42° 41’+44’. This peak corresponds 
closely to the ‘‘ point source ”’ at the centre which is, of course, not resolved. To 
determine the integrated flux density S of the source the background was first 
subtracted by smoothly interpolating through the base of each section and then 
evaluating, over the remaining contours, the expression S=(2k/)?) i TAQ. The 
value obtained was S=(87 +13) x10-24 W m-? (¢e/s)-!. The uncertainty in this 
value (+15 per cent.) is an estimated probable error based on uncertainties in 
the system parameters. Approximately 25 per cent. of this flux density is 
contained in the central concentration. 


The extended emission between declinations —35° to —46° has a shape 
bearing slight resemblance to the letter “S”. Piddington and Trent (1956) 
suggested a “link” between this source and the Galaxy (at a wavelength of 
0-5 m) but no evidence in support of this was found in the 3-5 m results. 


Extensive radio coronas are perhaps associated with most galaxies, a fact 
consistent with an origin in the emission of high energy electrons by the 
synchrotron mechanism, but the Centaurus-A source is peculiar in having such 
an elongated shape. Baade and Minkowski (1954) consider that the interaction 
of two separate galaxies is involved. The distance of the system is not definitely 
established, but it has been estimated by de Vaucouleurs (1956) to be about 
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750 kpe. At this distance the linear dimensions of the extended source would be 
about 90 by 30kpe. At the distance adopted by Burbidge and Burbidge (1957), 
2-5 Mpe, the linear dimensions would be greater by a factor of more than 3. 
This seems unlikely, and their estimates of total emission from the source are 
probably rather too high. 


(b) Fornax-A 
Discovered in 1948 by Stanley and Slee, this source has since been identified 
by Mills (1954) with the galaxy NGC 1316. From preliminary observations 
with the Cross, Mills described it as an elongated object of overall size about 
1° with the major axis in position angle about 160°. 
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Fig. 3.—Radio isophotes of Fornax-A at a wavelength of 3-5 m (epoch 
1950), contour interval 1500°K. The dashed lines indicate the aerial 
beamwidth between half-power points in the directions shown. 


Figure 3 shows the recently determined contours, at 3-5m, free from 
background emission, the contour interval being 1500 °K. The centroid position 
of this emission is at 032 20™-6+0™-2, —37° 23’+3’ (epoch 1950), a value 
which agrees with Mills’s determination, and is almost exactly the position of the 
galaxy. 

By integration over the contours of Figure 3 the flux density, at a wavelength 
of 3°5 my I8RS==(9°b2 Ib) LOS ss IW mies ca) oe 

This source is only barely resolved by the aerial and therefore the somewhat 
irregular shape of the contours can only indicate that the source itself possesses 
some structure. Its effective angular size* is estimated to be about 0-7 by 0-5°. 
The orientation of the contours appears to change with distance from the centre 


* To obtain an effective angular size 0,, a Gaussian distribution was assumed for the source 


and use made of the expression 0,=(6¢—0%)?, where 0)=angle between half-power contours of 
the observed distribution, §,=angular width of the aerial beam between half-power points. 
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but the overall effect suggests a position angle of about 115°. A photograph 
shown by Baade and Minkowski (1954¢, p. 130) indicates the position angle of 
the main body of the nebula as about 45°, and reveals some absorption patches 
along a line whose position angle is about 135°. These figures suggest that the 
strong radio emission might be associated in some way with the appearance of 
the absorption patches, but little weight can be given to this opinion until radio 
observations with higher resolving power are available. 

The radio emission extends over a much greater area than the galaxy. 
Taking the distance as 5 Mpe (de Vaucouleurs 1956) and the effective angular 
size aS about 0-7 by 0-5° the radio corona has a linear extent of about 60 
by 40 kpe. This is of a similar order of magnitude to that of Centaurus-A, 
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Fig. 4.—Radio isophotes of Puppis-A at a wavelength of 3-5 m (epoch 

1950), contour interval 1500 °K. The dotted ellipse defines the boundary 

of the filamentary nebulosity associated with this source. The dashed 

straight lines indicate the aerial beamwidth between half-power points 
in the directions shown. 


suggesting that the two sources might have similar physical origins. ; Tt is not 
yet possible to decide whether there is any similarity in the detailed distribution 
of the radiation in the two sources, in particular whether Fornax-A exhibits a 
structure combining an intense localized source and diffuse corona as suggested 
by Burbidge and Burbidge (1957). 


(c) Puppis-A 
The radio source, Puppis-A, was discovered by Stanley, and Slee (1950). 
Using the position they quoted together with an angular size determined by 
Mills (1952a), the source was identified by Baade and Minkowski (1954a) with a 
network of gaseous filaments similar to those in Cassiopeia. 
Figure 4 shows the radio isophotes, at a wavelength of 3-5m, for 
this source. The background emission has been removed from these 
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contours, which have intervals of 1500 °K. The centroid position of the source 
is at 085 20m™-9-+0m-3, —42° 52’+4’ (epoch 1950), and the integrated flux density 
is (6-9-+1) x10-24 W m-? (c/s)-1. The source is definitely resolved and the 
effective angular size is estimated to be about 0-8°. 

Included in Figure 4 is a dotted ellipse which marks the boundary of the 
nebulosity discovered by Baade and Minkowski (1954). Its coincidence in 
position with the radio source is very close. Emission from the radio source 
extends over a slightly greater area than the optical source. Although there 
is some uncertainty in the shapes of the contours owing to possible errors in the 
removal of the galactic background, it is possible that the slight bulging of the 
contours on the northern and eastern edges is associated with two of the brightest 
parts of the nebulosity whose approximate positions are indicated by the crosses 
in Figure 4. The interferometer observations of Mills (1952a) indicate that there 
is no outstanding region of emission of small angular size associated with Puppis-A. 
Because of its similarity to Cassiopeia, Puppis-A may be a supernova of type II. 
The weaker radio emission from Puppis-A may indicate that it is an older 
supernova. 

An estimate of the distance to this source using hydrogen line absorption 
techniques is very desirable to determine the spatial extent and total emission. 
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ON THE CYLINDRICAL PROBE METHOD OF MEASURING THERMAL 
CONDUCTIVITY WITH SPECIAL REFERENCE TO SOILS 


It. ANALYSIS OF MOISTURE EFFECTS 
By D. A. DE Vriks* and A. J. PEok* 
[Manuscript received February 10, 1958] 


Summary 


Thermal conductivity measurements in unsaturated moist porous media are 
complicated by the action of gravity on the moisture and by moisture movement caused 
by temperature gradients. The effects of these factors are discussed for the cylindrical 
probe method. 

A theoretical analysis shows that temperature gradients give rise to a decrease of 
moisture content in the vicinity of the probe and a (much smaller) increase at greater 
radial distances from the probe axis. It is shown how these moisture changes depend 
on the physical properties of the medium, the probe radius, and the time of heating. 
The magnitude of the decrease of moisture content at the probe surface is approximately 
inversely proportional to the probe radius; it increases with increasing time and 
temperature. In our experiments the region of reduced moisture content has a thickness 
of the order of the probe radius (0-05cm). The absolute change in moisture content 
and the influence on the measured value of the conductivity are small at temperatures 
below about 40 °C. 

Gravity causes a decrease of moisture content with height in a manner determined 
by the relation between moisture content and water pressure. In probe experiments 
the effect of this variation of moisture content in the vertical direction is negligible 
at water pressures below about —100 cm (using atmospheric pressure as a datum). 


Some experimental results are presented and analysed. The importance of the 
cooling branch in detecting the influence of moisture movement is illustrated. 


I. INTRODUCTION 

In Part I (de Vries and Peck 1958) we treated the measurement of the 
thermal conductivity of soils and thermal insulating materials by means of 
cylindrical probes with special reference to the probe characteristics. It was 
assumed for simplicity that the medium surrounding the probe could be 
characterized by an overall thermal conductivity and an overall thermal 
diffusivity that were independent of place and time. 

The use of overall or ‘‘ macroscopic” thermal properties is justified when 
we are dealing with dimensions that are large in comparison with the scale of 
inhomogeneity in the medium (e.g. pore and grain sizes). The assumption of 
their constancy with place and time can only hold approximately in unsaturated 
porous media, because in such materials moisture distributes itself unevenly 
under the influence of gravity and temperature gradients. In the present paper 
we discuss the effect of these phenomena on thermal conductivity measurements 
by means of the cylindrical probe method. 


* Division of Plant Industry, C.S.I.R.O., Deniliquin, N.S.W. 
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After explaining the symbolism in Section II, a recently developed theory of 
simultaneous transfer of heat and moisture in unsaturated porous media is 
outlined in Section III. The theory of moisture movement in porous materials 
under the influence of a temperature gradient was discussed previously by one 
of us in collaboration with J. R. Philip (Philip and de Vries 1957). In this 
paper differential equations governing the simultaneous transfer of heat and 
moisture were presented. In a later paper (de Vries 1958) the theory was 
extended ; differential equations of greater generality were derived (equations 
(9) and (10) below) and applied to the problem of steady-state heat conduction 
in moist porous media. We refer to the original papers for a detailed discussion 
of these phenomena and for further references. 

In Section IV the (linearized) equations for heat and moisture transfer are 
solved for radial flow and the solution is applied to the cylindrical probe method. 
The influence of gravity had to be neglected in order to preserve radial symmetry. 
Gravity effects are discussed separately in Section V. Experimental data are 
presented and discussed in Section VI. 


II. Notation AND UNITS 
a, Thermal diffusivity (cm? sec—?), 
b, constant defined by equation (17) (°C), 
¢,, Specific heat of liquid water (cal g—! °C-1), 
C, volumetric heat capacity (cal em-% °C-1), 
Daim, Molecular diffusion coefficient of water vapour in air (em? sec~*) 
(4042 10541442) 
D,=D,,+D,,, thermal moisture diffusivity (cm? sec! °C-), 
D,,=KeY /oT, thermal liquid diffusivityt (cm? sec! °C-4), 
D7,=fDatmv(de9/AL)h(V T),/e NV T, with f=S for 6, <0;,,f=(S —6,)]1 +9,/(S —9;x)] 
for 0,>0,,, thermal vapour diffusivity (cm? sec! °C—), 
Dy=Do,+Dpo,, isothermal moisture diffusivity (cm? sec—?), 
Do, =KOY'/00,, isothermal liquid diffusivity (cm? sec), 
Do, =44Datmvge,(0V'/00,)/o,R,,7, isothermal vapour diffusivity (em? sec-), 
g, acceleration due to gravity (cm sec-?), 
h, relative humidity, 
j, mechanical equivalent of heat (erg cal-), 
k, unit vector in vertical direction, 
K, unsaturated hydraulic conductivity (cm sec), 
L, heat of vaporization of water (cal g-), 
p, partial pressure of water vapour (mm Hg), 
P, total gas pressure (mm Hg), 
q,, heat flux density (cal cm-? sec), 
q,, liquid flux density (g em~? sec—4), 
q,—4,+4,, moisture flux density (g em~? sec—), 
q,, vapour flux density (g em-? sec-*), 


* See Philip and de Vries (1957) for a discussion of the experimental values of Dine 
{ The value of the temperature coefficient of Y has been taken as that of the temperature 
coefficient of surface tension ; see Philip and de Vries (1957) for a discussion of this point. 
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Q, heat production per unit length of probe (cal cm- sec-*), 
r, radial distance from axis of probe (cm), 
R, probe radius (cm), 
R,, gas constant of water vapour (erg g-} °C-), 
S, porosity (em?/em3), 
t, time (sec), 
T, absolute temperature (°K), 
Ty, reference temperature, also initial temperature (°K), 
u, auxiliary variable (°K), 
2, vertical coordinate, positive upwards (cm), 
a, tortuosity factor for diffusion of gases in soil (~0-67), 
6, ratio of volumetric heat capacity of probe to volumetric heat capacity 
of soil, 
y, Euler’s constant (=0-5772), 
¢, auxiliary variable defined by equation (31), 
C=r/R, 
§=0,+0,, total volumetric moisture content, 
§,, volumetric liquid content, 
0.x, value of 0, at which “liquid continuity ’’ fails, 
§,, volumetric vapour content (em® of precipitable water vapour/cm®), 
x, auxiliary diffusivity defined by equation (19) (cm? sec—}), 
A, thermal conductivity (cal cm- sec-! °C-4), 
X’, auxiliary thermal conductivity defined by equation (23), 
v=P/(P—p), mass flow factor, 
°,, density of liquid water (g cm-%), 
°,, density of water vapour (g cm-%), 
%, density of saturated water vapour (g cm-%), 
o=4xt/R?, 
7=Aat/R?, 
®=—Y +2, moisture potential (cm), 
Y, water pressure with atmospheric pressure as datum (cm), 
(VI),, average temperature gradient in air-filled pores (°C cm-), 


III. THE EQUATIONS FOR SIMULTANEOUS TRANSFER OF HEAT AND MOISTURE 

Heat and moisture transfer in unsaturated moist porous media are very 
complex phenomena. Moisture moves in the liquid phase under the influence 
of gravity and pressure gradients, and in the vapour phase under the influence of 
gradients of vapour density. Heat is transferred by conduction, radiation, and 
convection (including sensible heat transfer by liquid and vapour movement) 
and also as latent heat by vapour movement. 

One of the principal difficulties encountered in developing a mathematical- 
physical theory of these phenomena arises from the intricate nature of the 
internal geometry of a porous material. This difficulty can be circumvented 
to a certain extent by the introduction of “‘ macroscopic” parameters, which 
are proper averages taken over a sufficiently large volume. 

nu 
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Examples of such macroscopic parameters are the thermal conductivity 
and the hydraulic conductivity K, which occur in the equations for the heat and 
liquid flux densities, namely, 


and 
qe — KV O=—KVY—AK: ws ae eee (2) 
In equation (1) it is assumed, of course, that heat transfer is by conduction only. 
Equation (2) is a mathematical expression of Darcy’s law (see e.g. Baver 1956). 
W is negative in unsaturated porous media ; both Y’ and K are functions of the 
moisture content. 
For the vapour flux density we have 


G5 DN py) 6 a> ee eee eee (3) 


where D, is a macroscopic diffusion coefficient. 

The moisture contents in the liquid (0,) and vapour (0,) phases are not 
independent, of course. When there is equilibrium between both phases in the 
pores these quantities are related by the expression 


6,=(9—8,)(oo/o,) exp GEIR, T). .-.-.-+--+-- (4) 


Both Y’ and oe, are functions of 0, and 7. The equations (2) and (3) can 
therefore be written as 


Gi/2;= —D,,V9;— D7 VIE cho... eee (5) 

q, 032 — De N Oy VT ne eee (6) 
from which the total moisture flux density q,, follows by addition 

q,,/0;=—D VoD VI EK eee (7) 


The various diffusivities occurring in these equations are explained in the previous 
section. For their derivation we refer to the paper by Philip and de Vries 
(1957). 

The equation for the heat flux density becomes 


q,= —(A—Le,D,,)VT +Lq,+6)(L—T5)dmy .-se.00. (8) 
where 7, is an arbitrary reference temperature. The effect of heat transfer by 
vapour movement under the influence of temperature gradients is best included 
in A, because it can be the dominant factor in the heat transfer in the gas-filled 
pores. A more complete discussion of this point and of the approximate 
character of (8) (which is due to limitations inherent in the “ macroscopic ”’ 
approach) is given by de Vries (1958). 

By application of the conservation laws for energy and mass the following 
simultaneous differential equations in 0, and 7 are obtained (de Vries 1958) : 


Dov e,\00, ,(S—O,)h do, aT 2 

1 — U 0 ary 

Game “) 3. | cpp dT Of peo ew (DN T o 
ee hits eet Can (9) 

Le Do, me av’\ 7 00 aoe 

leva mee (ea 51) | +04 1(S — 80h ar 


=V(AVT) +LeV(DoV9,) +09 :¢,[(DoV9,+D-;WVT+Kk)VT}]. -. (10) 
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It must be noted that all coefficients in (9) and (10) are functions of the dependent 
variables 0, and T. 


For completeness the assumptions underlying the present theory are listed 
below ; we refer to the original papers (Philip and de Vries 1957 ; de Vries 1958) 
for their discussion. 


1. Liquid flow can be described by Darcy’s law, which implies inter alia 
that it is laminar. 

2. A continuous equilibrium exists between vapour and liquid contents 
per unit of volume, as expressed by equation (4). 

3. The water pressure Y is a unique function of 0). 

4. The ‘‘ macroscopic ”’ equation (8) holds to a good approximation. 


As applied to soils these assumptions present no serious limitations with the 
exception of No. 3, which excludes cases where hysteresis operates. A discussion. 
of this problem has been published by Philip (1955, 1957a). 

In addition, the following approximations were made in the derivation of 
(9) and (10): 

(a) The relative humidity is independent of temperature at constant 6,. 

(b) Heat transfer by convection and radiation, viscous generation of heat, 

and transfer of sensible heat by water vapour are negligible. 


These approximations are entirely justified in the applications to be considered 
here. 

In the case of thermal conductivity experiments using cylindrical probes 
equations (9) and (10) must be solved for the region r>k (the probe radius) 
with the following initial and boundary conditions : 


P=T ~D=-O, for t=O and 10 foo, (tf =i0ite).6 . (11) 
q,=Of(t)/2nR~Q/2nR, for r=R and t>0,_ ........ (12) 
ips ne See Te ep Ree aga omhs/reAIe (13) 


Here f(¢) depends on the characteristics of the probe and the medium. Neglecting 
the influence of moisture movement, we have (see equations (7), (19), and (21) 
of Part I): 

Vig eae gee alll Gare) neal ce aa (14) 


For the present purpose we shall take f(t) equal to unity ; the resulting error 
will be small in comparison with those arising from other approximations. 


The equations can be solved in principle by the application of numerical 
methods. However, such a procedure promises to be very laborious. We 
shall therefore follow a different path, i.e. by studying an analytical solution for 
the approximation of constant coefficients. Although this means a drastic 
simplification it is believed that the results obtained in this way retain the 
essentials of the exact solution. This point will be discussed further in Section 
IV. (0). 
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IV. APPROXIMATE ANALYTICAL SOLUTION 
(a) Theory 
An analytical solution can be obtained for simultaneous diffusion equations 
with constant coefficients, viz. : 


0,,00,/0t +0,,07 /8t=D,,V20,+D,V2Ty ........ (15) 
0,00, /8t +0 9:0 /8t= Dy,V?0,+-DyW2T. «202-00: (16) 


Equations (9) and (10) reduce to this form when transfer of sensible heat is 
neglected and when all parameters (except 0, and 7’) can be considered as 
constants. To preserve radial symmetry we shall further neglect the influence 
of gravity in this subsection, i.e. the term Ak in equation (7). 


Equations (15) and (16) can be solved by the introduction of a new variable 
’ (Crank 1956)* 
OO a an aie se ee (17) 


It can be easily verified that, when b is a root of 
(Cy —6012)( Dax —b Dye) = (Cx, —BCo9)(Dty —DDyp), ---- (18) 
equations (15) and (16) reduce to simple diffusion equations : 


CULOL==KV AUT be Sara ler oe kee ale (19) 
where 
%={CyDi. —Cy Doo +b(Cy2Do9 —CxgD 42) } | (C20 x3 —C 4 Co). Si (20) 


Two different values of x (and hence two transformed equations (19)) are 
obtained by substituting the two roots of (18) in (20). 


Combining (17) with (11) and (12), (13) leads to the following boundary 
conditions for w: 


uw=U,, for t=0 and for r=co (t=finite), ...... (21) 

nie Ol] OF =O) S00 Feet se. een eee (22) 
with 

i =(ADg =L5;D6,0 7) }(Dea—bDe is: esses ve oe (23) 


The solution to equation (19) subject to conditions (21) and (22) is (Carslaw 
and Jaeger 1950) 


Jo(wr) Y,(@R) —Yo(wr) J, (eR) 


— Q . 1 =e=x2% 
; ee BOR) FTER)) 


RR 4 


(24) 


where J and Y are Bessel functions of the first and second kind. Numerical 
values for r—F are also given by Carslaw and Jaeger (loc. cit., p. 283). 


* We are indebted to Mr. J. R. Philip for drawing our attention to this solution. 
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In subsequent developments both “ small time ” and “ large time ”’ solutions 
are needed. The former can be found by the method described by Carslaw and 
Jaeger (loc. cit., p. 274). We find 


2rr’ _ 
ER (wu —Up) =o atine 2 ae ee iterta = S 


Q ot 8¢ ot 
2) 3/2 za ae 
+ ae ig Perfe SF +0/ atterte al ’ 


with C=r/R>1 and o=4xt/R?<1. 
The “ large time ” solution calculated by the method of Part I is 


x (u— —u))=In o —2 In C— y+ an 6—y)+ “(1 —2 In 6+?) +0(o~), 


for c>1. This solution is analogous to equation (23) of Part I; the two are 
identical for r=R and B=0. 


(b) Numerical Examples 

Numerical values of the coefficients occurring in equations (9) and (10) 
can be calculated when Y’, K, 4, and OC are known as functions of 0, and T. 
Values of these quantities and the various moisture diffusivities for Yolo light 
clay were published by Philip (1957b) and for a medium sand (particle size 
between 0-01 and 0-06 cm) by de Vries (1958). 

When a temperature gradient is set up in a soil that is initially in a state of 
equilibrium (7=T7,, ®=,) water is caused to move in a direction opposite to 
that of the temperature gradient. This movement is counteracted by a return 
flow due to the resulting gradients of ®. The moisture flux due to temperature 
gradients is proportional to D,, the flux due to moisture potential gradients to 
D,. In a stationary state with q,,—0 these two fluxes balance (see de Vries. 
(1958) for a discussion of steady-state heat conduction). 


In the probe experiments to be considered below the temperature gradient 
is of the order of 1 °C/em or less and hence the moisture gradient (expressed as 
em-) will be of the order of magnitude of D;/D, (expressed as °C~) or less. 
Values of D,/Dg at 20 °C for the two soils mentioned above are shown in Figure 1. 
It will be noted that moisture gradients must be very small at both high and 
low moisture contents. They can only be detectable in an intermediate moisture 
range corresponding to the peak in the D;/D» curve. The width and position 
of this:range depend inter alia on the soil texture. 

A consideration of the magnitudes of the various coefficients in equations 
(15) and (16) shows that at these intermediate moisture contents the following 
approximate values of b, x, and 2’ hold. 


b,=—a/D, %=Doe, M=CDs, 
b,=Lo Do, |, X=, Ag=A. 
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This leads to the approximate solutions : 


Qt? yf ole : C—l 
Uy —Uy,9=T —T,—a(6, eT Oar [ierte oil +0(atierfe on ath b 
Ug —Ug,9=T —T, +L ,Do,(8, —8 9)/A=(Q/47A) [In 4at/r?-—y +0(7-)], .. (28) 
where 0, is the initial value of 0, Since b,>b, we have 
0,—0,95=(D_/a) [(U_—Ue,9) —(Uy —Uy,9)]- ee ee eee (29) 


This solution yields negative values of 6,—0,. for small values of r—R, since 
here vu, —w,,) is large in comparison with u,—Ww,,,. However, the former quantity 
decreases much more rapidly with increasing r than the latter so that 6,—6,, 
is positive beyond a certain distance from the probe. 


0-08 


0-06 


D,/Dg (°c-4) 
2 
(2) 
B 


0-02 


6) 


Fig. 1.—Values of D,/Dg in relation to volumetric moisture content, 0). Full 
curve for Yolo light clay (porosity S=0-495), broken curve for medium sand 
(S=0- 424). 


AS a numerical example we consider the case of Yolo light clay at 20°C 
and with §,=0-082, which corresponds to the maximum of D,/D, in Figure 1. 
Then the following values of the coefficients in equations (15) and (16) are 
found : 

Cy=1:000, O,.=4°16 X10-? °C-1, D,,=3-17 x10-8 em2 sec+, 

Dy=2 +42 X10-7 em? sec! °C-1, 0,, = —2-09 cal cm-%, 

Cy2.=C=0-316 cal em-3 °C-1, D,, =9-30 x 10-4 cal em-2 nec 

Dog=A=1 -65 X 10-8 cal em-! sec! °C-1, 
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Substitution in equations (18), (20), and (23) leads to: 
by =2-18 x 104 °O, b,=0-568 °C, x,=3-02 10-6 cm? sec-1, 
%2=a4=5 -22 x 10-8 em? sec}, A; =0-948 x 10-6 cal em-! sec! °C-1, 
AQ=A=1-65 x 10-3 cal em-! gec-! °C-1, 


In our experiments we use probes with a radius of approximately 5 x 10-? em. 
The temperature rise is measured during a heating period of 180 sec or less, the 
first reading being taken at about 10 sec (cf. Part I). The change in moisture 
content, as calculated from equation (25) for u,—u,,. and equation (26) for 
Uz—Uz,9 With the above numerical values of the parameters and R=0-05 em, 
Q/4xA=0-1 °C, is shown in Figure 2 for £=10 and 180 sec. The increase in 0, 
at some distance from the probe is so small as to be hardly discernible in the 
figure. The curve for =180 sec, for instance, has a maximum of about 2 «10-5 
at r=0-18 cm. 


ee 
O° 


4 


103 (0)- Oj0) 


-4 
3} 
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0:05 0-10 0-15 0:20 
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Fig. 2.—Theoretical values of change in moisture content, 0,—0,,, 

in relation to radial distance from probe axis, r. Curves for Yolo 

light clay at 20 °C with 0,,=0-082 and for Q/4mA=0-1 °C. Full 
curve for t=180 sec, broken curve for t=10 sec. 


In the present example the calculated redistribution of moisture is almost 
negligible. Since the calculations were performed for the moisture content 
corresponding to the maximum of D,/Dg it could be expected that the moisture 
changes would be even less for other 0,-values and also for the coarser-textured 
soil. This was confirmed by further calculations. 

Larger values of §,—0,) are obtained for smaller f-values and for higher 
average temperatures. It follows from equations (27) and (29) that at r=h 
the value of 0,—9,) is approximately inversely proportional to R. Thus with a 
single heating wire of radius 0-005 cm (cf. Part I) the drying of the soil near the 
wire would be appreciable in the foregoing example. With moist soils it is 
therefore advisable not to reduce the probe diameter much below 0-1 cm. 
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The increase of 6,—0,. with increasing average temperature is principally 
due to the fact that both D,, and Dg, increase rapidly with increasing temperature 
and (over a limited temperature range) roughly in the same proportion. It 
follows further from equations (27) and (29) that 6,—06,. is approximately 
proportional to D,/Dé for r=R. In our numerical example, for instance, we 
find, for t=180 sec, at 60 °C a value of —0-018 for 0,—0, against —0-007 at 
20 °C. 

With soils of finer texture than Yolo light clay somewhat larger values of 
6,—6,) than those computed here must be expected. However, it seems improb- 
able that even with very heavy clays the results will be greater by more than a 
factor five. 

The effect of moisture movement on the temperature curve is also small, 
except at high average temperatures. The solution for 7—T), is 


P—Py—— lala Mea) Falta to) _ AF) _ ty (dyegt/r2) —y +0(2-9)], 


—b, +b, ~ Arcdo(1 —b,/b,) 
eat ee (30) 
with 
by(U4 —Uy,0) 
|) ee 31 
i by (Uz —Us,9) Sy 


Here Ag differs little from 4 and x, little from a so that the temperature curve 
is little affected as long as —b,/b, and ¢ are small in comparison with unity. 
In the above numerical example, for instance, we have at 20°C and 
r=R=0:05em: —b,/b,=2-6x10-5, c=0-0027 at t=10sec and 0-0058 at 
t=180 sec; at 60°C: —b,/b,=3-9x10-4, «=0-039 at t=10sec and 0-053 
at t=180 sec. For the sand at 20°C with 0,=0-006 (corresponding to the 
maximum of D,/D, in Fig. 1) we find with r=R=0-05 ecm: —b,/b,=1-8 x10-3, 
e=0-039 at t=10 sec and 0-053 at t=180 sec. 

The factor 1+¢ expresses the influence on the temperature rise 
of changes in heat transfer by vapour movement due to vapour flow under 
the influence of moisture gradients. It can be easily checked that as too, 
Ao(1 —b,/b,)/(1+¢)>A—Le,Do,D7/Dy. The latter value holds for steady-state 
heat conduction with q,,=0 and with no influence of gravity (see de Vries 1958). 

The results arrived at in this section are to be considered as approximate 
in view of the simplifying assumptions underlying the theory. The principal 
simplifications made are: (i) the exclusion of hysteresis, (ii) the assumption of 
constant coefficients, (iii) the neglect of gravity. Their influence will now be 
briefly discussed. 

(i) Exclusion of Hysteresis —With soils the effect of hysteresis will only be 
appreciable at relatively low moisture tensions where the changes in moisture 
content are very small. In the examples given above the effect of hysteresis 
will be negligible. 

(ii) Assumption of Constant Coefficients—It is impossible to assess the 
influence of the assumption of constant coefficients a priort. However, the 
fact that the approximate theory predicts only small variations in 0 ; lends some 
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Support to the procedure in retrospect. If we can consider the solution for 
constant coefficients as a reasonable first approximation to the exact solution, 
it can be shown by substitution that the neglected terms in equations (9) and (10), 
such as (VD,V90,), are small in comparison with other terms in these equations. 
We therefore believe that the theoretical values of 6,—0,) given here will at least 
be of the correct order of magnitude. 


The situation is more complex when we consider the deviations of the 
temperature curve from that for the ideal case of non-varying 4 and C. The 
drying of the soil near the probe will cause a decrease of these parameters, which 
is not taken into account in the present theory. This variation of the thermal 
properties will affect the temperature curve to a degree which may be greater 
than that expressed by the variation of ¢ in equation (30). For instance, in the 
example of Yolo light clay at 20 °C the calculated decrease of 0, at the probe 
surface by an amount of 0-007 at 180 sec will cause a decrease there of 6 per cent. 
in A and of 2 per cent.in C. These effects become rapidly smaller with increasing 
distance from the probe, but the total effect on the value of 7 —T, could well be 
of the same order as or greater than the influence of ¢, which at 180 sec is 0-58 per 
cent. Both the variation of A and of < with time will cause a curvature in the 
Tf —T, against Int relation that is convex toward the In# axis. 


(iii) Neglect of Gravity—tThe influence of gravity is also only appreciable 
at low moisture tensions (see Section V); it is negligible in the examples given 
above. 

Summarizing, we conclude that for most soils the redistribution of moisture 
and its effect on the temperature rise will be slight at average temperatures 
below about 40 °C for probe experiments of the type considered here, i.e. for a 
probe diameter of 0-1 cm, a heating time of the order of 100 sec, and a temperature 
rise at the probe surface of less than 1 °C. 


V. THE INFLUENCE OF GRAVITY 
Gravity affects the experiments in two ways. Firstly it causes uneven 
initial distribution of moisture in the soil and secondly it promotes moisture 
movement in a downward direction after the equilibrium is disturbed. 


The condition for isothermal equilibrium is 
(Dee AG.) Ace toy eee tars ee nee se (32) 


where ¥, is the V-value at z=0, e.g. at the probe centre. The moisture distribu- 
tion follows from (32) through the relation between 6, and ‘’. 


In an experiment with a horizontal probe 2 varies practically from —}R, 
to +4R,, when R, is the radius of the soil cylinder around the probe at which the 
heat flux is less than a small fraction (say 3 per cent.) of that at the probe. In 
Part I we have already shown that FR, is about 5 cm in our experiments. 

The variation of 0, over a height of 10 cm will be negligible at low moisture 
contents, where —¥’S>10 cm and 00,/0 is small. With the Yolo light clay this 
is the case for 0,<0-35 and with the sand for 6,<0-05. At higher values of 0, 
the moisture content at the height of the probe will be close to the average 
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moisture content in the sample when the relation between 6, and ‘YY can be 
considered as linear in the region ‘Wy—5 to ‘’)+5. 


With such a non-radial initial moisture distribution the A-value found from 
a probe experiment will usually correspond to a moisture content that is slightly 
higher than the average one, because the better conducting lower half of the 
sample will contribute more to the heat transfer than the poorer conducting 
upper half. However, it will be noted that at high moisture contents both A 
and a vary slowly with 0). 


The influence of gravity on the moisture movement, as expressed by the 
term 0K/dz in equation (9), is small over the entire moisture range. At low 
moisture contents this is due to the small values of K and 0K/00,, at higher 
moisture contents to the small changes in 6,. 


Summarizing, we can say that the possible importance of the influence of 
gravity can be judged from a consideration of the variation of 6,, A, and a in a 
W-region with a width of about 10 cm and with the V-value at the probe axis 
(supposed to be horizontal) as its mid point. In practical cases this influence 
will often be small and the experimental A-value will then apply to the average 
moisture content in the sample. 


A quantitative treatment can only be given on the basis of an analytical 
or numerical solution of equations (9) and (10). We have not attempted such an 
approach. 


VI. EXPERIMENTAL DATA 
The theoretical conclusions of the previous section are generally confirmed 
by experimental experience. At sufficiently high moisture contents the theory 
for non-varying conductivity and diffusivity applies to probe experiments. 
However, one must be aware of complications due to an uneven moisture distribu- 
tion under the influence of gravity. 


In the field the water pressure in the upper soil layers is usually less than 
—100 cm and the influence of gravity then is negligible. Low values of | ‘¥ | 
occur, for instance, during infiltration after rain or irrigation. In that case 
the last term on the right-hand side of equation (10), which represents transfer 
of sensible heat by liquid movement, is not negligible and the simple probe theory 
no longer applies. Very large apparent values of A have been observed under 
conditions of infiltration. 


Results of a laboratory experiment at 20°C on Leighton Buzzard sand 
(particle sizes 0-060—0-085 cm) with a dry density of 1-54 g em and an average 
moisture content 0,—0-22 are shown in Figure 3. In the sample (height—10 em) 
the moisture content varied almost linearly from about 0-36 at the bottom to about 
0-07 at the top. No apparent deviations from the behaviour of a homogeneous 
soil are observed. The experiment leads to A=5-5 10-3 cal em- gee— °C-1 
from which we calculate a=1-13 10-2 em? sec-?. From equation (33) of 
Part I with R=0-055 cm we find r=0-026 cm. This is somewhat greater than 
the value of 0-021 found for the same probe in dry soil (see Part I). The 
difference is probably due to the uneven moisture distribution. Another experi- 
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ment on the same soil with a single heating wire gave the same value of A within 
the experimental degree of accuracy. 

Results for the same probe and sand now with 0 ,=0:023, dry density 
1-54 ¢cm-*, and temperature 20 °C are given in Figure 4. Here a slight curvature 
due to moisture movement can be noticed. The points for the cooling branch 
were found by using the extrapolated broken curve for the heating branch. The 
drying of the soil in the immediate vicinity of the probe results in a lower con- 
ductivity and therefore a more rapid fall in the first Stages of cooling than with 
constant conductivity. The cooling branch lies therefore above the heating 


© HEATING 


ZX COOLING 


8 10 20 40 60 80 100 200 400 
t (SEC) 


Fig. 3.—Temperature rise, T—T,, against time for a probe 
experiment with a coarse sand at volumetric moisture content 
0,=0-22. Heat input Q=2-90 x10-* cal cm sec}. 


branch.* It must be noted that the scale of ordinates does not extend to zero 
and that the relative differences between the two branches are only of the order 
of a few per cent. The difference at 10 sec amounts to a distance of 0:8 mm 
on the galvanometer scale. 

It is quite possible to draw a straight line through the points of the heating 
branch. If no cooling branch had been observed the effect of moisture movement 
would have remained unnoticed. From the straight line passing through the 
lower two points of the heating branch we find A=2-8 x10-* cal cm~! sec~* °C 
and r=0-022 em; from the straight line through the cooling points, A=3 +2 x 10-* 
cal em-! see-1 °C-1 and r=0-018 cm. The former values are to be considered 
as the more reliable. 


* The theory of Section IV cannot deal effectively with the cooling branch because of the 
assumption of constant 4 and C. ; 
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It follows that in the region where moisture movement has a noticeable 
effect the A-value obtained from a probe experiment will depend to a certain 
degree on the exact experimental conditions (e.g. the values of & and Q). When 
the probe method is used to measure the moisture content of soil it is therefore 
of importance to standardize the experimental procedure as far as possible, so 
that, for instance, the conditions are similar during calibration and actual 
measurements. 


© HEATING 


& COOLING 


T-To (°C) 


10 20 40 60 80 100 200 400 
t (SEG) 


Fig. 4.—Temperature rise, 7—T), against time for a probe experi- 
ment with a coarse sand at volumetric moisture content 0,=0- 023. 
Heat input Q=1-86 x 10-3 cal em- gee-1, 


' The effect of moisture movement could be minimized by feeding moisture 
into the soil through the probe wall at a required rate during heating. Experi- 
mental work along this line is in hand. 


VIT. ConcLusions 
In conclusion we can say that probe experiments of proper design will yield 
a reliable value of the thermal conductivity of moist soils. The attainable degree 


of accuracy will be sufficient for application in the field and for most laboratory 
investigations. 


When it is intended to measure the soil moisture content by a probe method 


a high degree of accuracy is required and the complications discussed in this 
paper have to be taken into account. 
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The conclusion of Part I, that no high degree of accuracy can be expected 
in measuring the thermal diffusivity by the probe method, holds to an enlarged 
degree for moist soils. 


It must further be kept in mind that heat transfer in a moist porous material 
not only depends on its thermal characteristics and on the thermal initial and 
boundary conditions, but also (be it often to a small extent) on the moisture 
characteristics and conditions for moisture flow. The simultaneous transfer of 
heat and moisture is governed by the differential equations given in Section III 
together with proper initial and boundary conditions. 
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ELECTROMAGNETIC RADIATION FROM ELECTRONS ROTATING IN AN 
IONIZED MEDIUM UNDER THE ACTION OF A UNIFORM 
MAGNETIC FIELD 


By R. Q. Twiss* and J. A. ROBERTS* 
(Manuscript received February 27, 1958] 


Summary 


A theory is given for the radiation from a fast electron rotating, under the action 
of an external magnetic field, in an ionized plasma. It is shown that, although the 
radiation is emitted predominantly in the extraordinary mode, the ordinary mode is 
also weakly excited, even in the limiting case in which the density of the background 
plasma is vanishingly small. At the harmonics of the gyro frequency of the fast electron 
the power radiated in the ordinary mode is a few per cent. of that radiated in the extra- 
ordinary mode. This ratio is independent of v, the velocity of the fast electron, as 
long as v is sufficiently small compared with c, the velocity of light. However, at the 
fundamental gyro frequency the power radiated in the ordinary mode is lower by a 
factor ~10-*(v/c)* than that radiated in the extraordinary mode and indeed is 
significantly smaller than that radiated, in either mode, at the third harmonic. 


The gyro theory of the non-thermal radiation from the Sun is discussed in the 
light of these results and it is argued that this mechanism cannot explain the phenomena 
associated with the bursts of spectral types II and III. However, it is conceivable 
that the radiation on spectral type I may be of gyro origin, though even in this case there 
are serious objections to this explanation. 


I. INTRODUCTION 

The possibility that the non-thermal radiation from the Sun might be due 
to gyro radiation from fast electrons was suggested at a very early stage in the 
development of radio astronomy (Kiepenheuer 1946), but in its initial form this 
hypothesis seemed subject to several very serious objections. The most important 
of these was that gyrating electrons would radiate only in the so-called extra- 
ordinary mode. At the fundamental frequency at which, it was thought, the 
majority of the radio energy would be generated, it was argued that this mode 
could not escape from the Sun (Ryle 1950). It has recently been suggested 
(Kruse, Marshall, and Platt 1956) that this objection is not conclusive, since in 
fact a gyrating electron will radiate both in the ordinary and in the extraordinary 
mode except in directions parallel and perpendicular to the magnetic field. 
However, in estimating the magnitude of the radiation that might be expected 
in a practical case, Kruse, Marshall, and Platt assumed that an electron gyrating 
in a plasma would radiate as much energy as in free Space, and that all the energy 
would be in the ordinary mode. These assumptions are not valid, and before one 
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can decide whether gyro radiation plays any significant part in the non-thermal 
solar radio emission one must have a quantitative theory for radiation by 
electrons in an ionized medium. 


In the present paper we consider the idealized case of a single charged 
particle of arbitrary energy rotating in a circular orbit in a uniform ionized 
medium of zero temperature and we shall assume that the motions of the ions 
are too small to be significant. The more general case where the ionized medium 
is at a finite temperature and where there is a distribution of fast rotating particles 
with arbitrary axial velocities has yet to be analysed. 


Il. THE FUNDAMENTAL EQUATIONS AND METHOD OF SOLUTION 

In the small signal theory in which the quadratic terms involving the 
time-dependent field and space-charge quantities are negligible, the Maxwell- 
Lorentz equations which determine the generation and propagation of electro- 
magnetic waves in an ionized medium become linear. When the ionized medium 
is a neutral plasma at zero temperature with infinitely massive ions acted upon 
by a uniform external magnetic field, then the fundamental equations deter- 
mining the radiation from a rotating charged particle consist of the vector 
Maxwell equations 


VA E=—oB/at; VA H=pe,.v+eD/ot+I,, ........ (1) 
where 
Be, ae) ee Pane Wear tits ois strc leek (2) 


the equation representing the conservation of charge 


CpiOht i OgV VEU, Wet icine erent aah chin (3) 
and the Lorentz force equation 


O(moV)/Ct= —E(E+V A aBy).° «2.0... 0008 (4) 


Here 
Oy, e are the average and time-dependent charge densities respectively of the 
background plasma, 
v is the time-dependent velocity of the background plasma electrons, 
—e, m, are the electronic charge and rest mass respectively, 

B, is the flux density of the external axial magnetic field, 

a is the unit axial vector (0, 0,1), and 

I, is the current density associated with the rotating charged particle. 


These equations are subject to the boundary condition that the solution 
should consist only of outward going waves at distances sufficiently far from the 
origin. 

The solution which we shall give here is based directly upon the analysis 
given in an earlier paper (Twiss 1952), hereafter referred to as I, in which it was 
shown that the general solutions of the Maxwell-Lorentz equations in an ionized 
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medium composed of arbitrarily many beams of charged particles and pervaded 
by a uniform external magnetic field could be represented by an integral expansion 
over a complete orthogonal set of elementary vectors. These vectors are given 
by the orthogonal triad L, M, N, where 


L=VU(a!, 22), M=vd(al, 2)A\a, N=(a1,a7)a, .. (5) 

where the scalar quantity (v1, #?) satisfies the two-dimensional wave equation 
Vib(0t, a) pba) 0 ee (6) 

Here (v!, w?) are the coordinates transverse to the magnetic field and p, 


the transverse wave number, is a real quantity. 


In the case of radiation by a rotating charged particle it is natural to take 
the origin at the centre of rotation and use circular cylindrical coordinates (r, 9, 2) 
with the plane z=0 as the plane of rotation. Then, since the observable quantities 
will be finite on the axis r=0 we may, without loss of generality, take 


(xt, x?) =p, m(7, 0) =Im(pr) exp (—imp) ........ (7) 
as a typical solution of equation (6). 


Subject to certain conditions of boundedness and integrability, which will 
be valid in any physically realizable case, an arbitrary vector field F(r, 9, 2, t) 
can be expanded by 


i) 


Fir, 9,2,t)= & fs dp[Fy(p, m, 2, t)Vvp,m 


+F,(p, m, 2 t)V p,m \ at+F3(p, m, 2, t)bp, ma], .. (8) 


where ty,m(7, p) is given by equation (7). Similarly, an arbitrary scalar field 
U(r, 9, 2,t) can be expanded in the form 
U(r, 0.2.1) as |. Apuy(p, m, 2, t)Yp, m- BM tes 2 


m=—a 


The quantities Fi(p,m, 2,t) (l=1, 2,3) and wu (p,m, z,t) can be found 
explicitly in terms of F(r, ¢, 2, t) and U(r, 9, 2, t) by the Fourier-Bessel inversion 
formulae which state that if 


then 
g(r) = | F pO(p\inloridgs ees lel ee (11) 


[7 Loe) | ar 
0 


exists in the sense of Lebesgue. 


and vice versa, provided that 
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The method of solution given in I is to express the vector quantities E, H, v, 
and I, which appear in equations (1)-(4) by the vector expansions 


E(r, 9, 2, t) Goh py dp[Hy(p, m, z, 1)VYp,m +E (p,m, 2, t)Vvp,m \ a 
=—ao) 9 


TLDs MSI) p mals) esc cess 8 (12a) 
Hr, @52)1)= | aplHy(p, m, Vp, m-+HalP, m2 )VYr.m Aa 
: Pate (Pe ase, 1) VpenAl, was dey wae ook (12b) 

or Ga d—= S|” dptoglr,m, % OVbe.m+Pa(Psm, 2 V0, a 
; “$05(P, My St) UpmAl, doo seas was (12c) 

Tir, e.2,—= 3 | * apts(e,m, 2, 2Vbe,m +La(Ps Mm, 2 Ve mA 
; AM ei i)bp Al, «cele: (12d) 


and the scalar quantity (7, 9, 2, t) by the scalar expansion 


(fs ; 2, t)==" 2 ” apot DSM, 2s DU ee teks (13) 
m=—o 0 
Now because of equation (6) it was shown in I that all the vector-yielding 
operations in equations (1)-(4) leave the general form of a vector 


V=a(z, t)L-+b(z, t)M-+e(z, t)N 


invariant, while all the scalar-yielding operations in equations (1)-(4) when 
applied to a vector V reduce to a form linearly dependent upon tym. Hence 
all the vector equations of equations (1)-(4) can be expressed in the general 
form 
> [ dp[a(p, m, 2, t)L+B(p, m, 2, t)M+y7(p, m, 2, t)N]=0, 

0 


m=— 0, 


while all the scalar equations are of the form 
x | dpw(p, m, 2, t)bp,m=0. 
0 


m= — 


If these equations are to be satisfied for all z,t we must have 
a(p, m, 2, t)=B(p, m, 2, th=y(p, m, 2, th=w(p, m, 2, t)=0, .. (14) 


and these latter equations can be solved for the components E,(p, mM, % t) 
(l=1, 2,3) of the electric field in terms of the components of the “ driving 
function ” I,(r, 9, z,¢) and of the initial conditions along the lines given in I. 


III. THE VECTOR EXPANSION FOR THE DRIVING FUNCTION 
In terms of the Dirac $-function we may write the ‘ driving function ” 
I,(r, 9, 2, t) in the form 


I(r, 0, 2 t)= — & e,8(2)8(r —19)5(¢—nty —tp/2m)b, .... (15) 
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where 
t, is the rotation period defined by 


Ir /ts=| €-Bgl; |=| 9 |f%o, = aae ee oe (16) 


%% is the velocity of the particle, with charge —e,, in its orbit of radius 79, 
b is the unit vector (0,1, 0), and 

m, is the relativistic transverse mass of the rotating particle. 

The summation in equation (15) arises because ¢ is confined to the range 
0<o<2nz by the need to keep all functions of position single valued; we have 
assumed that the fast particle is “ started up” at time t=0 so that at a later 
stage we can use the Laplace transform analysis. 

In a practical case e,,m, will have the values appropriate to the electron, 
but we shall not make this restriction to begin with. 

As a first step in the solution outlined in the previous section, we must find 
explicit expressions for I,(p, m, 2, t) (l=1, 2,3) in equation (12). 

From equation (15), we have immediately 

I;(p, mM, 2, t)=0. 
To find I,, we operate on both sides of equation (12) with the scalar operator 
—ad/dz), 
and get 


ee) 


(ead Les | ipl, monte ae 
m=—oJ 9 j 


Now from equations (6), (10), (11), and the Fourier series inversion formulae, 
we have immediately 


i @ Bo 
I,(p, m, 2, t) ne) eA. de| arr| ae — (z)8(r —19) 


x a(! —Nty — a Lan(pr) exp (im)| 


__ €:9(2)Sm(Pro) , 2im 2rimt 
oer fp exp ( ; ) US. ore Lae 


To find I,(p, m, 2,t) we take the curl of both sides of equation (12d) and 
then take the scalar product with a to get 


AAW 9% 01=— 2” dpla(p,m, = OV%Y>,m 
whence ; 
: ( 
I.(p, m, 2, t) ae ae |” arr |e aT, e,5(2)3(r —r,) 


x(t —nt— =) ‘Tn( pr) exp tims) | 


ed J i 
_— 2de)PrT nD), 27 ge ee 


2np ty 0 


) 100 2618) 
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IV. THE SoLUTION IN TERMS OF THE DRIVING FUNCTION 
If we substitute from equations (12), (13) in equations (1)-(4), then from 


equations of the form of equation (14) it can be shown that the Maxwell equations 
reduce to 


—p,0H,/ot=0H,/d2z, 0H ,/02=p 90, +¢,0H,/ot+1,, 
—u,0H ,/dt =H, —0E,/02, —0H,/02+H3=p v2. +e,0H,/0t+I,, +.. (19) 
—pAIH;/dt=p*B, pH y= e903 + €0H,/ At. 


From the charge conservation equation we get 


0o0/0t= —p9(—p?v,+00,/0z),  .......0.. (20) 


and from the Lorentz force equations 


O(mgv;)/Ot= —eH, +m w;0s, 
O(MyV2)/Ot= —CHy— Moy, Pee eee ee ee eee (21) 
O(mMgvs)/Ot= —eHs, 
where 
ODE 18. tka a a ate tae eo (22) 


is the gyro angular frequency of the background plasma electrons. 


Except for the forcing terms J,, 7, in equation (19) this set of equations 
is a special case of those derived in I, in which the solution was obtained in terms 
of arbitrary initial conditions by means of successive Laplace transforms firstly 
with respect to the time coordinate ¢ and secondly with respect to the axial 
coordinate z. To apply this procedure to the present case of an unbounded 
medium we introduce a cut over the plane <=0 and consider the solutions in 
the regions z->0, z<0 separately. 

The double Laplace transform F* ‘(k, w) of a quantity F(z, t) can be defined 
in the region 2>0, t>0 by 


Fath, o=|" dz exp (—ike) |” dF(e, 1) exp (iat), ...-..00:- (23) 
0 0 


where 


oo —iy1 0 —iys . 
fica | ak exp (ike) | dolt(k, «) exp (ict), 
7 


—o—iy1 — 0 —iY, 

and where y,, 2 are real positive numbers such that all the poles and singularities 
of F*t(k, w) and F*(k, w) lie above the lines 

Im (k)-+-yi=9, Im (@)+y,=0 


in the complex k- and w-planes respectively. 
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In the region z<0, t>0, F#(k, w) is defined by a similar equation in which 
all the singularities of F*"(k, w) lie below the line 


m (k)+-y,=0 
in the complex k-plane. 


Now that the plane z=0 has been excluded by a cut, the quantities I,, I, 
in equation (19), may be taken as zero in the regions z>0 and z<0 and we 
can use the solution, derived in I, for E? (p,m, k, w) (l=1, 2, 3) in terms of the 
initial conditions. In the present case the disturbance at t=0 may be taken as 
identically zero in the regions z>0 and <0 and under these conditions we have 
immediately from equation (3.52) of I 


EP '(k, o)= 2 iG *(p,m, k, w)A,,(p,m, k, w)/det A. .. (25) 


Here A,,(p,m, k, w) is the minor of a,,(p,m,k, w) in the matrix A defined by 
equation (3.47) in I which, in the present case, may be written 


pce leres w2 ow? —10 Oy 02 
C2 c?(w*— we)’ C2(@2 —w2,) 2 
10 @y @2 @ «7 wo? 
BP MPS = ES 0 
erat) 9 PTY a teats)’ : 
@? — @? 
ikp? ; 0 ’ C@ “ =p" 
Jes SRS (26) 
where 
Cys ( —eoghea itty) *) ae ee eee (27) 


is the angular plasma frequency associated with the background electrons. 


The column matrix C*(p,m, k, w) defined by equation (3.49) of I reduces 
in the present case to the simple form given, for z>0, by 


Ci(p, m, k, ©) = —ikE}( +0) —iopgH3(+0), | 
O3(p, m, k, @)= —ikE3(+0) +iopyH{(-+0), sss. (28) 
C3(p, m, k, @)=p?Hi(+0). 
It therefore depends only upon the transverse components of the electric and 
magnetic fields at z=-L0. 


The expression for O*(p, m, k, w) in the aeOu 2<0 is of exactly similar form 
and involves the initial conditions E(— 0), £3(— <0), Aye —0), and AL —0). 


The transverse fields in the region e>0 and z<0 are connected by the 
continuity conditions which, for the electric field components, give 


E\(+0)=Hj(—0), ; 
E3( +0) =H3(—0). 
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The continuity conditions on the tangential magnetic fields are complicated 
by the fact that the driving function consists of a current sheet in the plane z=0. 
However, by applying Stokes’s theorem 


$u , as=[3 Sci liey, 


+0 
Hi (+0) —H{(—0)=4 » EE, m, 2, o) 


it can be shown that 


= mee a 27c/ty , 
“Sai co —Drem iP rom(Pro)s 


+0 
H3(+-0) —H3(—0)= J astio,m, @) 


_+¢@, .  2nm/ty 
2p oO — Drom ],m(Pr0)- 


Two further relations between Ei(+0), #5(+0), Hi(+0), and H%(-+0) are 
provided by the boundary conditions which require that the solution in the 
region z>0 should consist only of outward-going waves. Two similar relations 
will exist between the transverse field components at z= —0 but in the present 
case these need not be set up explicitly since, from symmetry considerations, 
we have at once 


t ee t ge ioPe é, F 27 /to 5 
Ay(-4 0)= Ay ( 0)= 2 Qrpi oo —Irem]ae "om Pro)s a 
i Me Bre se 2rm/ty ; 
H»(-+0)= As( 0)= 2 Qrp aaamigmr: 
The components at z= —0 can therefore be eliminated by means of equations 


(29) and (31). 


(a) The Inversion from the Complex k-Plane onto the Real z-Axis 
In the complex k-plane the singularities of H7 (p,m, k, ) consist of simple 
poles at the zero of det A. In the present case det A may be expanded in the 
biquadratic form given by 


det A= 
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which may be written in the equivalent form 


det A={(co? —w?)/c?}I (k —ky)(k —Key)(k& —keg)(k —ky)]- .--- (33) 


The inversion from the complex k-plane onto the real z-axis expresses 
E\(p, m, 2, ©) a8 the sum of the residues of 


ib? (p,m, k, w) exp ike 


at the poles given by the zeros of det A. Hence Ei(p, m, 2, w) may be represented 
as the sum of four partial waves of the form 


2 
x G,(k,) exp (ik,z). 
r=—2 
Two of these partial waves will be reverse waves excited only by reflection 
and their propagation constants will be designated by +4,, +., where for the 
reasons given in I, the sign of k,(w), k,(@) must be chosen so that 


@> 0 1) o> 0 Q@) Cc 


when w tends to infinity along a line in the complex w-plane which lies below all 
the singularities of k,(w), k,(). 
To meet the boundary conditions at infinity the amplitudes G@,(k,), @,(k,) 


of these reverse partial waves must be identically zero. From equation (25) 
this implies that 


3 
ee Mm, k., o)A,,(p, mM, k., @)=0 2 Sal Eee 28 (34) 


for anyt choice of J. 


The amplitudes of the forward partial waves with propagation constants 
—k,, —k, are proportional to 


3 
eae m, —k,, wo)A;,(p,m, —k,, wo), s=1, 2. 

By inspection of equation (26) we see that A,,, A;, are even functions of 
k and Aj; is an odd function of k for =1, 2 and vice versa for J=3. Hence, from 


equations (28) and (34), we find that the amplitudes of the forward waves 
are proportional to 


. t t 
—2i0 Uo H2(+0)An(p,m, —k,, ©) —Hi(+0)A;,o(p, m, —k,, w)], s=1, 2, 
{ It is a well-known consequence of the theory of determinants that the three linear equations 


obtained by taking the three possible choices of J are linearly dependent when det A(p,m,k.,w) =0 
so that this condition gives only two independent equations for s=1, 2. ? 
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and using equations (25), (26), (28), and (31) we get 


Bim soln — 2 aaa * pte team 
x |} (ve 443 er 
= serch « Meatorg I ep a) 
Hap, m, 2, o)= 5 eS : pe en 
Hig: iS Maer mer) 


a4 
W O77 5 


s—1 exp ee 
Oe (i i al 
5 Pp? _ __ lopoe,pm 

=1 (@?—w?)/e? — p?(@ —2nm/ty) 


2.2 
PAL as Os | E376 
(» tks 62(w2— a2) Im(P1o). 


Intro) =) 


ay c?(@?2— w3,) 


O Oj, OF Oha™ (—)s-1 exp | 
as é e ie 7, - Ss 5 
@(o2?—o%)  m m(PPo) J Dh (ki hs) 
Dey Oe eee or (36) 
In the complex w-plane the electric field components E(p,m, miu) (bl; 2573) 


all have a simple pole at 


C= Jani soa ea Bier (37) 


that is, at the mth harmonic of the gyro frequency of the’fast”charged particle. 
The residue of this pole represents the steady state solution in which we are 
interested* in this paper. Thus, ignoring the decaying transient terms, we have 


L,(p, m, 2, t)=i(@ —27m|t)) Ei(p, mM, 2, w) exp (27im/ty). .. (38) 


V. Tue ASYMPTOTIC SOLUTION AT LARGE DISTANCES FROM THE SOURCE 
We shall consider the solution at very large distances from the source in a 
direction making an angle y with the z-axis at the point 


r=Resiny, 2=Hecosy, Roo. 


* It might appear from equation (36) that EX(p,m,z,0) would have poles at a=) and w=, 
that is, at the natural resonances associated with the plasma and gyro frequencies of the medium. 
However, a more detailed discussion involving the behaviour of k,(«), k,(@) at these frequencies 
shows that this is not the case. This latter result is to be expected on physical grounds since, if 
it did not hold, it would imply that the medium would oscillate with finite amplitude at its natural 
resonances whatever the nature of the initial stimulus. The transient terms, arising from the 
integrals around the cuts in the complex «-plane that need to be inserted to eliminate the branch 


points of EX(p,m,z,0) decay with time and do not contribute to the steady state solution. 
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Since the solution has been derived for the case 2>0 we have 
0<y<hin, O0<tany<@ 
Now as r7—-0©o 


bp, m(7, P)=Im(pr) & os (—im¢) ‘ 
~{1/ 4/(4rpr)} cos (pr —4mx—4r) exp (—img), .. (39a) 


as long as p>0, while 
Vp, m(7, 9) ~(—ipd, 0, 0), 2 
Vp, m(7, ©) \a~(0, ipd, 0), J 
Since (1/r)0v/dg ~r-3/ and may be neglected. ‘ 
Accordingly, the /th component of the electric field associated with the sth 


mode is of the general form 


L,,(R sin y, m, & cos x, t) 
_ dpW,(p) hep 
=| /(4npR sin x) (4rpF sin y) cos (pk sin y —}mr— jr) 
XOX [—1R G08 y BAP) ) oes ee eee ee ee (40) 


where s may take the value 1, 2 corresponding to the ordinary and extraordinary 
mode respectively, and where 


(W,,(P), WP), W:3(p))=(—ipF,,, ipE,., E;,). e, (e ie (41) 


For very large values of R, the only effective contribution to the integral in 
equation (40) comes from values of p near the point of ‘ stationary phase ”’ at 
which 

p=p, and tan y= +0k,/Opy. .......-%. (42) 


That is, the only Fourier-Bessel components of the driving function which 
contribute to the power radiated in directions close to y are those with radial 
wave numbers near p, defined by equation (42). 


Since 0<y<$7, equation (42) can be satisfied for only one choice of the 
ambiguous sign and in the present case where —k,(p) is the propagation constant 
of an outward-going wave, we have 


E,,(R sin y, m, R cos x, t) een 


2 (02k R 
x {* ap exp |i} Fs - “ope? +0(r—pe)*t], -- (43) 
/ 0 Pp 


where 
0(Po) = —pok sin x —k,(po)R cos X+(m +4). 
The absolute value of the integral in equation (43) does not depend upon the 
sign of Pk./Op2, and since 


} : oP au =(V m) exp (—Hiz)= Mf ee Han, ae 


—o aie 2u 
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we have from equations (12), (39), and (43) 
exp [1{0(p) +47 + 47(0k,/ Op?) /( |O2k,/ Op? |)}] 
R-V/{Pp sin x, c08 x, | Ok, [Op2 |} 
X{—lpoB 1.) PoH 2.) Hs,}, 


E,(R, XM, t)~ 


; (45 
F(R, s,m, t) oP MOB) H+ (DPB ePEDH | O”? 
ile: R/1po 8in x, C08 x | &k,/Op? |} 
X{—lpoH,,, ippH 2,, H3,}, 
where 
Ob [OD Sea TINY, eee ie ee eae (46) 


provided that* 
e?k,/0p2 40. 


VI. THE RADIATION FLUX IN A GIVEN DIRECTION 
From equation (45), it follows that the mean energy flux associated with 
the sth mode at a great distance from the source is given by 


1 
po? sin 2y | Oh, Ope | 
x Re {ipo(H2;H3. +3sH3s), ipo(£1,H3s +H3,Hi¢), —po(E;,H3, —Ko,Hj;)}. 
cr, tetas nee ee ee (47) 


Re 4(E\ H*) 


From the vector Maxwell equation 
—p,0H/dt=V AE, 


and from equations (36), (37), (38), and (47) we get 


al 
OmUpPoht? sin 2y | 07k,/Ops | 


P,=Re }(E\ H*),= 


@2 —w2 FL SPR pO ee We Et 
x4 Po( pam, + etn wa), 0 kpeHo, Ht, + ( m0 ) 8s 
CPG Cpe 


on using the relation 
{(@2, —w)/e? — pr s.(p, mM, 2, t) —ik pek,.(p, m, %,t)=0, .. (49) 


which follows from equation (36). 
The power flux P,,dy out of an infinite sphere in angle dy is given by 


P,dy=2rH? sin ydy(P,,.8in y+-P,, COBY), «----- (50) 


* Equation (45) is not valid when 6k, /Op2 =0 but it can be shown that the zeros of 0k, Ope 
form a set of measure zero on the y-axis, so that they do not contribute to the total radiated 
power. It remains true, however, that the amplitude of the electromagnetic field and therefore 
of the radiated power is likely to have a maximum near the zeros of 0k, /Op?. 
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so that 
nay 
Oy ; 
1 omboPo | 07h] Op? | 
2 OF, — OH wo? — a5 — CDG 
x | pial. tan x -+k,) + ope dts Py tan x4 Ok ° 
0 s 


The total power radiated in the forward direction in both modes is given by 


2 410 
je | Pilz: ome eces eee (52) 


s=1J 0 


The integral involved in equation (52) is extremely complicated in the 
general case and one must rely on numerical integration to find a quantitative 
expression for the radiated power. However, it is possible to draw some useful 
conclusions about the relative power radiated in different harmonics and different 
modes from the general nature of the solution. As a preliminary to this discus- 
sion, it will be necessary to review briefly some of the properties of the propagation 
constants —k,, —k, of the ordinary and extraordinary modes respectively with 
the aid of the familiar magneto-ionic theory.* 


(a) The Propagation Constants 


It follows from relation (32) that the propagation constants for a given 
value of p? are given by 


k= {b in/ (0? dad) 2a, Sane sae aes (53) 
where 
a=(w2 —w?2)/c, ' 
C7 C On Ge 0 OG? geen 
Ae Ss ~»%) Fale. py coll = On fF Rina) 
, =. pa Uae 
ty co 0} 6" OO Ce 2 Oe 
/ wz 
=P )|. 
U- ara 


One cannot give a general rule for deciding which choice of the ambiguous 
sign in equation (53) corresponds to the ordinary and which to the extraordinary 
wave since this depends upon the relative magnitudes of w?, og and w%, and 
each case must be considered separately. In what follows we shall assume 
that 


oF <a? <2, << 02 —@?, So ee ee (55) 


* The point of view developed in the present paper is rather different from that normally 


adopted in magneto-ionic theory but the general survey given by Mitra (1947) contains all the 
results we need below. 
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This case is one of the more interesting from the point of view of solar 
radiophysics since, when it is valid, the ordinary mode can escape from the Sun 
at the gyro frequency of the rotating fast electron as well as at all the harmonics, 
while the extraordinary mode can escape at all the harmonics though not, of 
course, at the fundamental.* It may be noted that the inequality wo? <w2, 
is a direct consequence of the assumption that the radiating charged particle is 
an electron rotating under the action of the axial magnetic field in a frame of 


reference at rest with respect to the background plasma since, in this case, 
02 = (eBo/m)2=(eBy/m,)2(1 —02/e2) = w2,(1 —22/e2) <w2,, 
where v is the velocity of the fast particle. 


We know from magneto ionic theory that the infinity of the propagation 
constant at mw, is associated with the extraordinary mode. Now, as wm 
tends to w, from below it may be seen from equations (53), (54) that k will 
tend to infinity when the ambiguous sign is chosen positive. The reverse is true 
when w,, tends to @, from above, the change of sign arising because the parameter 
b, defined in equation (54), changes from +00 to —oo aS wm» changes from 
@,—e tO w,-+¢e. Accordingly, for radiation at the fundamental of the gyro 
frequency of the fast electron, for which wn=w,<,, the positive choice of sign 
in equation (53) corresponds to the extraordinary mode and vice versa for the 
higher harmonics of this gyro frequency for which, from the inequality (55), 
n> O77: 

It can be shown that k7, ks both decrease monotonically as p increases 
from zero to the values at which kj or kz become zero, which, it may further 
be shown, coincide with the two zeros of the parameter d defined in equation (54). 
At these zeros of k,, | 0k,/0p |= 00 so that, as one would expect, they correspond 
to propagation in a direction perpendicular to the axial magnetic field. As 
p is increased beyond these critical values, kz becomes negative, so that the 
associated wave becomes evanescent and a radiation field is produced for only 
a finite range of values of p which, it can be shown, is defined for the ordinary 
mode by 

0 <p? <(w? —@?)/P=p?, eeke s (56) 
and for the extraordinary mode by 
2 2) 2 4 
opt Se| Oe re | =p. (57) 


az(o2 See a2) Bet Sirs 
(b) Comparison between Radiation in the Ordinary and in the 
Extraordinary Mode 

One important difference between the radiation emitted in the two possible 

modes is that the ordinary mode is relatively weakly excited for small values of p, 

that is, in directions making a small angle with the axial magnetic field. To 
see this we note that 

ProTm( Pro) =MI m( Pro) —PV Im +1(P"0)s 
* The theory in this paper has been developed assuming a uniform medium but will be valid 
for the solar corona as long as the macroscopic properties of the medium vary sufficiently slowly 


with distance. 
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hence, from equation (36), the amplitudes of the components of the electric 
field are proportional to 


2 2 
ke Om cent | m(ore)-+terms of order p2Jm(p7ro)- 
c2 © 62(Wm+0z) ; 


Neglecting terms of the order of p?, it is known that for the ordinary wave 


so that the energy carried by this mode is proportional to p4J. 2 (pry) for sufficiently 
small values of p. For the extraordinary mode on the other hand 


2 2 
(6) Om 
fe 3a 
C2 © 6?(@m— Wy) 


so that the energy carried by this mode is proportional to J;,(pry) for small values 
of p. 

It can also be shown that the ordinary mode is not excited in a direction 
perpendicular to the magnetic field. This arises from the fact that the electric 
vector of the ordinary mode lies parallel to the axial magnetic field in this case 
and cannot, therefore, be excited by a charged particle of which the velocity and 
acceleration vectors are both perpendicular to the axial magnetic field. 

The fact that the ordinary mode can be excited appreciably over only a 
limited range of values of the direction angle is one of the reasons for the associated 
radiation being much less than that in the extraordinary mode; a second and 
more obvious reason is that the polarization of the extraordinary mode rotates 
in the same sense as does the radiating electron. This latter fact probably 
explains why the possibility of the ordinary mode also being generated has been 
ignored for so long. Furthermore, at the fundamental gyro frequency of the fast 
electron the relative contribution of the ordinary mode is reduced by an additional 
effect which arises because the propagation constant of the extraordinary wave 
near the gyro frequency is very much greater than the propagation constant for 
the ordinary mode. Thus for the former we have 


2 CG 0 OF — OH 
A anal? aby |b ee Seen (58) 


for w?2 =w%,(1—v2/c?) and for values of p2 which obey the inequality (56), at 
least as long as 

velo? << w?/(w?, —w?). 
The propagation constant for the ordinary mode on the other hand is nearer 
to the free space value, being given by 


em 2 OH — ol POH (OF — 06) —P5} 


The characteristic admittance of the extraordinary wave is therefore much 
greater than that of the ordinary wave with which it is effectively in parallel 
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from the point of view of the source current generator, so that almost all the 
available power will be generated in the extraordinary mode. 

To make this argument more concrete, we rote from the relations (58), 
(59) that the average value of p2 is of the order of magnitude of w?2 iO enOL 
radiation at the fundamental gyro frequency of the rotating electron, so nhat the 
parameter pry which occurs as the argument of the Bessel function in equation 
(36) is of the order of magnitude of w/c. As long as y/e<1, we have 


Ji(Pro)=2prodi(pro)—F0/C, « «we ees (60) 
while 


Ji(pro) —prod1 (pro) =prod2(pro)—~4(vo/c)®. .. 2. ee (61) 


Now for the large values of k, we see from equation (51) that the power radiated 
in the y-direction in the extraordinary mode is of the order of magnitude of 


(won|?) Lop B3ok2 + Eg Eo047/¢. 


From equation (36), (58), (60), and (61), we see that for the extraordinary 
mode the term H,,73,k,w7,/c is of the order of magnitude of v3/c?, while the term 
H,,H3.®,,/¢ is of the order of magnitude of v?/c?. Hence, just as in the free space 
case, the total power radiated in the extraordinary mode at the first harmonic 
of the gyro frequency of the fast electron is proportional to v/c?. For the 
ordinary mode, on the other hand, in which k, is also of the order of magnitude 
of w,,/c, we see from the same equations that H,,, #3, are both of the order of 
magnitude of v3/c?. The total power radiated in the ordinary mode at the first 
harmonic of the gyro frequency of the fast electron is therefore of the order of 
magnitude of v6/c°. 

If we now consider the mth harmonic of the gyro frequency, however, at 
which p and also k,, k, are all of the order of magnitude of mw,/c, it follows, from 
equation (36) and the fact that 


Dm P1o)—=(m™/m!2™)(vo/e)™ for mv/e<1, 


that the power radiated in either mode is proportional, for small enough values 
of v,/¢, to (v9/¢)2”. In particular, it follows that the power radiated in the ordinary 
mode at the second harmonic of the gyro frequency of the fast electron is larger 
by a factor (c/v))? than that radiated at the fundamental frequency in the same 
mode. Finally, it may be noted that the power radiated in the ordinary mode 
at the fundamental varies in the same way with v,)/e as the power radiated in 
this extraordinary mode at the third harmonic, but because the latter mode 
should be generated more efficiently one would expect that it would carry 
appreciably more power. This is confirmed by the numerical results given below. 


(c) Numerical Results 
The calculations shown in Table 1 below were carried out for the special 
case 
B2=v2/e27=O-1, eee eee eee eee eee (62) 
corresponding to a kinetic energy of the rotating fast electron of approximately 
27-7keV. In order to bring out the effect of the background plasma electrons 
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we have compared the powers radiated in different modes and at different 
harmonics in the two special cases, (a) w?/w?,=0°8, (b) w2/@?,=0. To show 
how the radiated power varies with the velocity of the fast electron we have 
expressed the total power radiated at the mth harmonic as a numerical quantity 
times 62”. The results are exact only for the special case of equation (62), 


but they will be accurate to better than 10 per cent. for values of 6? in the range 
O67 <0 15. 


Ags might be expected, the effect of the plasma electrons is most serious at 
the fundamental frequency. In every case, however, it may be seen that the 
power radiated is lower than in the free space case. 


TABLE 1 
COMPARISON BETWEEN POWERS RADIATED IN DIFFERENT MODES AND AT DIFFERENT HARMONICS 
FOR TWO VALUES OF THE DENSITY OF THE BACKGROUND PLASMA ELECTRONS 


Percentage of Percentage of 
Total Power* Power Total Power* Power 
eiarnaanie Radiated in Radiated in Radiated in Radiated in 
Forward Forward Forward Forward 
Direction Direction in Direction Direction in 
Ordinary Mode Ordinary Mode 
il 0-075567(1—B?)C B4X1-53% 0-32267(1—8?)C B*><1-6397 
2 0-5964(1—6?)C 21% 0-72984(1—8?)C 25% 
3 1-1868%(1—6?)C 6:5% 1-688 °(1—8?)C 4-44, 


* The expressions for the power are in watts when C=2-48 x10-*H? and H is in gauss. 


Besides changing the total radiated power, the plasma electrons also modify 
appreciably the polar diagram, especially at the fundamental frequency. This 
effect is illustrated in Figures 1 (a) and 1 (b), where we have plotted the polar 
diagrams for the radiation at the first three harmonics in the ordinary mode for 
the case (a) ?/?,=0-8, (b) w2/w2,=0. In Figures 2 (a) and 2 (b), we have 
plotted polar diagrams for the radiation, in the extraordinary mode, into the 
second and third harmonics: the polar diagram for the first harmonic in the 
ionized plasma has not been plotted since at this frequency the radiation cannot 
escape from the Sun. 


VII. DISCUSSION AND CONCLUSIONS 

The main result of this paper is to confirm that a fast electron rotating with 
velocity v)<ce in an ionized plasma permeated by a uniform magnetic field will 
radiate energy both in the ordinary and in the extraordinary modes, but pre- 
dominantly in the latter. Thus the power radiated at the fundamental gyro 
frequency in the ordinary mode is proportional to (v,/c)§ in contrast with the 
extraordinary mode in which the power radiated is proportional to (v,/c)?; 
indeed the first harmonic power in the ordinary mode is appreciably less rie 
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that radiated in the third harmonic—at least in the numerical cases considered 
in this paper. At the mth harmonic, m>1, the power is still radiated pre- 
dominantly in the extraordinary mode, though for both modes it is proportional 
to (v/c)?" as long as (v,/c)? is sufficiently small. These conclusions are valid 


INTENSITY (ARBITRARY UNITS) 
INTENSITY (ARBITRARY UNITS) 
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Fig. 1—Kmission polar diagrams for the ordinary mode. (a) With a2/a2,=0°8 ; (6) for free 
space, op /oz, =0. Tho emission per unit solid angle is shown as a function of y, the inclination 


to the magnetic field. The intensity scale is arbitrary and is different for each curve. Curve I 
fundamental; curve II, second harmonic; curve III, third harmonic. 
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Fig. 2.—Corresponding emission polar diagrams for the extraordinary mode. 


not only in media so dense that the plasma frequency is comparable with the 
gyro frequency but also in the limiting case of free space propagation in which 
the plasma frequency tends to zero, as shown in Appendix I. 

To gee the relevance of these results to gyro-type theories for the non- 
thermal solar radiation, let us first consider the bursts of spectral types II and 
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III. In these phenomena, the radiation at a given instant is concentrated 
into one or two frequency bands, the centre frequency of which decreases with 
time; very rapidly for the type III bursts, less rapidly for the type IL bursts 
(Wild, Murray, and Rowe 1954). Recent observations have shown that in the 
case of type III bursts this decrease of frequency is associated with a rapid 
movement of the radiating disturbance (Wild, personal communication). In 
those cases in which two frequency bands are observed the data are consistent 
with the belief that the higher frequency band is simply the second harmonic of 
the lower. There is virtually no evidence that the third or higher harmonics 
are radiated ; if these are present then their intensity, in the great majority of 
cases, must be at least one order of magnitude lower than that in the first two 
harmonics. The apparent dimensions of the disturbed regions in a type III 
burst are large, being up to 10 per cent. or even more of the area of the visible 
solar disk (Wild and Sheridan 1958). In general, these bursts are unpolarized ; 
however, in quite a number of cases there is an appreciable component of circular 
polarization, and when this is so the sense of polarization is the same in both the 
high and the low frequency bands (Komesaroff 1958). 


If these features are to be explained on the gyro theory, one has to imagine 
either that a burst of fast electrons is fired out from the Sun or that an electro- 
magnetic disturbance travels outward giving rotational energy to a fraction of 
the local plasma electrons as it goes. On either picture the decrease in frequency 
with time would be attributed to a decrease in gyro frequency with increasing 
height above the solar corona. The energy in the fundamental band would have 
to be carried entirely by the ordinary mode, since the extraordinary mode cannot 
escape at the fundamental gyro frequency (Ryle 1950). On the other hand, 
one would expect the energy at the higher harmonics to be carried predominantly 
by the extraordinary mode for the reasons discussed in this paper. One might 
hope to explain the fact that the majority of bursts are not strongly polarized 
by the large size of the radiating regions together with the assumption that the 
sense of the magnetic field is different in different parts of the radiation front. 
However, when the bursts were polarized, one would expect the sense of polariza- 
tion to be different in the higher and lower frequency bands and this is in disagree- 
ment with the few observations so far available (Komesaroff 1958). It is also 
very hard to see why the third harmonic should not be present and stronger 
than the first since, as we have shown, the power radiated at the fundamental 
frequency in the ordinary mode is less than that radiated at the third harmonic 
in the ordinary mode,* and very much less than that radiated at the third 
harmonic in the extraordinary mode. A similar objection is that the power 
radiated at the fundamental gyro frequency in the ordinary mode is very much 
smaller than the power radiated either in the extraordinary or in the ordinary 
mode at the second harmonic, and this is in disagreement with the observed 
ratio of the power radiated in the upper and lower frequency bands; at least 


* The possibility that the absence of the third harmonic could be due to differential absorption 
can be eliminated, since the ordinary mode at the fundamental gyro frequency will be more 
heavily absorbed than either mode at the third harmonic of the gyro frequency, especially in the 
case when the plasma and gyro frequencies are of comparable magnitude. 
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in some cases. Once again the discrepancy is too great to be explained away 
by differential absorption. 


Admittedly, we assumed in our quantitative analysis that the velocity Uv, 
of the fast radiating electrons was significantly less than c, but, if this were not 
the case, appreciable power would be radiated at quite a few harmonics of the 
gyro frequency, which is contrary to observation. 

A final objection to the gyro theory of the rapid drift bursts is that the first 
harmonic can escape only when the plasma frequency is less than the gyro 
frequency. Since the type III bursts at least are often associated with quite 
small sunspots this requirement is not very likely to be met. 

It is possible that some of these objections would be removed or at least 
mitigated by a more exact analysis in which one allows for the finite temperature 
of the background plasma and for Doppler effects in the radiation from the 
gyrating electrons. However, at the present time the weight of evidence is 
still strongly against the gyro theory, at least as far as the types II and III 
bursts are concerned. 

The position is perhaps more hopeful in the case of the type I disturbances, 
which are strongly associated with large sunspots and which consist of short- 
duration bursts, with a narrow frequency spread, superimposed upon a continuous 
disturbance of much longer duration and with a wide frequency spread. Both 
bursts and continuum are strongly circularly polarized and it is conceivable that 
the continuum disturbance may actually consist of a very large number of small 
bursts occurring over a wide range of heights in the solar corona. There is some 
rather weak evidence of correlation between bursts at different frequencies, but 
there is definitely no sign of a 2 to 1 frequency correlation as in types ITI and ITI. 


Much of the data is compatible with the suggestion that the type I 
disturbances are due to second harmonic gyro radiation. However, one objection 
to this is that such an explanation would lead one to expect that the radiation 
would be in the extraordinary mode: the evidence on this point is too scanty 
to be conclusive, but it suggests that the radiation is in the ordinary mode, at 
least in the majority of cases (Payne-Scott and Little 1952). If this is confirmed, 
it would seem that the gyro hypothesis could be saved only if (a) the absorption 
in the extraordinary mode were greater by about three orders of magnitude 
than that in the ordinary mode at the same frequency* or if (b) the plasma 
frequency at the point of generation were so high, at least in the majority of 
cases, that the second harmonic could not escape in the extraordinary mode. 
It may be noted that, in a zero temperature plasma, the conditions that the 
ordinary mode at the mth harmonic should escape and that the extraordinary 


mode should be trapped is 
Wp <MOpy < v/{m](m—1)} wo. 


* This would be quite impossible, in any conceivable model of the solar corona, if absorption 
were due simply to free-free transitions in the background plasma. However, as has been pointed 
out by Gross (1951), a finite temperature plasma permeated with a magnetic field may possess 
stop bands at the harmonies of the gyro frequency and it is not inconceivable that this phenomenon 
could discriminate against the extraordinary mode. 
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Here  , ©, are the plasma and gyro angular frequencies of the plasma, and we 
have assumed v2/c?<1. It is not implausible that this condition might be met, 
when m=2, above a large sunspot. 


Of course, it is not sufficient merely to prove that waves with the right sense 
of circular polarization could both be generated and escape; one also has to 
explain quantitatively the observed energy flux. Now in the larger type I 
disturbances the effective black-body temperature of the source may be as high 
as 310!°°K or even higher (Wild and Sheridan 1958), and the electrons of a 
gas at this temperature would have an average energy of ~3 x10®eV. However, 
the kinetic energy of the gyrating electrons must be very much less than this or 
the bursts would not consist of isolated narrow bands, nor would the emergent 
radiation be so strongly circularly polarized. To obtain a radiation flux with a 
black-body temperature much greater than that appropriate to the average 
kinetic energy of a non-equilibrium electron gas implies a process of radiation 
transfer very different from that usually encountered in stellar atmospheres, 
but as pointed out elsewhere (Twiss, in preparation) it is conceivable that 
conditions could arise in the disturbed solar corona where the absorption coefficient 
was negative so that the medium behaved like an amplifier. If this latter effect 
were really present one could certainly explain the observed radiation flux. 
However, a detailed discussion of this possibility involves a theory for the case 
where a large number of gyrating electrons is present, and this is beyond the 
scope of the present paper. 
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APPENDIX I 


Resolution of the Radiated Field into Ordinary and Extraordinary Modes in 
the Limit of Vanishing Electron Density 
Even when the density of the background plasma electrons is vanishingly 
small, the magneto-ionic modes still have defined polarization so that the radiation 
emitted by an electron gyrating ‘in vacuo’’ under the action of an external 
magnetic field may still be resolved into ordinary and extraordinary modes. 
In spherical coordinates (r, y, @) the magneto-ionic modes in the limiting 
case of zero plasma frequency obey the constraint (Mitra 1947) 
E/E, = —H,/H,=(—i/2 cos x) [(@z/@m) sin? ¥ +{(e4/em)? sint y +4 cos? y}4], 
Mears wick ees koe (Al) 
where w, is the angular gyro frequency of a background plasma electron, 
@m is the mth harmonic of the angular gyro frequency of the fast gyrating 
electron, 
and where the upper sign refers to the extraordinary, the lower sign to the 


ordinary mode. 
For the radiation at the fundamental gyro frequency of the fast electron 


y,/Om= Oyg/@,= (1 —B?) “#1 + $6? 
to the first order in 6?=v?/c?, where v, is the velocity of the fast electron. 
Accordingly, at the first harmonic, we have 


(ELo/Ex)-=[(LolEx)o 1 —i cos y{1-+ 4B? sin? y/(1 + cos? x)}, .. (A2) 
where the subscripts e and o refer to the extraordinary and to the ordinary mode 


respectively. 

The polarization ellipses for the two modes are similar, but their major 
axes are mutually perpendicular. 

Now for the radiated field (Schott 1912) we have 


(Z| io —1 | Im—1(mB sin ~)—Im4i(mB sin z) wre 

By} raa COSY Im—1(mB sin x) +Jm+i(mB sin y) 

Hence for the fundamental mode, m=1, we have, to the first order in 6?, 
(H,/#,jrsa=(—i/c08 x)(1—ZB* sin? yy). «we ees (A4) 


Comparison between equations (A2) and (A4) shows that, although the 
radiated power is carried predominantly by the extraordinary mode, the ordinary 
mode is also excited. To determine the proportion of ordinary mode excited 
at a given angle y to the axial magnetic field, let ip! be the ratio of the major 
axis of the polarization ellipse of the ordinary mode to that of the extraordinary 


mode. Then we have 

E,,=E, exp (iwt), E,,=(—i/cos x){1 +4? sin? y/(1-+ cos? y)}H, exp (iat), ‘ 

E,o=(—i/cos x){1 + $8? sin? y/(1 +cos? y)}io#H, exp (iat), Ho=ip#H, exp (iwt), 
See Soe ree ae et (A5) 

where EH, is a constant of proportionality. 
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Hence 


$ 1+ 4? sin? y/(1-+cos? = 
e} sec y{1 +36 int pee a 2} lee fe (VP ee 
1—p# sec y{1 + $6? sin? y/(1+cos? y)} cos x 


so that 
0,= 7,64[sin* x cos? 1 (3 +cos? y)?/(1-+cos* x)*], .... (A6) 


and the ratio of the power radiated in the ordinary mode to that in the extra- 
ordinary mode at the fundamental gyro frequency of the fast electron is therefore 
proportional to 84 as in the case, considered in the text, in which the plasma 
frequency associated with the background electrons is comparable with the 
gyro frequency. 
For harmonics higher than the first, it is sufficient to work to zero order 
in 8? since, for the magneto-ionic modes at the mth harmonic, m>1, 


E,|Eyx~ —i{(}m) sin y tan y +[1+{(4m) sin x tan y}?]#}, .. (A7) 


where, as before, the positive and negative choices of sign in equation (A7), 
refer to the extraordinary and to the ordinary mode respectively. 


For the radiated field, on the other hand, we have from equation (A3) 
(E,/Ey)raa= —i see x, 
if we neglect terms 0(6?). 
Hence 


et —{(sin x tan y)/2m-+[1-+{(sin x tan y)/2m}?]3} 
1+p#{(sin x tan x)/2m-+[1 +{(sin x tan y)/2m}2]} 


—sec x, 


and 


_1—cos x{(sin y tan x)/2m+[1+{(sin x tan y)/2m}?}}} 
cos x +{(sin x tan y)/2m+[1+{(sin x tan y)/2m}2]#}? 


Pm 


(AS) 


which is independent of 6?. 
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FERROMAGNETIC EXCHANGE BETWEEN COUPLED PAIRS OF 
ELECTRONS* 


By F. D. Stacey+ 


Incomplete shells of 3d electrons in the first transition series of elements 
are responsible for the ferromagnetism of these elements, but the parallel coupling 
of the spins of these electrons remains an assumption in the theory of ferro- 
magnetism. It is required that exchange interaction between the 3d electrons 
of neighbouring atoms should be positive (the sign causing parallel alignment of 
spins). Mathematically, treatment of ferromagnetic exchange is similar to that 
of the homopolar chemical bond, in which it is clear that exchange interaction is 
negative, giving a lower energy for antiparallel spins than for parallel spins. 
Mathematical difficulties have prevented any adequate demonstration that the 
reverse is the case in ferromagnetism. 

Zener and Heikes (1953) maintained that exchange interactions are always 
negative, and developed a theory in which parallel alignment of 3d electrons 
occurs by exchange with the conduction electrons. There are some serious 
objections to this theory and it is more generally assumed that direct coupling 
between 3d electrons is responsible for their parallel spin alignment (Van Vleck 
1953). The object of the present note is to point out that the fundamental 
objection to positive exchange by direct interaction is removed if the elementary 
magnets are parallel coupled spins which interact in pairs. This requires that 
each magnetically active atom has two positive holes in its 3d shell, with spins 
coupled parallel by Hund’s rule, a suggestion first made by Mott and Jones 
(1936) for essentially experimental reasons. 

The wave function of two electrons, numbered / and 2, associated with 
nuclei a and b is written: 


antiparallel spins: b,=(Yq(L)bo(2) +Ya(2)Yo(Z))(a(1) (2) —a(2)B(Z)) 
a(1)8(2) +a(2)B(Z) 
parallel spins: Yyp=(YalL)bo(2)—Yal2)¥(Z))} or a(1)a(2) 
or B(1)B(2) 
In each wave function the first bracket represents the orbital part and the 
second bracket the spin part, in which « and £ define opposite spin directions. 


The functions are constructed to be antisymmetric with respect to exchange of 
the two electrons, a8 required for the treatment of electrons as Fermi particles. 


* Manuscript received March 4, 1958. 
+ Department of Geophysics, Australian National University, Canberra. 
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In the hydrogen molecule problem, vi and Ue are multiplied by the Coulomb 
interaction potential for two nuclei and two electrons and integrated over the 
volume occupied by , and y,. (The detailed explanation of this is given by 
Heitler (1944)). The resulting energy is lower for , than ,, indicating the 
negative exchange which causes homopolar bonding. 

If the geometry of the wave functions remains essentially unaltered, but 
J and 2 represent parallel coupled pairs instead of.individual electrons, and if the 
coupling within pairs is much stronger than between pairs, we may consider the 
exchange of pairs and not individual electrons. In this case the pairs behave 
as bosons rather than fermions, since the wave function of four electrons is 
symmetric with respect to exchange of pairs, and we must interchange the spin 
parts of wave functions ), and ,. , will still give the lower energy but it 
now gives parallel alignment of all four spins. 

The spin wave functions will necessarily be more complicated than has been 
indicated because the moment of pair 2 in the direction of 1 may be zero as well 
as +2 Bohr magnetons. However, this modification does not need to be given 
detailed consideration since Van Vleck (1945) established that exchange energy 
is proportional to the scalar product of spin vectors. 


An obvious implication of the present argument is that the existence of 
spins coupled in even numbers is a necessary prerequisite for ferromagnetism. 
Mott and Jones (1936) pointed out that there was no objection to this for materials 
with much less than 2 Bohr magnetons (u,) per atom. Materials with 2-5-3-5 up, 
would contradict the coupled-spin rule, but in the manganese and chromium 
alloys and compounds listed by Bozorth (1951) the only u, numbers much greater 
than two are nearly four. This gives an immediate explanation for the absence 
of ferromagnetism in pure manganese, in which the uncompensated spins are 
probably coupled mainly in threes instead of twos and fours, without postulating 
a special dependence of exchange energy on atomic spacing. It also allows for 
the depression of the uw, number in iron to nearly two, on the Heitler-London- 
Heisenberg model, without appealing to the band theory of metals to explain 
the reversed spins. 


Metallic chromium provides a contradiction since this could be ferro- 
magnetic with approximately four spins per atom, and gadolinium, with almost 
exactly seven spins per atom, would still require an indirect exchange mechanism. 


The author wishes to acknowledge the helpfulness of a discussion with 
Professor K. J. Le Couteur. 
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THE SOFT X-RAY L,; EMISSION SPECTRUM OF MAGNESIUM FROM 
SOLID AND EVAPORATED TARGETS* 


By BR. 8. Crispt 


Spectroscopic studies in the soft X-ray region of 50-1000 A have used both 
photographic and photomultiplier detection of the radiation diffracted in the 
grating spectrograph (see, for example, Tomboulian 1957). The photomultiplier 
method offers the advantage that it is possible to record the time variation in 
the intensity of radiation emitted at a particular wavelength as changes proceed 
in the condition of the target. 


Using a 1m grazing-incidence spectrograph with photomultiplier detector 
(Fisher, Crisp, and Williams 1958) a detailed study has been made of the 
magnesium L,, emission band at 250 A. 


Hxperimental Method and Results 

The targets, which were water cooled, consisted either of a solid magnesium 
Specimen scraped clean in vacuo, or a layer of magnesium evaporated onto a 
solid copper backing. The variation with time of the peak intensity of the 
band at 250 A is illustrated in Figure 1, in which curve (a) is for solid magnesium 
and (b) and (ce) are for thick and thin films of magnesium evaporated onto copper. 
The zero of the time scale corresponds to switching the electron beam onto the 
freshly prepared surface. The initial small drop in (a) is attributed to a rapid 
oxidation of the freshly cut metal surface. This effect has also been observed 
for solid targets of the alkali metals where there is a much greater fall to about 
30 per cent. of the initial intensity in some 60sec. The decrease is approxi- 
mately exponential, in agreement with the findings of Kingston (1951) for 
potassium and calcium. 

The initial fall is not observed in (b) because there is about 15 sec delay 
between ceasing evaporation and turning on the electron beam and presumably 
there is a more rapid oxidation of evaporated magnesium. The initial rise in (¢) 
is attributed to homogenization of the thin film under the action of the electron 
beam. 

The linear fall in each case is caused by the deposition of carbon from residual , 
organic vapours when bombarded by the electron beam (Ennos 1953, 1954 ; 
Fisher, Crisp, and Williams 1958). After 35 or 40 min bombardment a brownish 
film is clearly visible on the target surfaces. Contamination curves of the above 
kind were recorded at the peak, dip, and hump at 250, 253, and 263 A respectively 


* Manuscript received April 8, 1958. 
+ Department of Physics, University of Western Australia, Nedlands, W.A. 


450 SHORT COMMUNICATIONS 


(P, D, H in Fig. 2) and were found to be the same for any one type of target. 
From this it is concluded that the relative intensities of these features do not 
alter as contamination effects proceed. This makes possible a correction when 
comparing intensities observed at different wavelengths at different times. 

A large number of spectra were recorded for both selid and evaporated 
targets, the interval after preparation of the target surface being sufficient to 


COUNT RATE (ARBITRARY SCALE) 


TIME (MIN) 


Fig. 1.—Typical curves illustrating the variation of the intensity of 

radiation emitted at a particular wavelength with time for a freshly 

prepared target surface at 8x10-*mmHg. (a) Solid magnesium, 

scraped surface; (6) thick evaporated magnesium film, evaporating 

furnace run for about 15sec; (c) thin evaporated magnesium film, 
evaporating furnace run for about 5 sec. 


ensure that the contamination rate was linear. Scanning speeds were selected 
with due consideration of the response time of the recording devices (Fisher, 
Crisp, and Williams 1958). Counting losses were negligible for the counting 
rates and the resolving time used. : 


A typical record for a solid target is shown in Figure 2. R indicates the 
reversal of the direction of traverse. Although the speed of traverse has also 
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changed at R the abscissae still correspond to a linear time scale and therefore 
the correction +6 to be applied to the peak intensity P when comparing it with 
the hump intensity H is valid. A similar correction was applied to the dip 
intensity D and values were calculated for the ratios (P—B)/(H—B) and 
(D—B)/(H —B), where B is the background. The mean values of these ratios 
agreed for spectra from both types of target to within the probable error of 
3 per cent. It is therefore concluded that the band shapes are constant, at 
least in so far as they are represented by these ratios. 

Measurements were also made of the edge breadth and wavelength as defined 
by Skinner (1940). The edge breadths for solid and evaporated targets are 


constant to within 0-02 eV and the edge wavelengths to within 0:09 A. Because 
of the different thermal conductivities of the solid magnesium and copper targets 


1 MIN H 
——) 


COUNTS/SEC 


Fig. 2.—Reproduction of chart record for the L,,; band emitted from a solid magnesium target. 

Target voltage 4kV. Target current 4mA. Maximum counting rate 4000 counts/sec. For 

explanation of lettering see text. JL indicates the (£,—JD,) line identified by Tomboulian and 
Cady (1941). 


an estimate was made of the difference in surface temperature resulting from the 
electron beam. This came to about 60 °C and allowed a small correction to be 
made to the observed edge breadths. No density of states curve has been 
deduced from the present data, since the optical resolution of 0-9 A causes 
considerable loss in the observed height of the sharp peak. It is of interest to 
notice, however, that in the present instrument, where the plane of the analyser 
slit lies along a radius of the Rowland circle, the experimental ‘‘ window ” da A 
wide is constant for all wavelengths and the intensities recorded are certainly 
proportional to the number of photons in the wavelength range da A (Fisher 
1954). There is thus no doubt what power of the frequency of radiation to 
use when translating from observed spectra to density of states curves 
(Tomboulian 1957), in contrast to the photographic case. 


The author wishes to acknowledge most gratefully the guidance, help, and 
suggestions of Professor C. J. Birkett Clews and Dr. 8S. E. Williams, and to thank 
the Australian Atomic Energy Commission for a Post-graduate Research Student- 
ship during the tenure of which this work was carried out. 
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FREEZING NUCLEUS MEASUREMENTS IN JANUARY. 1957* 
By HE. G. BOWENt 


It is well known that the appearance of the ice phase in supercooled clouds 
is one of the more important phenomena leading to the formation of rain. The 
formation of ice crystals is itself dependent on the freezing nucleus content of 
the atmosphere. Little is known about the nature and origin of natural freezing 
nuclei, but daily measurements of freezing nucleus concentration made in 
different parts of the world during the month of January in the three years 
1954, 1955, and 1956 have suggested that some fraction of them might be of 
extraterrestrial origin (Bowen 1956). The present note describes a further 
series of measurements made during January 1957. 


If the nuclei were of extraterrestrial origin, one might predict that : 


(1) there would be three peaks in the freezing nucleus concentration in the 
period from January 10 to February 1 ; 

(2) the peaks would occur on approximately the same dates in the northern 
and southern hemispheres ; 


(3) they would occur on approximately the same dates as in previous years, 
namely, January 13, 22, and 30. 


It is natural to expect that the date of these occurrences would show a 
scatter, and in previous years this has averaged +2 days. In any one place and 
in any given year it could obviously exceed this value. The spatial distribution 
of nuclei through the atmosphere is unknown but it is almost certain to be patchy. 
All the peaks would not necessarily appear in all localities, therefore, but in 
previous years they have appeared in 19 out of 27, that is, approximately 70 per 
cent. of the predicted occasions. 

In this particular series of observations, measurements were made at one 
station only in 1954, at four stations in widely separated parts of the world in 


* Manuscript received March 24, 1958. 
{ Division of Radiophysics, C.S.I.R.O., University Grounds, Chippendale, N.S.W. 
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1955, and again at four stations in 1956. The 1957 observations were made at 
eight different stations, six of which were in or around the continent of Australia 
and two in the U.S.A. These measurements were made at ground level using an 
expansion type cold chamber designed by Bigg and Warner (Warner 1957). 
It is known from previous experience that great care must be exercised in the 
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Fig. 1.—Temperatures at which 0-1 freezing nuclei per litre were 
observed at eight different stations during January 1957. 


choice of site so as to be free from the effects of contamination. Broadly speaking, 
difficulties may arise from: (a) terrestrial dust of local origin ; (b) industria] 
smoke, which in some cases is known to enhance the nucleus count and in others 
is suspected of depressing it; (¢) widespread rain, which might wash the nuclei 
out of the atmosphere; (d) frost or snow particles from trees and vegetation 
when the temperature is near freezing. 
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The sites used in 1957 were on or near the sea coast and satisfied most of 
the above conditions as far as possible. 


Results 

Figure 1 gives the temperature at which a concentration of 0-1 nuclei per 
litre was observed at each station from day to day during the month of January 
1957—the curves have been smoothed by taking 3-day running means. It 
will be seen that at five of the eight stations (namely Florida, Stanford, Sydney, 
Mt. Gambier, and Carnarvon) three maxima occurred on approximately the 
same dates in each locality ; at a sixth (Perth) additional peaks were recorded, 
but the first and last were in general agreement with those at the above five 
stations. Two stations, Caloundra and Norfolk Island, clearly differed from the 
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Fig. 2.—The mean temperature for 0-1 freezing nuclei per litre 
for all eight stations taken together. 


remainder, although they agreed amongst themselves in some particulars. Both 
Caloundra and Norfolk Island were under the influence of a tropical cyclone in 
the Coral Sea during the latter part of January and it is possible that the extensive 
cap of ice crystals known to be generated above typical tropical cyclones may 
have had some bearing on the results obtained at these two stations. 


The results for all eight stations have been combined to give the curve of 
Figure 2, which shows well-defined maxima on January 15, 25, and 31. These 
are consistently later than those observed in previous years by 2, 3, and 1 days 
respectively. 


The results for the six Australian stations taken together give the mean 
curve of Figure 3 (b), while those for the two American stations give the curve of 


Figure 3 (a). It is apparent that the peak values tend to occur on approximately 
the same dates in the two different hemispheres. 


On the basis of the 1957 measurements it may therefore be concluded that, 
although variations certainly exist from one locality to another, in the mean the 
results conform to expectations in that they exhibit three maxima in the latter 
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part of January and show a similarity as between the northern and southern 
hemispheres. The actual dates of the maxima differ from the predicted dates 
by 2, 3, and 1 days respectively. This may be interpreted either as being 
contrary to expectations or as being due to the normal fluctuations to be expected 
in the results for any one year. It is hoped that future measurements will show 
which of these two views is correct. 
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Fig. 3.—The mean curves (a) for the two northern hemisphere 
stations and (0) for the six southern hemisphere stations. 


The author is very much indebted to Dr. R. N. Bracewell for permission to 
use the Stanford measurements and to the U.S. Weather Bureau for the Florida 
data. 
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THE CONSTANCY OF THE VELOCITY OF LIGHT 
By G. BUILDER* 
[Manuscript received June 2, 1958] 


Summary 


The principle of the constancy of the velocity of light has generally been given a 
prominent place in discussions of the restricted theory of relativity. Yet lack of any 
clear and unambiguous statement of the principle has led to its frequently being mis- 
understood and to its sometimes being adduced as a basis for fallacious conclusions. 

The principle is discussed from a historical point of view, is carefully analysed, 
and is stated in a form which seems free from ambiguity. In the context of the restricted 
theory the “velocity of light ’’ must always be interpreted as ‘‘ the velocity of light 
measured in an inertial reference system ’’ and it must be understood that this measured 
value is the average speed measured over a go-and-return path. The principle can 
then be stated in the form: ‘“‘ The principle of relativity precludes any possibility of 
ascertaining how light is propagated relative to any inertial reference system. Measure- 
ments made in inertial reference systems, using the methods of measurement prescribed 
by the restricted theory, always give the same value c for the speed of light irrespective 
of the direction of its propagation and irrespective of the motion of its source.” 

Fallacious inferences about the propagation of light, arising out of an incorrect 
definition of “ relative velocity ’’ and out of the incorrect appellation of the relativistic 
law of transformation of velocities as the ‘‘ law of addition of velocities ’’ are discussed ; 
and it is shown that the ballistic theory of light is quite incompatible with the restricted 


theory. 

Finally, it is pointed out that the measurement procedures prescribed by the 
restricted theory are conventional; failure to recognize this has led many exponents 
of the restricted theory to assert, without sufficient justification, that these procedures 
demand a complete revision of the older concepts of space and time. 


I. INTRODUCTION 

The “principle of the constancy of the velocity of light”? has generally 
been given a prominent position in expositions of the restricted theory of 
relativity. Following the lead given by Einstein in his early papers (1905, 1907), 
it appears frequently as one of the fundamental postulates of the theory. In 
most other cases it is presented as a consequence of the Lorentz transformations, 
when these have been otherwise established. 

In spite of this, it does not seem possible to derive from the literature a 
statement of the principle that is clear and unambiguous and that would command 
universal approval. Indeed, it seems apparent that it is taken by various 
authors to mean quite different things. The consequent vagueness as to the 
exact significance of the principle leaves it open to quite improper applications, 
This is so not only for laymen and philosophers but even for scientists themselves. 


* School of Physics, University of Sydney. 
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The present investigation shows that misapplication of the principle has 
led to some quite erroneous inferences. It will be seen that the inherent difficulty 
that has to be dealt with lies in the translation of the precise mathematical 
statement of the principle, taken together with its proper context, into a verbal 
statement which is not open to misinterpretation. The difficulty is therefore 
similar to, but far more complex than, that which led to the occurrence of the 
‘ clock paradox ” of the restricted theory of relativity, and which was resolved 
by showing that the mathematical definition of the “rate” of a moving clock 
had been translated into a verbal statement lacking the precision necessary to 
prevent its being misapplied (Builder 1957). 


To avoid any confusion in the ensuing discussion, it is necessary to state 
precisely what we will mean by the restricted theory of relativity. There is only 
one statement of this theory that can command universal assent, that is subject 
to experimental verification, and that is equally appropriate whether one ascribes 
the theory to Poincaré and Lorentz or to Einstein, namely, 


‘““The restricted theory of relativity is the theory that the spatial and 
temporal coordinates of events, measured in any one inertial reference 
system, are related to the spatial and temporal coordinates of the same 
events, as measured in any other inertial reference system, by the Lorentz 
transformations.”’ 


Every prediction of the theory, thus defined, that has yet been tested, has been 
verified. 


Thus defined, the theory is a verifiable statement about measurements 
made in inertial reference systems. It does not offer any causal explanation 
for the validity of the Lorentz transformations as relations between measurements 
made in different systems; it is derivable, as Einstein showed, from two postulates 
which are verifiable statements about the characteristics of natural phenomena, 
and the validity of this derivation is completely independent of any hypotheses 
or theories which might be held to give a causal explanation of these 
characteristics. 


The theory was developed independently by Poincaré and Lorentz (Whittaker 
1953) and by Einstein (1905). The points of view adopted in these two lines of 
development were so markedly different* that it will be necessary here to consider 
both. 


II. SILBERSTEIN’S STATEMENT OF THE PRINCIPLE 


To illustrate the nature of our problem we take, as an example, the form of 
statement of the principle given by Silberstein (1922) and typical of a number of 
serious and responsible authors. 


* This applies more particularly to Einstein’s early papers. His views tended to approach 
those of Poincaré and Lorentz somewhat more closely with the passage of years (Builder 1958) ; 
but we are here more concerned with his early views because these have been so widely quoted 
and adopted by exponents of relativity theory that they may be said to have dominated the 
now-current attitudes to the subject. 


THE CONSTANCY OF THE VELOCITY OF LIGHT 459 


Silberstein’s Statement 
“Light is propagated in vacuo, relatively to any inertial reference 
system, with a velocity c, constant and equal for all directions, no matter 
whether the source emitting it is fixed or moving with respect to that 
system.”’ 


He goes on to say: “ This is shortly referred to as uniform and isotropic light 
propagation in any inertial system.”’ 

To appreciate the spectacular character of this statement, it is necessary to 
recall that the Maxwell-Lorentz theory supposed that light is propagated in a 
universal stationary medium (ether) with a velocity c characteristic of the medium 
and independent of the motion of its source. On this theory it would seem to be 
incontrovertible that the propagation of the light, relative to any inertial system 
in motion relative to the ether, would be non-uniform and anisotropic, i.e. it 
would be propagated relative to the inertial system with different speeds in 
different directions. This inference fits in with our commonsense view of motion. 


Silberstein’s statement explicitly denies this anisotropy of light propagation 
relative to any inertial system. 

Is this what Silberstein meant to convey by his statement? This question 
can be answered definitely in the affirmative by considering how he applied the 
principle in discussing the ether hypothesis. His argument (Silberstein 1924) 
can be set out in the form: 


(a) The restricted theory of relativity requires acceptance of the principle of 
the constancy of the velocity of light. 

(b) According to the Maxwell-Lorentz theory it is necessary to postulate the 
existence of a universal, all-pervading, stationary ether to account for the 
phenomena of electrodynamics and, in particular, to account for the fact 
that the propagation of light is independent of the motion of its source. 

(c) Yet according to the principle, as stated above, light is propagated iso- 
tropically with the same constant speed ¢, irrespective of the motion of its 
source, relative to every inertial reference system. 

(d) Hence, if it is necessary in the Maxwell-Lorentz theory to postulate the 
existence of an ether, it is equally necessary to postulate a similar ether 
associated with every one of the infinity of possible inertial reference systems. 

(e) This is clearly absurd and inconceivable, so that the ether concept breaks 
down and must be discarded completely. 


This argument can be briefly summarized by the following quotation from 
Sommerfeld (1952, p. 235): 


‘‘ In the earlier but long since discarded theory of the universal ether, the 
independence of the light wave from the state of motion of the emitting 
body was readily understood... The constancy of velocity of light is 
today the only valid remnant of the ether concept. If at present we should 
speak of an ether, we would have to assign a separate ether to every 
frame of reference, i.e. speak e.g. of a primed and an unprimed ether. 
We now regard Lenard’s ‘ absolute ether’ merely as a freak. . .” 
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The same argument seems clearly to be implied by the numerous authors who 
have stated that the Michelson-Morley experiment proved the ether hypothesis 
to be wrong; it is difficult to envisage any other argument that would lead to 
this conclusion. 

These arguments demonstrate clearly that Silberstein’s statement of the 
principle was understood by him, and by others, to be a substantial statement 
about the propagation of light relative to each and every inertial system im 
exactly the same sense that the Maxwell-Lorentz theory claimed to be a substantial 
statement about the propagation of light relative to one particular inertial system 
at rest in a universal stationary ether. If this were not so, step (d) of the foregoing 
argument would fail. 

‘Silberstein’s statement, thus interpreted, is indeed revolutionary in its 
implications. It confounds all our commonsense and physical notions and 
denies to us any comprehensible physical picture of the nature and behaviour 
of light. 

Must we then accept it as a correct and necessary consequence of relativity 
theory? Before doing so we must at least examine it with great care. 


III. LogicaL OBJECTIONS TO SILBERSTEIN’S STATEMENT 

There are serious logical objections to Silberstein’s statement if it is taken 
in the literal sense indicated by his own and other applications of it in discussion 
of the ether hypothesis. In this sense it is a statement about the propagation 
of light. 

‘The principle of the constancy of the velocity of light can only be justified 
by means of the restricted theory of relativity. Such justification might be 
achieved in one of two ways. On the one hand, the principle may be regarded 
a8 an essential postulate of the theory and the success of the theory may be 
regarded as evidence for the validity of this postulate. On the other hand, the 
principle may be regarded as an inference from, and a consequence of, the 
restricted theory. In either case, the justification rests on the validity of the 
restricted theory. 


Now it has been pointed out, in Section I above, that the only statement 
of the restricted theory that can command universal assent, and that is subject 
to direct experimental verification, is a statement about measurements made in 
inertial reference systems. 


Thus, so far as it is based on the validity of the restricted theory, the principle 
can only be a statement about measurements made in inertial reference systems. 


Any further inference about the propagation of light must therefore neces- 
sarily depend on the introduction of some additional theory or hypothesis which 
satisfactorily relates such measurements to the physical phenomenon of light 
propagation. Thus, to ascertain whether Silberstein’s statement about the 
propagation of light is justifiable, it is necessary first to analyse the measurement 
techniques and procedures themselves and then to investigate how the measure- 
ment results so obtained can be used to provide information about the propagation 
of light. 
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A detailed analysis of this sort is presented in the following sections of the 
present paper and it is shown that Silberstein’s statement, taken literally; cannot 
be justified. On the contrary, it is shown that the principle, as a statement 
about measurements based on the restricted theory, taken together with the 
only available physical theory of the propagation of light, ie. the Maxwell- 
Lorentz theory, leads to quite different conclusions. 


It is also worth noting that, in any case, it is fairly obvious that Silberstein’s 
statement could not be a substantial statement about the behaviour of light in 
exactly the same sense aS would the corresponding statement of the Maxwell- 
Lorentz theory. This theory claimed to give a description of the behaviour 
of light about which all observers would agree, after having made appropriate 
measurements and after having made appropriate corrections for the effects on 
their measurements of their own motions. In this, the Maxwell-Lorentz theory 
itself provided the necessary link between the measurements and the phenomena 
under investigation. 

The character of Silberstein’s statement is quite different. It asserts that 
light is propagated isotropically with speed ¢ relative to any and every inertial 
reference system. But this is not a statement that can command universal 
assent, for the following reasons. 


Consider any arbitrarily selected inertial reference system S. According 
to the restricted theory, measurements made by observers in S of the speed 
of light will all give the value ¢, irrespective of the direction of propagation ‘of 
the light and irrespective of the motion of its source. These measurement results 
would therefore be compatible with the S-observers supposing that light is 
propagated isotropically relative to their system ; but they would not be proof 
of such isotropy without an additional hypothesis according to which the measure- 
ment results are direct evidence of physical isotropy. 

Consider now a second inertial reference system S’ in motion relative to 8 
with speed v. Measurements by observers in S’ will also give always the value c 
for the velocity of light relative to their system, and would be compatible with 
their also supposing the light to be propagated isotropically in their system. 
However, their measurements of the velocity of light relative to the system S 
would give values ranging between the limits c+v and e—v, depending on the 
direction of the light propagation relative to the direction of the observed motion 
of S. These measurements would be compatible with the anisotropy of propaga- 
tion of the light relative to VS. 

Now, if one attempted to persuade the S’-observers that the light is in fact 
propagated isotropically relative to S, with the constant velocity c, they could 
reconcile this with their own measurements only by making an appropriate 
correction for their own motion relative to S. This correction would, however, 
result also in their corrected measurements giving different values for the velocity 
of light in different directions relative to their own system. 


It is therefore difficult to see any way in which the S’-observers could be 
persuaded that their measurements are compatible with the same rays of light 
being propagated isotropically relative both to their own system S’ and to the 
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system 8. Thus predictions of the restricted theory can only show that the measure- 
ments made in each inertial reference system of the velocity of light are compatible 
with isotropic propagation of light relative to that system and anisotropic propagation 
of light relative to every other such system. 

The only possible objection to the foregoing argument is that it is at fault in 
stating that, according to the measurements of the S’-observers, the speed of 
light relative to the system S will vary between the limits ¢+v and e—v, depending 
on the direction of propagation of the light. The basis for such an objection 
would be that, in calculating the speed of the light relative to S, the S’ observers 
should have used the so-called “ relativistic law of addition of velocities”. It 
is, however, shown in Section VII below that this objection must be rejected 
because the application of the so-called law in such a calculation is not permissible. 

It is therefore concluded that Silberstein’s statement cannot command 
universal assent and cannot therefore be a substantial statement about the 
physical behaviour of light in exactly the same sense as the corresponding 
statement of the Maxwell-Lorentz theory. Thus step (d) in Silberstein’s 
argument, as set out in Section II above, cannot be sustained. 


IV. POINCARE AND LORENTZ 

The Maxwell-Lorentz theory envisaged, and indeed required,* the existence 
of a universal stationary ether as the bearer of electromagnetic fields and as the 
medium of propagation of disturbances of such fields with a definite velocity ce 
characteristic of the ether and independent of the motion of the source of the 
disturbance. 

The principle of the constancy of the velocity of light could therefore be 
stated in terms of Maxwell-Lorentz theory in the form: 


Statement according to the Maxwell-Lorentz theory 
According to the Maxwell-Lorentz theory light is propagated 
isotropically in a universal homogeneous isotropic and stationary medium 
in a manner uniquely determined by the properties of the medium, and 
therefore independent of the direction of propagation and of the motion of 
the source of the light. 


This is obviously a substantial statement about the physical characteristics 
and nature of light. Thus it was to be expected that an observer in uniform 
motion relative to the ether would be able to detect his motion by detecting the 


anisotropy of the propagation of light relative to him, even if the light source 
were moving with him. 


* The Maxwell-Lorentz theory, as such, is stated explicitly in terms of such an ether. The 
equations of this theory, in which the velocities are defined as velocities relative to the ether, 
must therefore be distinguished sharply from the relativistic equations of electrodynamics, which 
are identical in form, but in which the velocities are defined as velocities measured in the particular 
inertial reference system being used. The corresponding distinction between the Fitzgerald- 
Lorentz contraction, defined as a contraction caused by motion relative to the ether, and the 
observable relativistic length contraction, is also desirable. Whether the ether hypothesis 
remains essential in a causal relativistic description of electrodynamical phenomena is a wider 
question with which I have dealt elsewhere (Builder 1958) ; but whatever the final answer to this 
question, these distinctions remain desirable. 
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This expectation was, of course, refuted by the Michelson-Morley experiment 
and by all similar experiments which followed it, thus preserving the principle 
of relativity of uniform motions which Poincaré (1904) restated in the form: 


“The principle of relativity according to which the laws of physical 
phenomena should be the same, whether for an observer fixed, or carried 
along in a uniform motion of translation, so that we have not and could 
not have any means of discerning whether or not we are carried along in 
such a motion.” 


For brevity this will here be referred to as the principle of relativity since the 
present context naturally excludes any wider connotation of this term. 

The task faced by Poincaré and Lorentz was therefore the reconciliation of : 

I. The principle of relativity. 
II. The principle of the constancy of the velocity of light, according to the 
Maxwell-Lorentz theory, as stated above. 
These may therefore be regarded as the postulates from which they derived 
the restricted theory. 

Neither postulate could very well be discarded. The experimental evidence 
in favour of the principle of relativity was overwhelming. On the other hand, 
the Maxwell-Lorentz theory had, in all other respects, proved to be a wholly 
successful description of all the available empirical data relating to light and 
electrodynamics. There was no available alternative. The ballistic theory of 
Ritz (1908) is incompatible with these data; in particular it is incompatible 
with the fact, now securely established experimentally, that the velocity of light 
is independent of the motion of its source. This last is further discussed in 
Section VIII below. 

Poincaré and Lorentz, by work extending over the period 1892-1904, 
succeeded in establishing the restricted theory of relativity and thus reconciling 
the two postulates given above ; a detailed account of this development is given 
by Whittaker (1953) and need not detain us here. In achieving this they did 
not need to modify the concept of the ether in the Maxwell-Lorentz theory nor 
did they need to modify the principle of the constancy of the velocity of light 
according to that theory. The ether hypothesis was not only retained ; it also 
provided the basis for a causal explanation for the fact that measurements 
made in different inertial reference systems are related by the Lorentz trans- 
formations. 

The hypothesis, put forward independently by Lorentz (1892) and by 
Fitzgerald (see Lodge 1893), that bodies in motion relative to the ether with 
speed v are contracted, in the direction of their motion, by the factor / (1 —v?/e?), 
was sufficient by itself to account for the negative result of the Michelson-Morley 
experiment. Moreover, it entailed* the consequence that clocks in motion 


* I have pointed out elsewhere (Builder 1958) that the Fitzgerald-Lorentz contraction and 
the clock-rate reduction are not two independent hypotheses. This seems first to have been 
shown by Larmor (1900) and can readily be illustrated by considering a simple clock consisting of 
a rigid rod fitted with reflectors at each end so that a ray of light will be propagated backwards 
and forwards along the length of the rod. It can be shown that, if the rod suffers the Fitzgerald- 
Lorentz contraction when moving, the frequency with which the light traverses the go-and-return 
path along the rod will be reduced by the factor / (1—v?/c?). 
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relative to the ether with speed v should also suffer a reduction in rate by the 
factor 4/(1 —v?/c?). 

The Fitzgerald-Lorentz contraction and the entailed clock-rate reduction, 
taken together, are sufficient to explain the fact that measurements made in 
different inertial reference systems can be related by the Lorentz transformations ; 
it was only necessary to recognize also that the ‘“ local time” of Lorentz, which 
he had originally devised as a mathematical trick to achieve covariance of the 
Maxwell-Lorentz form of equations to the Lorentz transformations, is the only 
“time” that can be established in an inertial reference system moving with 
unknown velocity through the ether. Poincaré recognized this in 1904* and 
in the same paper prescribed the now well-known relativistic method of 
synchronization of clocks in any inertial reference system. 


The Poincaré-Lorentz postulates I and II themselves entail the impossibility 
of ever discovering how light is propagated relative to any inertial reference system. 
In other words, they preclude the possibility of making any measurements that 
could reveal whether or not light is propagated isotropically relative to any particular 
inertial reference system, or of revealing the degree of anisotropy. This is obvious : 
propagation of the light in the ether is isotropic (postulate II) but the detection 
of anisotropy in the propagation relative to an inertial reference system would 
reveal the motion of the system relative to the ether in contravention of the 
principle of relativity (postulate I). 


More specifically, this entails the impossibility of measuring the velocity of 
light relative to any inertial reference system by determining the time taken 
for a light signal to travel over a unidirectional path from one point in the system 
to another, i.e. the impossibility of measuring the unidirectional velocity of 
light over a one-way path in the system. For were such measurements possible 
they would reveal any anisotropy of light propagation relative to the system in 
contravention of the principle of relativity. 

Let us suppose that observers in an inertial reference system were to attempt 
such measurements. They would have to establish the facilities necessary to 
measure the time taken for a light signal to travel over a measured distance 
from one point A in the system to another point B. This would require having 
at A and B clocks known to be synchronous. To achieve such synchronization 
it would be necessary to relate the readings of the clock at A to the readings 
of the clock at B by some signalling method. The fastest available signal is a 


* Minkowski (1908) was incorrect in ascribing the first recognition of this to Einstein. On 
the other hand Einstein (1907) stated, as quoted in Section VI below, that this recognition was 
all that was essential to solve the basic problem. 

} It is sometimes erroneously stated that measurements of light velocity over a unidirectional 
path can be made in a terrestrial laboratory without this provision, e.g. by the use of a pair of 
toothed wheels running synchronously on a common shaft. This is fallacious. I+ presupposes 
that the common shaft is a guarantee of synchronization. This is not so. The shaft cannot be 
set in rotation by torques applied synchronously at its two ends without having available two 
synchronized clocks to ensure that the application of the torques is synchronous. [If it is set in 
rotation by a torque at one point, the time required for transmission of the torque along the 
rod will upset the synchronization by an amount which could not be ascertained unless synchronized 
clocks were available. This remains true however short the shaft may be. 
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flash of light; thus it would be necessary to allow for the time of transmission 
of the light signal from point A to point B, or vice versa. To make this allowance 
it would be necessary to know the velocity of light, in each direction, relative 
to the system. Thus the clocks cannot be synchronized unless the unidirectional 
velocity of light relative to the system is known, and the unidirectional velocity of 
light relative to the system cannot be measured without synchronizing the clocks. 
It can be shown that all other methods of synchronization, e.g. by slow transport 
of clocks from one place to another, are subject to the same limitations. 

It clearly follows that when we speak, as we often do, of the “ velocity of 
light measured in an inertial reference system’? we cannot be speaking of a 
measurement of the unidirectional velocity ; nor can we be speaking of a measure- 
ment which contains any information about the propagation of light relative 
to the system or which can be used as a basis for any substantial statement about 
the propagation of light relative to the system. 

What then are we to understand by ‘ the velocity of light measured in an 
inertial reference system”? It means the average velocity of a light signal 
propagated over a go-and-return path. 

This average velocity is obviously measurable. This requires only the use 
of a single clock, located at the point A of emission of a light signal, to measure 
the time taken for the signal to reach a distant point B in the system and to 
return to the point A after reflection at B. Knowing the time taken and the 
total distance travelled, the average velocity can be calculated immediately. 

Since this average velocity is measurable in any inertial reference system, 
the principle of relativity (postulate I) requires that its measured value must be 
the same for all directions in any one system and must have the same value ¢ in 
all such systems as in the ether. Otherwise such measurements, e.g. using the 
Michelson-Morley experiment, would enable the motion of the system, relative 
to the ether, to be detected, in contravention of the principle of relativity. 

This is the principle of the constancy of velocity of light of the restricted 
theory. To avoid confusion it should be referred to more explicitly as the 
principle of the constancy of the measured average value of the velocity of light over 
go-and-return paths, and it should be stated in some such form as the following : 

The principle of relativity precludes any possibility of ascertaining 
how light is propagated relative to any inertial reference system. The only 
measurements possible are measurements of the average speed of light over 

a go-and-return path and these always give the same value ¢ irrespective 

of the direction of transmission of the light and irrespective of the motion 

of its source. 
To this it may perhaps be objected that observers in an inertial reference system 
ean in fact make measurements of the speed of light propagated over a one-way 
path in their system when once they have synchronized their clocks by the 
method specified by Poincaré (1904) and by Einstein (1905) and that, if they ‘do 
so, they must, in accordance with the principle of relativity, always obtain the 
value c. 

This objection cannot be sustained. Although, in such a measurement 
procedure, the light is propagated over a one-way path from one point A in the 
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system to another point B, the result is still a measurement of the average velocity 
over a go-and-return path from A to B because of the procedure, necessarily 
involved in the measurements, of synchronizing the clocks at A and B. 

The prescribed method of synchronizing the two clocks is as follows. Let 
a ray of light be emitted from A when the clock there reads ¢,; let it reach B 
when the clock there reads t, and let it be then reflected back to reach A again 
when the clock there reads t4. The two clocks are synchronized if 

tt, =t, —t,- 
In other words, the clocks are to be set so that measurements made by these clocks will 
give the same time for transmission from A to B as from B to A. Thus, according 
to these clocks, the time taken for light to travel in either direction will be equal 
to the time it would take if it were propagated at a speed equal to its average 
speed from A to B and from B to A. 

This method of setting the clocks is a convention which leads to a conventional 
measure of the velocity of light from A to B or from B to A. This conventional 
aspect of the restricted theory is discussed in Section IX below. Thus, in the 
context of the restricted theory, the velocity of light must be interpreted as a 
conventional reference to the measured average value of the speed of the light 
over a go-and-return path. 

In this context, measurements of the ‘‘ velocity of light ” clearly lack any 
simple and direct relation to the physical propagation of light relative to the 
inertial reference system in which the measurements are made. If we do wish to 
infer from such measurements anything about the propagation of light relative 
to an inertial reference system, the only tenable physical theory at our disposal 
is that of Maxwell and Lorentz. And it has been shown above that the results 
of such measurements are predicted by, and are therefore compatible with, this 
theory. 


V. EINSTEIN (1905) 
It can readily be shown that the conclusions reached in the last section 


are completely consistent with the expositions of the restricted theory given by 
Einstein (1905, 1907). 


In Section 1 of his 1905 paper, Einstein sets out the following statements 
about the synchronization of two clocks A and B at rest at different points in 
an inertial reference system : 


(i) ‘“‘ A common time for A and B. . . cannot be defined at all unless we 
establish by definition* that the ‘time’ required for light to travel 
from A to B is equal to the ‘ time ’ it requires to travel from B to A.” 


(ii) “Let a ray of light start at the ‘A-time’ t, from A towards B, let it 
at the ‘ B-time’ ¢, be reflected at B in the direction of A, and arrive 
again at A at the ‘ A-time’ ty. 


In accordance with definition the two clocks synchronize if 


iste 


* The italics are Einstein’s. 
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(iii) “‘ In agreement with experience we further assume the quantity 


2AB 
tA = 
yeae 


to be a universal constant—the velocity of light in free space.” 


His first statement (i) expresses the conclusion reached in Section IV that clocks 
can be synchronized by light signals in each inertial system only if we accept a 
conventional definition, that the “ time” required for light to travel from A to B 
is the same as that required for it to travel from B to A. This is equivalent to 
Poincaré’s assertion (1904) that the “local time” of Lorentz is the only time 
that can be established in an inertial reference system and, like it, is convenient 
because the principle of relativity precludes our ever discovering how light is 
propagated relative to the system. 


His second statement (ii) prescribes the method of synchronization, pre- 
viously given by Poincaré in 1904, for establishing the ‘“ local time ” of Lorentz 
in the system. 


His third statement (tii) declares explicitly that the quantity c is equal to the 
average velocity of light over the go-and-return path from A to B and back to A, 
i.e. it is twice the distance AB divided by the time t,—t4, measured on a single 
clock, for the go-and-return transmission. Moreover, it declares that in agreement 
with experience, i.e. the results of the Michelson-Morley and other experiments, 
this quantity ¢ is a universal constant. This is in precise agreement with the 
conclusion reached in Section IV that the principle of relativity precludes our 
ascertaining how light is propagated relative to an inertial reference system 
but requires that the average velocity of the light, measured over a go-and-return 
path, shall have the same value ¢ in all such systems. 


Statement (iii) concludes with a parenthetical phrase identifying the universal 
constant ¢ with the “ velocity of light in empty space’’. The meaning of this is 
by no means clear. It might, on the one hand, be taken to be a definition of the 
“velocity of light in empty space ’’ in any inertial reference system ; if this is 
so, it is clear that this definition precludes any possibility of this ‘ velocity ” 
implying any information about the anisotropy of light propagation relative to 
such a system. It might, on the other hand, be taken as an identification of the 
quantity ¢ with the velocity of light in the ether according to the Maxwell-Lorentz 
theory ; but this interpretation seems to be excluded by Hinstein’s claim, in the 
introductory paragraphs of the same paper, that the concept of the ether is 
superfluous.* 

Thus Hinstein’s statements (i), (ii), (iii) are completely compatible with, 
and may even be held to express concisely, the conclusions reached in Section IV 
above. In particular, they are clearly compatible with the statement there 
given of the principle of constancy of light velocity and the corresponding 
interpretation of the “ velocity of light ” in the context of the restricted theory. 


* Though he did not long adhere to this view (Builder 1958), the fact that he did indeed hold 
it in 1905 is confirmed by his more emphatic statement in his 1907 paper. 
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Yet, in Section 2 of his paper, Einstein immediately, without any further 
definition of terms, sets out his two postulates, which he refers to as the principle 
of relativity and the principle of the constancy of the velocity of light, as follows : 


I. “The laws by which the states of physical systems undergo change 
are not affected, whether these changes of state be referred to the one 
or the other of two systems of coordinates in uniform translatory 
motion.” 

Il. “‘ Any ray of light moves in the ‘stationary’ system of coordinates 
with the determined velocity c, whether the ray be emitted by a stationary 
or by a moving body. Hence 

: light path 
velocity = terri 


where the time interval is to be taken in the sense of the definition of 
Section 1.” 


The “ stationary ’? system he had defined in Section 1 as any arbitrarily selected 
inertial reference system. 


Taken literally, the statement of postulate IT is, like that of Silberstein, 
a statement about how light moves relatively to an arbitrarily selected inertial 
reference system. Taken thus, it asserts unequivocally that light is propagated 
isotropically relative to such a system.* This is undoubtedly how it has been 
interpreted by Silberstein and others, as discussed in Section II above. 


Yet the context shows that this literal interpretation is quite untenable 
because it is wholly incompatible with the statements (i), (ii), (iii) quoted above: 
from Section 1 of his paper. The possibility of making any assertion about how 
“light moves’ in the system had been specifically denied in statement (i). 
The ‘‘ velocity ¢”’ of light had been defined in statement (iii) as the average 
speed over a go-and-return path. 


Thus, in the full context, we can only properly interpret postulate II as a. 
statement in which the “ determined velocity c”’ is that defined by statement (iii). 
We must therefore infer that the statement.that ‘ light moves ” with the “ deter- 
mined velocity c”’ can be interpreted only to mean that measurements of the 
velocity of light rays, made by observers in the system, utilizing the conventions 
prescribed in statements (i) and (ii), must always give the same value e “‘ whether 
the ray be emitted by a stationary or by a moving body”. 


* It is important to note that, taken literally, the postulate would be indistinguishable from: 
the principle of constancy of light velocity according to the Maxwell-Lorentz theory if one supposed 
the “stationary ’’ system to be at rest in the ether. The “ time interval”, ‘“ taken in the sense 
of the definition of Section 1”, would then be identical with the “ absolute ” time of a system. 
at rest in the ether. 

Nor would Hinstein’s derivation of the restricted theory be in any way affected by such an 
identification because the definition of the stationary system does not enter into, or affect, his utilization: 
of the postulate. 

It is indeed difficult to avoid the feeling that Einstein’s use of “ stationary ’ was an uncon-. 
scious reflection of the fixed ether of the Maxwell-Lorentz theory. That this may have been the: 
case is to some extend supported by the introductory paragraphs of his 1907 paper. 
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Thus interpreted, postulate IIT becomes, once again, a statement about 
measurements, and not a statement about the propagation of light relative to the 
System. And it expresses the conclusion, required by the principle of relativity 
of postulate I, that such measurements must fail to reveal any anisotropy of 
light propagation relative to the system. Once again, any inference from the 
postulate about the propagation of light relative to the system would require a 
further physical theory about the relation of the measurements to the phenomenon 
of propagation. Such a theory would lie outside the context of the restricted 
theory as it was defined in Section I; in any case, the only tenable theory 
available is that of Maxwell and Lorentz. 


VI. EINSTEIN (1907) 

The conclusions reached in the last two sections are further supported by 
reference to Hinstein’s second comprehensive paper on the restricted theory, 
published in 1907. 

In the introduction to this paper he again specifically rejected the ether 
‘hypothesis. Moreover, he rejected the Fitzgerald-Lorentz contraction hypothesis 
as an ad hoc assumption and an artificial device to rescue the Maxwell-Lorentz 
theory from the results of the Michelson-Morley experiment. He then states: 


‘* However, it turned out surprisingly that it was only necessary to define 
sufficiently precisely the concept of time to overcome these difficulties. 
It required only the recognition that the auxiliary ‘ local time’ of Lorentz 
can be defined simply as the ‘ time’. . . The Fitzgerald-Lorentz hypothesis 
then appears as a necessary consequence of the theory.” 


I have quoted this statement in full partly because of its importance in the 
assessment of the historical significance of Poincaré’s recognition of this in 1904, 
as discussed in Section IV above. 

It is, however, also important as contextual background for his subsequent 
treatment of the problem of clock synchronization. He assumes an inertial 
reference system to be equipped with ideal standard clocks and, without further 
discussion, simply states : 

““We now assume that the clocks can be so adjusted that the velocity of 
propagation of a light ray in vacuum—measured with the aid of these 
clocks—will everywhere be equal to a universal constant c. 

Tf A and B are two points fixed in the coordinate system. . ., 
whose separation is r, and if t, is the reading of clock A when a light ray 
is emitted in the direction AB, and t, the reading of the clock B on arrival 
of the light signal then, irrespective of the motion of the light source, 


1} (te —t,) =C. 
That the assumption here made, which we will call the ‘ principle of the 


constancy of the velocity of light’ should be satisfied in nature is by no 
means obvious, yet this. . . is made plausible by the confirmation it has 


been given by experiments.” 
‘This restatement by Einstein confirms entirely the interpretation, given in 
Section V above, of his 1905 paper. 
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The principle, as he now states it, is simply “ that the velocity of propagation 
of a light ray—measured with the aid of these clocks—ill everywhere be a universal 
constant ¢” and it is here clearly given as a prescription of how the clocks shall 
be set. 

It has thus clearly become a statement about a conventional procedure of 
measurement. Any simple and direct inferences about the propagation of light 
relative to inertial reference systems have been omitted and have, in fact, been 
clearly precluded by the context. 


VII. Tue RELATIVISTIC LAW OF TRANSFORMATION OF VELOCITIES 

The principle of the constancy of the velocity of light can be inferred from 
the relativistic law of transformation of velocities. This law is itself simply 
derivable from the Lorentz transformations and provides a relation between the 
velocity of a thing as measured in any one inertial reference system S and the 
velocity of the same thing as measured in any other inertial reference system S’. 
In particular, if the measured value of the velocity of light in the system S is ¢, 
the transformation gives the same value ¢ for its velocity measured in the system 
S’. Thus the principle of the constancy of the velocity of light appears once 
again as a statement about measurements made in inertial reference systems, in 
agreement with the conclusions reached in previous sections. 


Nevertheless, it is necessary to discuss the law in some detail here because 
it has sometimes been misapplied and has thereby led to some erroneous inferences 
which might be presented as objections to the conclusions reached in previous 
sections. Such inferences have arisen out of a serious ambiguity in the meaning 
of the term relative velocity. It is therefore necessary to set out here a definition 
of this term (to be referred to as the old definition) and to show that an alternative 
definition sometimes used (the new definition) is untenable. 

The velocity of a thing is its velocity stated in terms of the coordinates of 
some specified inertial reference system 8. We will refer to it as the velocity of 
the thing measured in S or, more briefly, as the velocity of the thing in S. This 
definition is not to be taken to imply the existence of any physical system corres- 
ponding to the inertial reference system 8. On the contrary, the system S is 
to be understood primarily as a system of coordinates in the mathematical sense, 
and the phrase “‘ measured in 8” is to be understood primarily to mean 
“‘ expressed in terms of the measures, i.e. coordinates, of 8’. It is true that the 
actual measurement of such a velocity implies the use of some physical system 
corresponding to at least one inertial reference system but, once this measurement 
has been made, the velocity in any other inertial reference system may be 
calculated by utilizing the relativistic law of transformation. 

The relative velocity of two things is the velocity of one thing A relative to 
another thing B, measured in some specified inertial reference system S as the 
simple vector difference u,—u, between the velocities u, and u, of the two things 
in S (old definition). 

Thus a relative velocity measured in S is a simple vector relation between 
the velocities in S of two real things such as bodies, light quanta, light rays, etc., 
and is to be calculated by the parallelogram or vector law of addition. Thus any 
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statement that implies such a relation is essentially a statement about relative 
velocities. To illustrate this, consider the postulate that “ the velocity of light 
is independent of the motion of its source”. This is a statement of relation 
between the velocity of light and the velocity of its source, both measured in the 
one inertial reference system. It could obviously be restated, explicitly in terms 
of relative velocities, in the clumsy but equivalent form: “ If a ray of light is 
propagated in any direction i in S, after being emitted from a source moving 
with velocity v in S, its velocity relative to its source, as measured in S, has the 
value ci—v, whatever the value of v and whatever the direction 7.” 

Now, if one of the things B, referred to in the definition, is at rest in 8, so 
that u,—0, the velocity of A relative to B, measured in S, is u,—u,—u, and is 
equal to the velocity u, of A in 8. It would therefore seem that one could, 
if one wished, speak of the velocity u, of A in S as the velocity of A relative to S 
measured in S, though it would be a rather superfluous and rather clumsy way of 
referring to what is already sufficiently and concisely described as the velocity of 
Ain 8. It might, however, properly be objected that the concept of relative 
velocity is essentially one of relation between the motions of two real things, 
whereas the inertial reference system S does not necessarily imply the existence 
of any physical system or of any real thing at rest in S. 

However this may be, it will be shown that i is certainly not permissible 
to refer to the velocity of A in S as the velocity of A relative to S or as the velocity 
of A relative to some thing at rest in S. To do so would be to utilize a new 
definition of relative velocity which will be shown to be untenable. This new 
definition would state that the velocity of A relative to B is the velocity of A in 
the rest system of B, 1.e. expressed in terms of the measures of the inertial reference 
system in which B is, at least momentarily, at rest. It is to be noted that this 
would exclude from the concept of relative velocity the corresponding relation 
between the velocities of A and B measured in any other inertial reference system. 
In other words, it would imply that the only significant relation between the 
velocities of bodies is the relation between their velocities in the rest system of 
one of them. 

The consequences of using this new definition can be illustrated thus. 
According to it, the velocity of light relative to its source is its velocity measured 
in the rest system of the source. The velocity of light is ¢ in every inertial 
reference system. Therefore the velocity of light relative to its source is ¢, 
and this would remain so irrespective of changes in the motion of the source. 
We would then have, as a consequence of the restricted theory, the statement 
that “ the velocity of light relative to its source is ¢ irrespective of the motion 
of the source’, while we have, as a postulate of the theory, the statement that 
“ the velocity of light is independent of the motion of its source ”, and we have 
shown above that this can only mean that the velocity of light relative to its 
source depends on the motion of its source. 

This apparent contradiction is of course due to the fact that different 
definitions of relative velocity have been used in the two statements. To avoid 
such contradictions we must make a choice between these definitions. There 


are grave objections to the new definition. 
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In the first place, it should be noted that in the context of Newtonian 
relativity the new and old definitions would always result in the same value for 
the relative velocity, simply because the measured value of the relative velocity 
would be the same for all inertial reference systems ; it might therefore be thought 
that there would be no essential difference between the two definitions. But 
this is not so. For, even in this context, the new definition conceptually 
contravenes a principle which is basic in the formulation of the laws and equations 
of physics, i.e. that in every statement of a physical law, in every physical equation, 
and in every description of natural phenomena, all the quantities referred to must be 
stated in terms of the measures of one and the same reference system. The necessity 
for this principle was in no way affected by the fact that the laws and equations 
of Newtonian mechanics retained the same form in every inertial reference 
system; indeed this covariance itself depends on all the quantities specified 
in the laws and equations being measured in the particular reference system 
being used. Thus the new definition is conceptually inadmissible in the context 
of Newtonian relativity even though it would not lead to obvious contradictions. 


But in the context of the restricted theory the relations between velocities 
are no longer independent of the reference system. Thus any departure from 
the principle of stating these relations in terms of the measures of the single 
reference system implied in any physical statement, whether it be a law or an 
equation or a description of phenomena, can only lead to chaos. The new 
definition clearly contravenes this principle in the worst possible way in that 
it leads to physical statements in terms of the measures of an unspecified 
multiplicity of unspecified inertial reference systems, e.g. to a statement about 
the velocity of light relative to its source, measured in all the rest systems of a 
source of which the motion is completely unrestricted and unspecified. 


In the second place, it is to be noted that the rejection of the old definition 
and the adoption of the new would be abortive. To illustrate this, consider once 
again the postulate that ‘‘ the velocity of light is independent of the motion of 
its source’. This is a description, in terms of the measures of any one arbitrarily 
selected reference system, of a physical relation which could be expressed by 
saying that ‘“‘ the motion of light is independent of the motion of its source”. 
If we were to adopt the new definition and reject the old, we would then have to 
formulate a description, in terms of the new definition, corresponding to this 
physical relation. Since the only statement of relation that is admissible 
according to the new definition is the relation measured in the rest system of the 
source, we would be forced to the statement that “‘ the velocity of light relative 
to its source always has the same value ¢, irrespective of the motion of its source ” ; 
but this statement fails to characterize uniquely the postulated physical relation, 
for it would remain true even if the emission were ballistic, i.e. if the motion 
of the light were determined by the motion of its source. 

We thus conclude that the new definition must be rejected and the old 
definition retained in the context of the restricted theory. 

Thus we must continue to calculate relative velocities by the simple vector 
law, i.e. the parallelogram law, of addition of velocities, even though we must 
replace this law by the relativistic law of transformation for the transformation 
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of velocities from the measures of one inertial reference system to the measures 
of another. 

Thus the claim, frequently made, that the parallelogram law of addition 
of velocities has been replaced by the relativistic law of transformation is true 
only in regard to transformations of velocities from the measures of one inertial 
reference system to the measures of another. It is not true in regard to calcu- 
lations of relative velocities. It is perhaps worth also making the obvious, but 
not trivial, remark that it is certainly not true of the resolution and composition 
of velocities which is the basis of all mathematical formulations of kinematics ; 
in spite of the restricted theory we continue freely and without embarrassment 
to use the parallelogram law to resolve velocities into their tangential and normal 
components, to resolve them into their Cartesian components, to add such 
components, or to add the velocities of two or more simple harmonic motions, 
and so on. 

Thus the practice of referring to the relativistic law of transformation of 
velocities as the “ relativistic law of addition (or composition) of velocities”, 
although originated by Einstein (1905, Section 5, ‘“‘The Composition of 
Velocities ’’ ; 1907), and, although adopted by many authors such as Whittaker 
(1953) and Sommerfeld (e.g. 1952), is a misnomer which is both pointless and 
dangerously misleading. It is pointless because it is, at best, an inaccurate 
description of what is in fact a law of transformation. It is dangerous because 
it may be taken to imply (as it was meant to imply) that the law is to be used for 
purposes other than transformation. The new definition of relative velocity, 
discussed above, was also suggested in Section 5 of Hinstein’s 1905 paper when 
he, apparently quite casually, referred in effect to velocity in S as the velocity 
relative to 8. 

The appalling confusion to which this has led can be well illustrated by a 
further example. Eddington, who was precise and careful in his formal presenta- 
tions of relativity theory, made the following statement in a popular exposition 
(1928). 

‘‘ A feature of the relativity theory which seems to have aroused special 
interest among philosophers is the absoluteness of the velocity of light. In 
general velocity is relative. . . But it is a curious fact that if I speak of a 
velocity of 299,796 kilometres per second it is unnecessary to add the 
explanatory phrase. Relative to what? Relative to any and every star 
or particle of matter in the universe.” 


It is in fact necessary to add a number of explanatory phrases, i.e. to avoid this 
statement being taken seriously by laymen and philosophers or even by physicists. 
The fallacy is obvious. The argument leading to the statement must take 
the form: The old parallelogram law has been replaced by the new relativistic 
law of addition of velocities. Therefore, to calculate the velocity of light relative 
to any star or relative to any particle of matter, we must use the relativistic law 
of addition, i.e. we must calculate the relative velocity as measured in the 
momentary rest system of the star or particle. When we do this we always 
obtain the value ¢ irrespective of how the stars or particles are moving and 
irrespective of how their motions are changing. 
B 
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The statement must therefore be rejected as being based on an untenable 
definition of relative velocity. If we translate it into proper physical terms 
it becomes trivial and uninteresting, for all it amounts to is that, if we were to 
measure the velocity of light in the rest system of a star or particle, we would 
obtain the value c, just as we would in any other inertial reference system. 

The discussion in this section also demonstrates the fallacy in the possible 
objection mentioned in the penultimate paragraph of Section Tih 


VIII. THE BAruistic THEORY OF LIGHT 
We have now to consider a serious misapplication of the relativistic law of 
transformation of velocities which, in some recent discussions of the ballistic 
theory of light, has led to an absurd conclusion. 


In the ballistic theory it is postulated that light is emitted with a definite 
velocity relative to its source. Whittaker (1953, p. 38) treats the corpuscular 
theory as being synonymous with the ballistic theory. He states that, according 
to the corpuscular theory, 


‘“‘ the corpuscles emitted by a moving star would have a velocity which is 
compounded of the velocity of the star and the velocity of the light relative 
to a source at rest, just as an object thrown from a carriage window in a 
moving railway train has a velocity which is obtained by compounding its 
velocity relative to the carriage with the velocity of the train (the ballistic 
theory).” 


There is, of course, no a priori reason why light thus emitted ballistically should 
consist of simple corpuscles totally devoid of wave-like characteristics. An 
analogy, between the wave-like characteristics of electrons and the corpuscular- 
like characteristics of light quanta, has suggested to some authors the possibility 
that light quanta might be emitted ballistically ; but the general acceptance of 
the restricted theory of relativity has made it necessary for them to consider 
this possibility in the context of that theory. 

The great interest in the ballistic hypothesis at the beginning of this century, 
which led to the remarkable attempt by Ritz to develop a complete ballistic 
theory of electrodynamics, arose out of the fact that the ballistic hypothesis is 
compatible with the negative result of the Michelson-Morley experiment and 
would, if it were tenable, provide a complete and satisfactory explanation of that 
result within the context of simple Newtonian relativity. 

It is in fact easy to show that, in the strict logical sense, the ballistic 
theory of light and the principle of relativity, taken together, are equivalent 
to simple Newtonian relativity. Taken together, they entail this. Moreover 
simple Newtonian relativity would entail the principle of relativity and Roch 
also entail the ballistic theory of light. 

On the other hand, it has frequently been shown that the principle that the 
velocity of light is independent of the motion of its source and the principle of 
relativity, taken together, are equivalent to the relativity* of the restricted 


*I here distinguish the relativity of the restricted theory from the restricted theory of 
relativity, in accordance with the conclusions reached in Section IX below. 
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theory. Taken together they entail this. Moreover, the relativity of the 
restricted theory entails the principle of relativity and also entails the principle 
that the velocity of light is independent of the motion of its source. 

These statements are indisputable. Since the relativity of the restricted 
theory is incompatible with simple Newtonian relativity, it follows necessarily 
that the ballistic theory is incompatible with the relativity of the restricted theory. 

This same conclusion would also follow directly from a statement that the 
ballistic theory is incompatible with the principle that the velocity of light is 
independent of the motion of its source. This statement is certainly entailed 
by the definitions of the ballistic theory and of the principle. Any doubt about 
this could arise only out of the ambiguity in the definition of relative velocity 
discussed in Section VII above. 

The experimental evidence against the ballistic theory is quite overwhelming. 
Strong experimental evidence has led to general acceptance of the restricted 
theory of relativity and this entails acceptance of the principle that the velocity 
of light is independent of the motion of its source. Experimental evidence has 
also rendered untenable any theory of electrodynamics based on the ballistic 
hypothesis. Finally, it has now been well established directly by astronomical 
data, presented by de Sitter, Comstock, and others, as well as by terrestrial 
experiments, that the velocity of light is in fact independent of the motion of 
its source ; the wealth of such evidence has been summarized briefly by Whittaker 
(1953). 

In spite of all this, Matthias, Whittaker, and Sommerfeld have recently 
claimed that a ballistic theory of light emission is reconcilable with the restricted 
theory of relativity. 

The logical incompatibility of the ballistic hypothesis and the restricted 
theory, demonstrated above, is sufficient justification for rejecting this claim. 
Yet the matter is one of such fundamental significance that it seems necessary 
here to analyse the claims and demonstrate the fallacies in the arguments put 
forward. 

Whittaker (1953), having summarized the strong experimental evidence 
against the ballistic hypothesis, continues as follows : 

“Tt was now recognised that these observational findings, which in the 

nineteenth century might have been supposed to tell in favour of the 
wave theory, were actually without significance one way or the other. . . 
For, according to relativity theory, even on a corpuscular hypothesis, 
a corpuscle which had a velocity c relative to its source would have the 
same velocity ¢ relative to any observer, whether he shared in the motion 


of the source or not.” 

The fallacy in this is obvious. In the context of the restricted theory, the 
statement that a corpuscle has a velocity ¢ relative to its source has no definite 
meaning unless the reference system, in which this is claimed to be true, is specified. 
If it is supposed that the instantaneous rest system of the particle is implied, the 
statement is insufficient to entail that the emission be ballistic, for the statement 
is equally true of emission in accordance with the principle that the velocity of 
light is independent of the motion of its source. Thus the inference from this. 
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statement, that the emitted light has the same velocity ¢ relative to any inertial 
system of reference, tells us nothing about the ballistic theory. 

Furthermore, if it is held that the statement is meant to imply that the 
corpuscle has the velocity ¢ relative to its source as measured in any and every 
inertial system, this is in direct contradiction to all the experimental evidence 
which shows, for example, that in the inertial reference system used by 
astronomers the velocity of light does not have the velocity ¢ relative to its 
source but has the velocity c in that inertial system. This contradiction could 
be avoided only by claiming that the astronomers should calculate the velocity 
of the light relative to its source by the “‘ relativistic law of addition of velocities ”’ ; 
but it has been shown in Section VII that this would give the velocity of the 
light relative to its source as measured in the rest system of the source and not 
as measured in the reference system being used by the astronomers. 

Sommerfeld’s case depends directly on such a misapplication of the law 
of transformation of velocities. He writes (1952), 

“‘The fact that Newton’s emission theory could, in a sense, experience a 
resurrection in the present theory of light quanta rests solely on the 
eddition theorem of the theory of relativity according to which e+v=e 
(c=velocity of light quanta, v—velocity of emitting body).”’ 

The fallacy here has been exposed in the previous paragraph and in Section VII. 

The argument of Matthias (1939), though put forward in considerable 
detail, is essentially the same as that of Whittaker and must be rejected for the 
same reasons. 

Thus any claim that the ballistic theory could be reconciled with the relativity 
of the restricted theory is absurd and must be rejected vigorously. 


IX. CONVENTIONAL ASPECTS OF THE RESTRICTED THEORY 

In Sections ITI—V above it has been suggested that the method of synchroniz- 
ing clocks specified in the restricted theory is a convention. Whether or not 
this is true is a question of considerable interest and may even perhaps be of 
fundamental importance from the point of view of critical philosophy. 

The obvious objection to this suggestion is that the restricted theory does 
in fact lead to some remarkable conclusions about the characteristics of physical 
phenomena, although it is derivable from only two basic postulates. For example, 
it leads to the conclusion that energy and inertial mass are equivalent. How 
then can one regard the basic measurement procedures of the theory as conven- 
tional when the powers of physical prediction of the theory are so great ? 

It is first of all necessary to distinguish between the restricted theory itself, 
in the sense defined in Section I, and the physical theories of dynamics and 
electrodynamics which have been formulated in terms of the measures prescribed 
by the restricted theory. At the same time it must be recognized that the 
restricted theory itself does in fact also imply some of the physical characteristics 
of nature; it entails that nature is such that we cannot ever, by observations 
of dynamical or electrodynamical phenomena, measure absolute velocity ; it 
entails also that the propagation of light is independent of the motion of its 
source. 
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Starting from the other end, we find that the task faced by Poincaré and 
Lorentz, and by Einstein, was the reconciliation of the two empirical generaliza- 
tions, the principle of relativity and the principle that the velocity of light is 
independent of the motion of its source. The essential factor in effecting this 
reconciliation was the recognition that we cannot, by observations of dynamical 
and electrodynamical phenomena, achieve measurements corresponding directly 
to the concepts of absolute time and of absolute space (Einstein 1907). This 
recognition was, by itself, sufficient to demonstrate that the two principles were 
not necessarily incompatible, for any measurement of absolute uniform velocity, 
in contravention of the principle of relativity, would necessarily require absolute 
measurements of space and time. 

Having, by this recognition, shown that there is no fundamental incom- 
patibility between the two principles, it remained necessary to decide what 
convention should then be adopted in physical measurements. Some such 
convention was of course necessary once it was recognized that the unique 
measurements implied in the absolute concepts were impossible. 

The most desirable convention seemed obviously to be that of synchronizing 
the clocks in each inertial reference system by means of light signals or by some 
other means which would permit a system time to be established uniquely 
without need to refer at all to any other possible reference systems. This was 
the convention adopted in the restricted theory. In particular, the procedure 
adopted was that of setting the clocks to the local time of Lorentz ;* this had 


* It has been previously pointed out by Ives (e.g. 1951) and by Griinbaum (1955) that the 
adoption of this particular procedure also involves a further conventional choice. The condition 
for synchronization of clocks in the restricted theory may be written, using the nomenclature of 
Sections IV and V above, in the form t,=t ys te(t4—t },), providing that e« has the value 3. 

Griimbaum has pointed out (1955) that ‘“‘ no fact of nature found in the objective relations of 
physical events precludes our choosing a value of < between 0 and 1 which differs from 4” and, 
after a critical discussion of possible objections to this statement, he concludes that ‘‘ the value 
of e=4 is simpler only in the descriptive sense of providing a symbolically simpler representation 
of these data ”’. 

Similarly, Ives (1951) wrote: “A point of great importance may here be noted. It is that 
we do not need to assign individual values to c, and ¢, (i.e. the velocities of light in the outward 
and backward directions on a moving platform), such for instance as calling them equal as is 
done in Einstein’s arbitrary ‘ definition’ of simultaneity. We carry these quantities as real 
although undetermined quantities...’ This view was based, not on a logical analysis of 
the restricted theory as such, but on a careful analysis made in the course of his own critical and 
independent investigation, in terms of the ether hypothesis, of measurements that are possible 
in inertial reference systems. His generalized transformations cover the general case in which 
e is unspecified, and they reduce to the Lorentz transformations for =}. 

Tves’s work is valuable, and it is important in the present context. It demonstrates that 
- the restricted theory, as defined in Section I above, can be rigorously established on the basis of 
the ether hypothesis and, at the same time, draws attention strongly to the conventional character 
of the choice c=} in the Poincaré-Lorentz development of the theory. 

Ives’s work resulted from his rejection of the restricted theory. It is significant that this 
rejection was due to the fact that he, like many others, had been misled into believing that the 
principle of the constancy of the velocity of light, according to Silberstein’s statement and inter- 
pretation as given in Section II above, is an essential feature of the restricted theory ; unlike 
most others, he stoutly maintained the view that this was “ not merely ‘ un-understandable ’, 
it is not supported by objective matters of fact ; it is untenable, and . . . unnecessary peebnis 
view is in agreement with the conclusions reached in the investigation presented here. 
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the inestimable advantage that the equations of physics then had precisely the 
same form in every inertial reference system. 

But this was not the only possible choice. It would also have been quite 
possible to have adopted the convention of referring all measurements to one 
particular inertial reference system such as that in which the solar system is at 
rest, ie. of arbitrarily selecting this system as a “ conventionally absolute ” 
system replacing in practical measurements the elusive ‘“ absolute ” system of 
the Maxwell-Lorentz theory. 

There could be no logical objection to such a convention. Nor could there 
be any fundamental physical objection; the laws of electrodynamics had in 
fact been established in this system on the tacit, but probably mistaken, assump- 
tion that it was at rest in absolute space. Moreover, there would be no 
fundamental difficulty in referring all measurements to this conventionally 
absolute system. It had of course to be recognized that, in systems in con- 
ventionally absolute uniform motion, the measuring devices, such as rods and 
clocks, would be affected by the motion in accordance with the hypothesis of 
Fitzgerald and Lorentz and the entailed slowing down of clocks in motion (and 
in agreement with the predictions of the restricted theory). 

There would in fact have been considerable conceptual advantages in such 
a convention. The relativity of simultaneity and the reciprocity of the 
relativistic variations of the restricted theory would not have obtruded, simply 
because the spatial and temporal coordinates of events in various inertial reference 
systems would not have been of conceptual interest. It would also have resulted 
in a description of the universe in terms of the measures of only one reference 
system and this would have avoided difficulties of definition such as that discussed 
in Section VII above. 

Indeed, it can well be argued that such a convention would have been the 
obvious and sensible transition from the then-current ideas of absolute spatial 
and temporal measurements. For, as was shown elsewhere (Builder 1958), 
the concepts of absolute space and time remained essential in our physical 
description of the universe, while the fact that the absolute reference system 
could not be identified by observations of dynamical and electrodynamical 
phenomena (principle of relativity) could not in principle preclude its identifica- 
tion by purely geometrical and kinematical measurements ; it has in fact always 
been believed, and with good reason, that the absolute velocity of the solar 
system, i.e. its velocity relative to the universe as a whole, must be very small 
indeed compared with the velocity of light. 

The critical question to be answered is this: Would the adoption of such a 
convention have precluded the physical discoveries that are credited to the 
restricted theory ? 

It is clear that it could not have precluded such discoveries. The restricted 
theory itself, as defined in Section I, is a purely deductive inference from two 
postulates which are themselves statements, generalized from experience, of the 
physical characteristics of natural phenomena. The particular form of statement 
chosen for this inference, based on a particular convention about the synchroniza- 
tion of clocks, added to the postulates nothing more about the physical 
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characteristics of natural phenomena. Thus the restricted theory, by itself, 
could entail nothing about the characteristics of natural phenomena that was 
not already entailed by the postulates. Similarly, the restricted theory itself, 
taken together with the laws of electrodynamics and of dynamics, aS modified 
by the postulates, could entail nothing about the characteristics of natural 
phenomena that was not already entailed by the postulates taken together with 
these laws. 


It follows that the physical consequences deduced by means of the restricted 
theory could, from a purely logical viewpoint, have been equally well deduced 
using some alternative convention such as that suggested above. There is of 
course little doubt that the road to the discovery of these consequences would 
then have been longer and more arduous; no one would be inclined to dispute 
the elegance and effectiveness of the restricted theory formulation. We are, 
however, concerned here with assessing the fundamental character of the theory 
and not with assessing its elegance and its practical advantages. 


We are, moreover, much concerned with the conceptual difficulties that 
have been caused by exponents of the restricted theory who have failed to 
recognize its conventional character and who have consequently asserted that 
its conventions demand a complete revision of our fundamental concepts of 
space and time. 


Such exponents of the restricted theory will no doubt consider the point 
of view presented here as being, like the Fitzgerald-Lorentz hypothesis,* nothing 
but an ‘‘ artful’ device to rescue old concepts. 
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ELECTRON EXCITATION OF COLLECTIVE NUCLEAR TRANSITIONS 
By L. J. TAsstm* 
[Manuscript received July 10, 1958] 


Summary 


The inelastic scattering of high energy electrons with excitation of collective nuclear 
transitions is treated using a simple hydrodynamical model in which the collective nuclear 
motion is assumed to be irrotational and incompressible. The effects of nuclear com- 
pressibility are discussed. Using the Born approximation, scattering form factors 
are calculated for several charge distributions for electric quadrupole transitions, and 
the sensitivity of the scattering to the form of the nuclear charge distribution is examined. 


I. INTRODUCTION 

In a previous paper (Tassie 1956) the inelastic scattering of high energy 
electrons by nuclei was considered using a modified liquid drop model of the 
nucleus which allows for non-uniform nuclear charge and mass density distribu- 
tions. The collective nuclear motion was assumed to be irrotational and 
incompressible, and the Born approximation was used to calculate the electron 
scattering using several simple forms for the nuclear charge distribution. 

It is the purpose of the present paper to discuss the incompressibility 
assumption, to extend the calculations of the inelastic electron scattering using 
more realistic forms for the nuclear charge distribution, and to examine how 
sensitive this scattering is to the choice of the nuclear charge distribution. 


II. GENERAL THEORY 
The differential cross section for the inelastic scattering of high energy 
electrons with excitation of a nuclear electric 2”-pole transition is (Schiff 1954) 


do/dw=(do/dw),|F,|*, ....66....--2-.s (1) 


where (do/dw),—427(¢?/fic)?k-* cos $0 cosec* 46 is the point charge scattering 
cross section, and 
F ,=4n(2L +1)? i A (On hieanor suet Vedat kio te (2) 


is the nuclear form factor. Zeéptrans is the transition charge density of the nucleus, 
wk is the momentum of the incident electron, and q=2k sin 40. 


For the nuclear model used here, equation (2) becomes (Tassie 1956) 


F ,=2n1Q,, I ,/Ze(2L41)22-Y)........ (3) 
where 
@,, 0 =Le[rY,, oPtransd V Ola) ee: a) 0)-6) @ 6/16: 0) 0):6) 6.0 Ja) 8) 's (4) 
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is the nuclear transition 24-pole moment, and 


1, 47g | jralaryret pdr. “eee ee (5) 
0 
Zeo(r) is the static charge density of the nucleus. The angular dependence 
of F, is then given completely by J;. 

For elastic scattering by a spherically symmetrical nucleus, the cross section 
is given by equation (1) with 


flee) 


Fence sir | ‘(QP pO PUP, 5. eee. Saar (6) 
0 


Then equation (5) can be written 


rs) L-—2 ra) pat 
— SF elaxtics | =iets)etsieienen=n= (7) 


— (__4)L4+1yjLh—1{ _—~ 7-1 
L,=(—1)4""¢ (= a 


and in particular, for electric quadrupole (#2) transitions we have 


i= — OF elastic] 0q- wits (e \-=iienee' =) <b pipe sos im (8) 
As q-0, 
| ee at ee re (9) 
where 
fr?) =4e | ottdy Wee ee ee (10) 
0 


The values of <7?» are required so that the transition electric quadrupole moments 
can be determined by comparing J, with experimental results for the electron 
scattering form factors. 


The above results are obtained by using the Born approximation, and the 
reliability of this must be examined. The plane wave of the incident electron 
is distorted by the Coulomb field of the nucleus arriving at the nucleus looking 
very much like a plane wave with modified amplitude and wave number and 
slightly curved wave fronts. Downs, Ravenhall, and Yennie (1957) have con- 
sidered the inelastic scattering using a perturbation method which includes the 
effect of this distortion, and their results are similar to the Born approximation 
results obtained using a slightly modified q and with a partial filling in of the Born 
approximation diffraction minima. A change in q in equations (5) or (6) is 
equivalent to a change in the size of the nucleus, so that the effect of the modi- 
fication of q can be taken into account by correcting nuclear size parameters 
which have been derived from experiment using the Born approximation. This 
procedure has been used by Fregeau (1956) and by Helm (1956). 


III. NucLEAR COMPRESSIBILITY 
The effects of nuclear compressibility in the liquid drop model have been 
investigated assuming the nucleus has a sharp surface (Woeste 1952). However, 
since the nucleus has a diffuse surface (Hofstadter 1956), the energy density of 
the nuclear fluid must depend on the derivatives of the nuclear density (Swiatecki 
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1950), and this leads to complicated hydrodynamical equations. The problem 
is considerably simplified by neglecting compressibility, so that 


where ® is the velocity potential of the nuclear fluid, and the results of Section I 
are then obtained. 


Another approach is to rely on the sharp-edged liquid drop model for an 
estimate of the effect of compressibility, and to use this estimate for a nucleus 
with a diffuse edge. Then compressibility can be neglected if the velocity of the 
fluid is everywhere small compared to the velocity of “‘ sound” in the nucleus. 
For quadrupole vibrations satisfying (11), the maximum velocity is given by 


(Gna (Ci — (0/3 \halAmey “ose os. woe se (12) 


and occurs at the edge of the nucleus. fw is the one-phonon energy and C, 
is the velocity of sound in the nuclear fluid. Using the hydrodynamical estimates 
of iw given by Bohr and Mottelson (1953) and the value given by Rosenfeld 
(1948) for C,, we obtain 

(Orpen BOA Fe) ewe here ele (13) 


Thus, for very light nuclei the incompressible approximation is not justified, 
but a collective treatment is not strictly applicable to light nuclei. For heavy 
nuclei, equation (11) gives some justification to the use of the incompressible 
approximation, e.g. for A=16, (Umax./C,)?~0-1. 

The possible indirect effect of compressibility on the scattering form factor 
by its effect on the static charge distribution of the nucleus is discussed at the 
end of Section IV. 


IV. CALCULATIONS 
The following functional forms have been used for the nuclear charge 
distribution : 


Fermi : 
alt) — Con exp [(%—Cp)/2rl 1}, ose eee een ee (14) 
Trapezoidal : 
er()=Pors 0 QCr—Zr, | 
=por(¢p+ep—1)[227, Cp —%p SP LOp rey, .. (15) 
== (5 >Cr+e>. | 


Modified Gaussian : 

eg") =pog/ {exp [(r?—cB) 2a) 1}. «cece ese eee ee (16) 
Three-parameter : 

ea") = Poll +(wr/e2,)]/{exp [(r ey) /@u) +1}. «+++ (17) 


Hahn, Ravenhall, and Hofstadter (1956) have used these forms for the charge 
distribution in analysing elastic scattering. 
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Blankenbecler (1957) has obtained an approximate expression for the Born 
approximation elastic scattering form factor for a Fermi charge distribution. 
The correction to this can be obtained as a power series in exp (—c,;/z,), so that 
we finally obtain 


F p=Ar* pore pe pq} cosech 192, 
X (n2,¢—1 sin ge, cotanh mqgzp—COS ge,) 
+8 09723 $3 (—1)"-1n exp [—nep/2z] /(n*+-q?22)*, .-...... (18) 
n=1 
Por = (3/4003) {1 + (12,/Cp)? — § (2p Cp)? = (—1)"—1 exp [—ne,/2,]/n*}—. .. (19) 
n= 


Using equation (8), we obtain 


Lyp=47" Oo 74Ch 
X {(%p/¢p) cosech nqz,[(qe;)~3(72,c, 1 Sin ge, cotanh rgqz,—COS ge;) 
—(qe,)-*(sin ge,(1 —n22052 —27?22c7% cosech? ngZ,p) 
+272,¢,1 cotanh 7qz, COS ger) 
]-O7 “2aCmi” > ee 1)"—1n exp [—ne,p/2,](n? +9?22)-9}. «2... (20) 
Also* 
<1?) =4T Po pOp{[3 +10(T2p/Cp)? +7 (Tep/Cp)4] /15 
+120(z,/¢,)? = (—1)"-1n-5 exp [—ne,/2,]} .. (21) 
Seoeei -1( (sép/o,)?/3}/5. Jin ai<s ce wrante Ww iae palma (22) 
The corresponding expressions for the trapezoidal charge distribution are 
easily obtained : 
Por==3 4res ll (e,/e7) ip) Aes. nee bee em (23) 
T57(q) =4T097(27q")* 
X {—(q2,7)? sin gz, sin ger 
sin g27[(8 —(qer)*) sin ger —5ger COs ger] 
+Q@,r COS g27[2qcr7 COS qer—5 Sin ge;]}, .... (24) 
<1?) = (Arp97r¢p/15) [1 +3(27/¢7)"][3 +(@7/er)7].«--- (25) 


The three distributions, equations (12), (13), (14), reduce to the uniform 
charge distribution for z=0 and then 


T,(gve=8\elgc) ae eee ee eee ee (26) 


The mean square radii, <r?), are given in Table 1, and Figures 1 and 2 show the 
values of Z, for the Fermi and trapezoidal distributions respectively. The 


* A derivation of equation (21) is given by Elton (1958), but the expression itself is stated 
incorrectly, The correction of this mistake slightly alters the nuclear radius parameters obtained 
by Elton but does not affect his conclusions (Elton, personal communication), 
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ratio of the inelastic scattering to point charge scattering, which is proportional 
to | I, |, will consist of a series of diffraction maxima separated by zeros. The 
main effect of increasing the thickness of the nuclear surface is to decrease the 
higher order diffraction maxima. 


The zeros of | J, |? are due to the use of the first Born approximation. Ina 
more accurate treatment, in which J, is complex, these zeros would become 
diffraction minima (Downs, Ravenhall, and Yennie 1957). In general, the 
excited state of the nucleus will not be completely described by collective 
excitation, but will also consist of some single-particle excitation as in the 
Bohr-Mottelson collective model (Bohr and Mottelson 1953). This admixture 


TABLE 1 


ice) 
<= in| e(r)rtdr 
0 


Fermi Charge Distribution (Equation (14)) 

ZplCp 0 0-08 0-16 0- 2060 0-1287 0-0839 

<r?) /o2 0-6000 0-6884 0-9537 1-1856 0! 8289 0-6971 
Modified Three- 

Trapezoidal Charge Gaussian Parameter 

Distribution Distribution Distribution 

(Eqn. (15)) (Eqn. (16)) (Eqn. (17) 
z|c 0: 2373 0:4745 0-7504 0:5657 0-1010 

w — — oo — 0-64 

<r2>/¢? 0-6764 0-8822 1-2261 0-8501 0-8204 


of single-particle excitation can also be expected to fill in the diffraction minima 
to some extent. However, the corrections to the Born approximation and 
the admixture of single-particle excitation should not greatly affect the magnitude 
of the diffraction maxima, and, for this reason, a useful quantity for comparison 
with experiment should be the ratio (second maximum of | I, |?)/(first maximum 
of | I, |?)=(M,/M,)?. M, is the first non-zero minimum of J,, and M, is the 
first maximum of J,. 

M,/M, has been obtained by using the above results for J, for the Fermi and 
trapezoidal charge distributions, and is shown in Figure 3 as a function of (e/¢)?. 
Hahn, Ravenhall, and Hofstadter (1956) have used a parameter t, the surface 
thickness, which is defined as the distance between the points where p has 0-9 
and 0-1 of its maximum value. The scales of (é,/c,;)? and (¢7/¢,)? in Figure 3 
have been chosen so that the figure also shows M,/M, as a function of (é/c)?. 
For this purpose the relations, t=1-60z,, t=(4 In 3)z,=4-40z,,* have been used. 


* To be exact 
t= {4 In 3+1n [1—(80/9)(10-+ exp (c,/z,))~1]}zp- 


The scale of (t/c)? for the Fermi distribution has a maximum error of 2 per cent. 
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Fig. 1.—I,,(q), equation (5), for the Fermi charge distribution, equation (14), 

for the following values of z,/c,: (a) 0, (b) 0-08, (c) 0-16, (d) 0-206. The 

charge density distributions for these values of z,/c, are also shown. For 

2,/¢,=0, the Fermi distribution becomes the uniform charge distribution and 
then I,,(7)=3j.(¢ce,), curve a. 


fe) 1 = 3 4 
cr /7 
Fig. 2.—I,7(q), equation (5), for the trapezoidal charge distribution, equation 
(15), for the following values of Zr[ep: (a) 0, (b) 0-2378, (c) 0-4745, (d) 0-7504. 
The charge density distributions for these values of 2,[Cp are also shown. For 
27/¢,p=0, the trapezoidal distribution becomes the uniform charge distribution 
and then I57(q)=3)2(¢e7), curve a, 
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The figure indicates that I, is to some extent sensitive to the functional form 
of p, more especially for large values of t. It is seen that it is impossible to 
obtain small values of M,/M, for the trapezoidal charge distributions. 

I, for the modified Gaussian distribution, equation (16), and the three- 
parameter distribution, equation (17), have been obtained by numerical 
integration of equation (5). Figure 4 shows I,¢ for (2g/¢g)?=0-32 compared 
with the I,,(2,/¢;=0-1287) which has the same value of M,/M,. The scale of 
q¢,/™ has been chosen to match the second zeros of the two curves. Thus, in 


Cita— 
O5 1°0 


(z+ /cq)2 —pe 
O-2 


: 0:04 0-06 
a OF Se lee 


Fig. 3.—M,/M, for the Fermi charge distribution, equation (14), 
as a function of (z,/c,)*, and for the trapezoidal charge distribu- 
tion, equation (15), as a function of (z,/c,)*. The scales of 
(Zp/¢,)? and (z,/c,)? are chosen so that the figure gives M,/M, as a 
function of (t/c)?._ t is the surface thickness, which is defined as 
the distance between the points where e has 0-9 and 0-1 of its 
maximum value. M, is the first non-zero minimum of J,. M, is 
the first maximum of J,. 


Figure 4 the scattering form factor of a nucleus with a modified Gaussian charge 
distribution and a transition quadrupole moment Q,. 18 compared with the 
scattering form factor for a nucleus with a Fermi charge distribution with radius 
Cp=C,/0:95, and a quadrupole moment Qio/(0-95)°. 

I,,, for the three-parameter charge distribution for #4[Cy=0-1010 and 
w=0-64 is compared in Figure 5 with J,, for the Fermi distribution with 
2,[Cp—0°0839, taking ¢,=1-052c,. Hahn, Ravenhall, and Hofstadter (1956) 
- have made accurate calculations of the elastic scattering by these two charge 
distributions with these values of the parameters and show that the experimental 
elastic scattering cannot distinguish between these two charge distributions. 
From Figure 5 it is seen that it would be very difficult to distinguish between 
these two charge distributions by measurement of the collective electric 


quadrupole inelastic scattering. 
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WG / 7 
0°95 qce/ 7 > 


Fig. 4.—I,,(q), equation (5), for the modified Gaussian charge distribution, 

equation (16), (zg/cg)?=0-32, curve G, compared with J,,(q) for the Fermi 

charge distribution, equation (14), with z,/c,=0-1287. The two charge 
distributions are also shown. 


r/om —> 
1:0 2-0 


fe = = =e 


(1-052)°?P 


qcr [TT —> 
1:052 qew/ 7 — 
Fig. 5.—I,,,(q), equation (5), for the three-parameter charge distribution, 
equation (17), with ZglC,z=0-1010 and w=0-64, curve M, compared with 
I,,(q) for the Fermi charge distribution, equation (14), with 2,/Cp=0-0839. 
The two charge distributions are also shown. 
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The situation described by the three-parameter charge distribution, with 
the charge density tending to be smaller in the middle of the nucleus, is expected 
to arise from the effects of nuclear compressibility (Woeste 1952). Since this 
static effect of nuclear compressibility causes only a small modification to I 2(Q), 
it seems safe to neglect this effect of compressibility at least for the range of qe 
considered here. 

The mean square radii of the various charge distributions are given in 
Table 1. 


V. DISCUSSION 

The inelastic scattering form factor is not sensitive to the form of the charge 
density distribution except for nuclei with very diffuse surfaces, i.e. for large 
values of the surface thickness. The most satisfactory test of the theory given 
here would be the experimental determination of (M,/M,), the ratio of the second 
and first peaks in | F,|. Helm (1956) has performed experiments on the 
electron excitation of several electric quadrupole (0+—>2+) nuclear transitions, 
but his results are not sufficiently comprehensive to allow the determination of 
(M,/M,)?._ Other effects, such as the possibility of some single-particle excitation, 
must be considered in more detail before comparing the theoretical and experi- 
mental angular distributions of the inelastically scattered electrons. 
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THE PHOTODISINTEGRATION OF NUCLEI WITH Z BETWEEN 
9 AND 30 


By B. M. SPIcER* 
[Manuscript received July 14, 1958] 


Summary 


It is pointed out that the Danos-Okamoto effect (splitting of the giant resonance for 
non-spherical nuclei into two components) should be more readily observable in the 
region 9<Z<30 than in the rare earth region where the initial search for the effect has 
been made. The ratio of the energies of the two components of the split resonance 
depends on the deformation of the nucleus from spherical shape. Deformations are 
even larger in this region of atomic number than for the rare earth nuclei, whose intrinsic 
electric quadrupole moments are large. The predictions of the theory of Danos (1958) 
are shown to be verified experimentally in five cases. Five other cases where the effect 
should be observable are discussed. 


I. INTRODUCTION 
The application to non-spherical nuclei of the long-range correlation model 
of the nuclear photoeffect was made by Danos (1958) and Okamoto (1956, 1958). 
Their work predicted a splitting of the giant resonance into two components 
for these nuclei. If iw, and fiw, are the energies of the two resonances, they 
are related to the shape of the. nucleus in its ground state by 


ho, |e), =0*911a/b+-0-089,  .........c. ese (1) 


where a and b are the lengths of the half axes of the nucleus, which is assumed 
spheroidal. a refers to the axis of rotational symmetry. The electric quadrupole 
moment of a spheroid having a uniform charge distribution is given by 


Qo 22a =a) eee eee ESAS (2) 


Defining R?—R}.A =ab2, where R is the radius of a sphere having the same volume 
as the spheroid, we can write the eccentricity « as (a?—b?)/R®%. This gives 


Qo hoe 2a weer ee eee (3) 


The electron scattering of Hofstadter (1956), when interpreted in terms of a 
uniform charge distribution, leads to R,=1:2 fermi. That value is used 
throughout this paper. 


If the eigenvalue splitting (Aw,—f/w,) is less than I’ (the width at half 
maximum cross section of the giant resonance for spherical nuclei), the cross 
section consists of one broadened peak, but, if the splitting is greater than Re 
then two peaks should be resolved if their heights are approximately equal. 


* Physics Department, University of Melbourne. 
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In a nucleus with a positive Qo, the peak of greater integrated cross section 
occurs at higher energy, while the opposite is true if the nucleus concerned has a 
negative Qp. 

This theory has been verified experimentally for tantalum and terbium by 
Weiss and Fuller (1958), and independently by Spicer, Thies, e¢ al. (1958) for 
tantalum. Both these experiments indicate the existence of two peaks in the 
cross section for nuclear absorption of photons, although neither experiment 
indicated two completely separated peaks. 


Since the theory of the Danos-Okamoto effect is based on a strong interaction 
model of the nucleus, all nuclei where the collective model (Bohr and Mottelson 
1953) has been applied successfully should also exhibit the splitting of the giant 
resonance. The purpose of the present paper is to point out that the range of 
nuclei 9<Z<30 is one in which the Danos-Okamoto effect should be observable. 


In this region of atomic number, the Chalk River group (Litherland et al. 
1956 ; Bromley, Gove, and Litherland 1957 ; Litherland et al. 1958) have been 
able to account for a large body of experimental data in terms of one unique 
spheroidicity parameter 3 for each nucleus considered. This spheroidicity 
parameter 3 was defined by Nilsson (1955) and is related to the ¢ of Danos by 


e=25(1+29). 


This expression was obtained from comparison of the expressions for Q) given 
by Nilsson (1955) and Danos (1958). 

Therefore, a number of nuclei in the range 9<Z<30 are examined for the 
existence of the Danos-Okamoto effect. Using values of Q) obtained from 
measurements in either Coulomb excitation or microwave spectroscopy, the ratio 
of the two resonance energies for each nucleus is calculated, and, where possible, 
compared with experiment. Table 1 summarizes this comparison, and discussion 
follows below. 


TABLE 1 


COMPARISON OF PREDICTED AND OBSERVED RESONANCE ENERGY RATIOS 


ho, |hw, 
Nucleus € Reference 
Predicted Observed. 

19 0-69 Sherr, Li, and Christy (1955) 1-31 1-43 
25Mg 0-89 Litherland e¢ al. (1958) 1-43 1-45 
29,3081 —0-37 Bromley, Gove, and Litherland (1957) 0-84 0:73 
NY 0-28 Alder et al. (1956) 1-12 1-17 
§8Cu —0-30 Bleaney, Bowers, and Pryce (1955) 0:86 0:87 


The resonances found on the low energy side of the giant resonance for two 
of the nuclei considered, namely 1F and #°Mg, were formerly classed as “‘ pigmy ” 
resonances. They are here reinterpreted as components of a split giant resonance. 
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II. EXAMINATION OF DATA 

The ratio of the two resonance energies as given by Danos (1958) is linearly 
dependent on the ratio a/b. Verification of the existence of this effect was first 
sought in or near the rare earth region, since it is there that large electric 
quadrupole moments are found. Since the difference between the two resonance 
energies is a function of a/b and since the factor ZA* appears in the expression 
for Q,, it was thought worthwhile to seek through other regions of the periodic 
table for nuclei having large values of <, and hence of a/b. The region 9<Z<30 
is a region where e-values are found of the same magnitude or larger than those 
in the rare earth region. 


(a) 9F ((y,n) threshold 10-41+0-01 MeV ; (y,p) threshold 7-96+0-01 MeV) 

It has been pointed out by Paul (1957) and Rakavy (1957) that the energy 
level structure of the low-lying levels of *F can be accounted for satisfactorily 
in terms of the collective model. This leads to a deformation parameter 6 of 
0-3. This interpretation also gives correctly the ratio of y-ray transition 
probabilities from the 3/2+-state (1-59 MeV) to the ground and second excited 
states, the magnetic moments for the ground and second excited states, and 
the H2 lifetime for the second excited state. The above value of 5 gives an 
e¢ of 0:72. 

Coulomb excitation of the 198-keV level of *%F by «a-particles leads to a 
value of B(H2) for the electric quadrupole excitation of this level. B(H2) is 
the reduced transition probability for the y-ray transition, and is defined by Bohr 
and Mottelson (1953). It is calculable from the yield function for y-rays from 
the Coulomb excitation process, and in this case is found to be 0-0034 x 10-48e? em*# 
(Sherr, Li, and Christy 1955). 

B(H2) is related to the intrinsic quadrupole moment for the nucleus 
(Heydenburg and Temmer 1956), in this case by the relation 


Q=F.n(21y +3)(Ip+2)B(E2), 


which holds for #2 transitions J, to [,+1, I) being the spin of the initial state. 
‘The quoted value of B(H2) leads to a value of 0-24 barn for Q). From this 
value of Qo, whose absolute accuracy is estimated as about 25 per cent., we find 
‘¢ to be 0:65, in good agreement with the value obtained by Paul (1957). The 
‘mean value of « gives a/b as 1:34. The ratio of the two resonance energies 
hw,/hw, for the photodisintegration process is thus predicted to be 1-31. If 
we assume fiw, to be 20 MeV, then ww, is predicted to be 15-1 MeV. 


A measurement of the F(y, n)!8F cross section by Horsley, Haslam, and 
Johns (1952) shows evidence for a peak on the low energy side of the 20 MeV 
resonance. The position of this lower energy peak is uncertain but is estimated 
as 14 MeV. We interpret these peaks as the two components of the split giant 
resonance due to the non-spherical shape of *F. Both peaks must then be due 
to electric dipole transitions. 


The (y, p) cross section is assumed to have approximately the same shape 
as the (y,), allowing for the (y, p) threshold being 2-4,MeV lower than the 
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(y,”) threshold. Lasich, Muirhead, and Shute (1955) measured angular 
distributions of photoprotons from fluorine for y-ray energies between 10 and 
17 MeV. They concluded that the multipolarity of the radiation absorbed in 
this energy region is predominantly either electric dipole or magnetic dipole. 
The H1 possibility is required by the interpretation of this paper. 


(0) ?°Mg ((y, n) threshold, 7-33+0-02 MeV ; (x, p) threshold, 12-07 -+-0-02 MeV) 

The properties of ?°Mg are discussed in terms of the collective model by 
Gove et al. (1956) and by Litherland e¢ al. (1958). These latter authors conclude, 
on the basis of a detailed analysis of the properties of 2®°Mg and 25Al, that the 
equilibrium distortion of both these nuclei lies between y=4 and »=6, with the 
value 4-5 most favoured. 7 (see Nilsson 1955) is related to 3 by 


8 4 16... }-* 
n=[1- Zot a7 . 


x is a measure of the strength of the spin-orbit interaction assumed by Nilsson 
in the calculation of particle states in a spheroidal potential. He obtained a 
value of x=0-05 for nuclei of atomic mass greater than 100. For the atomic 
mass region considered, the value suggested is 0:08 (see Bromley, Gove, and 
Litherland 1957). This lack of accurate knowledge of x thus limits our knowledge 
of 6. 

Using x=0-08 and taking y as 4-5, we get 5=0-36. The value of « 
corresponding to this value of § is 0-89. Following the same procedure as for 
19, the ratio of the two resonance energies for photon absorption is 1-43. This 
assumes a positive electric quadrupole moment and is reasonable since surrounding 
nuclei (22Na and 27Al) are known to have positive quadrupole moments. If 
we take fiw, as 20 MeV, then Zw, is given as 14 MeV. 


Nathans and Yergin (1955) determined the cross section for the ?°Mg(y, n) 
reaction using a target of magnesium oxide enriched to 92-33 per cent. in 7°Mg. 
They found that this cross section exhibited a plateau in the region 133-15 MeV 
and showed the expected giant resonance at 20 MeV. However, Katz et al. 
(1954) have found a peak at 13-5 MeV, and Spicer, Allum, et al. (1958) at 13-8 MeV 
in the cross section computed from the yield curve of neutrons from natural 
magnesium. This peak is believed to be due mainly to neutrons emitted from 
-25Mg. The (y,”) thresholds in *4Mg and **Mg are 16:57+0-02 and 
11-12-+0-03 MeV respectively. "Mg cannot make any contribution to the 
13-5 MeV peak on energetic grounds. **Mg has its (y, ») threshold some 4 MeV 
above that of 25Mg and would therefore be expected to contribute much less 
because of this. The discussion of the present paper requires that the 13-8 MeV 
peak be due to electric dipole absorption of photons. The 20 MeV peak is also 
expected to be due to #1 transitions, since it comes in the region expected for 
the giant dipole resonance. 

Spicer, Allum, et al. (1958) find the width of the 13-8 MeV resonance to be 
2MeV. Since Nathans and Yergin (1955) give the only unambiguous data on 
the 20 MeV resonance in the (y, ) cross section, their observed width is noted as 
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5 MeV. Toms and Stephens (1951), measuring the *°Mg(y, p) cross section, 
find a resonance at 20-5 MeV, with width of 3-5 MeV. The energy of the (y, p) 
threshold is high enough to prevent the 13-8 MeV peak appearing in the cross 
section of this reaction. Thus these widths are in approximate agreement 
with those found necessary to fit the measured cross seetion for photon absorption 
in tantalum (Spicer, Thies, e¢ al. 1958). 


If the 13-8 MeV peak found by Spicer, Allum, et al. (1958) is ascribed to 
25M¢ alone, then it is approximately the same height as the 20 MeV peak. This 
latter height was obtained by adding the peak cross sections found by Nathans 
and Yergin (y, ») and Toms and Stephens (y, p). Thus the condition required 


by Danos’s theory that | od# for the higher energy peak shall be twice that for 
the lower energy peak is approximately satisfied. 


The interpretation given here is consistent with the available experimental 
data, although the reason for the non-appearance of the 13-8 MeV peak in the 
results of Nathans and Yergin is still unknown. 


(c) Si ((y, 0) threshold, 8:484-0-03 MeV ; (y, p) threshold, 12-34+0-03 MeV) 
3087 ((y, n) threshold, 10-61+-0-03 MeV; (y, p) threshold, 13-80+0-11 MeV) 
298i has been the subject of a detailed examination to see whether its 

properties can be correlated with the predictions of the collective model (Bromley, 
Gove, and Litherland 1957). These authors conclude that the correlation can 
be made, and assign the parameter 5 a value of —0-22 (assuming x=0-08 as 
for 25Mg). This value of 3 corresponds to ¢« equals —0-37,. This leads to 
a value for the ratio iw,/iw, of 0-836. Since the minus sign of 5 implies an 
oblate spheroid, the peak of larger integrated cross section must come at the 
lower energy. Taking iw, as 20 MeV, vw, is predicted as 16-7 MeV. 


Evidence from photodisintegration reactions is given by Katz et al. (1954). 
We assume that what is obtained by Katz for the low abundance Si and ®°Si 
can be explained in the same way as his results for ?5.*7Mg. That is, we assume 
that the energy of the (y,) giant resonance in ?*Si is also the energy of a 
component of the split giant resonance in **,3°Si, This has the value of 20-5 MeV. 
Katz also observed a peak in the cross section of the *°.=°Si(y, n) reaction at 
15 MeV. Unfortunately, it was not possible here to separate the effects of the 
two silicon isotopes being considered. 

It is suggested that the 15 and 20-5 MeV peaks are the components of a 
split giant resonance as in the Danos-Okamoto effect. The agreement is not 
particularly good in this case. 

The foregoing discussion of the experimental results for 29.3°Si has been 
entirely in terms of the properties of Si. However, inclusion of the effect of 
8°Si on the experimental results will not improve the results unless Si is of 
prolate shape in contrast to the oblate shape specified for *8Si and ™Si by 
Bromley, Gove, and Litherland (1957). These authors indicate that 28Si and 
»*Si have the same value of the spheroidicity parameter 5. Further, a comparison 
of the spheroidicity parameter for the even-even nuclei 2°Si, °Si may be obtained 
from comparison of the energies of their first excited States (Bohr and Mottelson 
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1955). This comparison indicates that, if anything, 28Si is more non-spherical 
than “Si. This observation is not in the direction to give better agreement 
with the experimental results, if we assume both “Si and Si to be oblate 
spheroids. The assumption that ®°Si is a prolate spheroid would improve the 
agreement. 


(d) *V ((y,n) threshold, 11:08 MeV; (y,p) threshold, 7-90 MeV) 
Measurement of the intrinsic quadrupole moment of ®!V by the technique 
of microwave spectroscopy gave a result 0-6-L0-4 barn. 


Coulomb excitation of the 0-32 MeV state in “V gives a value of 
0 -0056e? x 10-48 cm* for the reduced transition probability B(H2) of the excitation 
process. The ground state spin is 7/2-, and the first two excited states, of 
energy 0-32 and 0-93 MeV, probably have spins 5/2- and 3/2- respectively 
(Bunker and Starner 1955). The Coulomb excitation of the 0-32 MeV level is 
thus a 7/2-—>5/2- transition, and has been verified to be an H2—M1 mixture. 
The relation between B(H2) and Q, for this case is given by Bohr and Mottelson 
(1953) as 

15 9 K?(I+1—K)(I+1-+K) 


Be) Tea I(I+1)(22-+43)(1 +2) 


for an J+1-—T/ transition. It is assumed that the three levels known form a 
rotational series having K=3/2. No other value of K will give a value of Q) 
within the wide limits of error of the spectroscopic moment. Using K=3/2, 
we obtain Q, a8 0-51 barn, with an estimated error of +30 per cent. 


Okamoto (1956) has successfully accounted for the width of the giant 
resonance in *1V. An attempt is made here to estimate the detailed shape of the 
resonance by summing two Breit-Wigner shape resonances. 


The data of Nathans and Halpern (1954) on the *!V(y, n)°°V reaction show 
some evidence for giant resonance splitting. With this in mind, an attempt 
was made to fit the experimental cross section values obtained by Nathans and 
Halpern with the sum of a pair of Breit-Wigner resonance curves of equal height. 
The lower energy peak was assumed to have width 2 MeV and the higher energy 
peak 4MeV. The integrated cross sections of the two components thus satisfy 
one of the conditions of the Danos theory. The two widths were chosen as 
2 and 4 MeV respectively because the same type of fit to the measured cross 
section for photon absorption in tantalum required peaks of these widths (Spicer, 
Thies, et al. 1958) and because these values for the widths evidently hold in the 
case of 25Mg. The higher energy peak was fixed at 20 MeV and the position of 
the lower energy peak was adjusted until the best fit was found. The result 
of this fit is shown in Figure 1. The agreement with the experiment of Nathans 
and Halpern (1954) is excellent. The low energy peak is at 17 MeV according to 
this fit, and this leads, using Danos’s theory, to a Q of 0-67-+-0-11 barn. The 
error quoted was estimated on the assumption that the energy separation has 
maximum inaccuracy of 0-5 MeV. ‘This agrees with the value of Q, obtained 
from Coulomb excitation within the experimental errors of the two values. 
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(e) 80u ((y,n) threshold, 10-83+0-02 MeV ; (y,P) threshold, 6:12+0-01 MeV) 

The nucleus ®Cu was considered in the same way as *!V. The spectro- 
scopic quadrupole moment of ®Cu has been measured, and is quoted as 
—0-16 barn--20 per cent. (Bleaney, Bowers, and Pryce 1955). This leads to 
Q.= —0-80+0-16 barn, and thus to the prediction that fiw,/iw, equals 0-86. 
In this case, the negative Q, means that the peak of smaller integrated cross 
section (at fiw,) comes at the higher energy. <A cross section shape for the 
6Cu(y, 2) reaction was computed on the same basis as that used to fit the 
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Fig. 1—Fit of two Breit-Wigner resonance curves to the cross section 
for the *!V(y,n)°°V reaction. The resonance curves assumed had widths 
2 and 4 MeV respectively, and were of equal height. 

© Predicted values, + experimental values. 


vanadium cross section. The two peaks were assumed to have width 4 and 
2 MeV respectively, and, for this fit, 7m, was assumed to have the value 19 MeV. 
This gave iw, equal to 16-4 MeV. This computed cross section was compared 
in shape with the “Cu(y, m) given by Katz and Cameron (1951). This experi- 
mental result was chosen because it used the smallest energy steps of any published 
cross section, namely 0-5 MeV. This fit is shown in Figure 2. Once again 
the agreement in shape is excellent. 


(f) Other Nuclei 
We now consider five other nuclei in the chosen atomic number range, in 
which this effect should be clearly observable. They are Na, 27Al, °K, 55Mn, 
°Co. All save potassium are 100 per cent. isotopes, and K is 93-38 per cent. 
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abundant in natural potassium. In all these cases the value of Q, is known as a 
result of either microwave spectroscopy or Coulomb excitation. The known 
data concerning these nuclei are exhibited in Table 2. 


Using the Danos theory, the ratio of the energies of the two components 
of the split giant resonance was computed in each case. 


RELATIVE CROSS SECTION 


10 12 14 16 18 20 22 24 
—= (MeV) 


Fig. 2.—Comparison of ®*Cu(y,7)®*Cu cross section with shape predicted 
using Danos’s theory and the measured electric quadrupole moment of 
copper 63. The Breit-Wigner resonances assumed have widths 4 and 


2 MeV respectively. 
© Predicted values, + experimental values. 


To give an idea of the magnitude of the resonance splitting which may be 
expected, an energy value was assumed for the higher energy peak. The 
systematic study of (y,) reactions by Montalbetti, Katz, and CUS alos 
(1953) was used as a guide in the choice of this value. However, the ee of 
energies %w,/im, is the significant number in this result. The predictions are 
shown in Table 3. 

For 23Na the predicted energy of the low energy peak is at the (vy, ~) threshold. 
In this case, the Danos-Okamoto effect should not be observable in the *Na(y, 7) 
reaction cross section, as the effect of competition from proton emission will be 
to keep the (y, ») cross section low near threshold, and should therefore remove 
evidence of this low energy peak. The low energy peak should, however, be 
observable in the cross sections for the ?3Na(y, p) and **Na(y, «) reactions. No 
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measurements have yet been made of these two cross sections. A prediction of 
the variation of the cross section for photon absorption with energy is shown in 
Figure 3. The peaks are assumed to have widths 2 and 4 MeV respectively, 
and to be of equal height. 


TABLE 2 


ECCENTRICITY AND PHOTONUCLEAR THRESHOLDS FOR ELEMENTS CONSIDERED 


* 
Nioleas ek . (7.7) Oe (y;P) ae 
aes Sica Uk +0:50+0-05(S)(CE)+ 0-975 12-41+0-02f 8-25+0-03t 
27Al +0:44+0-01(S)+ 0-652 13-06-+0-03f 8-25+0-03f 
Le +0:70+0-17(S)+ 0-56 13-08+0-09f 6-42+0-09f 
55VMin +1:54+0-8(S)+ 0-63 10-15+0-25t 8-16+0-20t 
1-26-+0-4§ 
58Co +1-1+0-4(S)f 0-47 10-49+0-01]| 7-41+0-01]| 


* The method of measurement of Q, is indicated by the initial in parentheses after the value. 
(S) means a spectroscopically determined moment, and (CE) means that the moment is obtained 
from Coulomb excitation measurements. 

+ Value taken from Blin-Stoyle (1956). 

{ Thresholds computed from mass data given by Wapstra (1955). 

§ This Coulomb excitation measurement was by Mark, McClelland, and Goodman (1955). 

|| Thresholds given by Quisenberry, Scolman, and Nier (1956). 


In the cases of ?7Al, °K, ®°Mn, and Co, the predicted energy of the low 
energy peak is above the (y, ”) threshold, and therefore, in principle, the low 
energy peak should be observable. It is possible, however, that even in these 


TABLE 3 


PREDICTIONS OF THE RESONANCE ENERGY RATIO 


Nucleus ho, Tio, retain ms b aaecie ho, 
Na 1-47-40-06 18-3 19-5 
27Al 1-3140-01 19-7 15-1 
°K 1-26+0-07 18-3 14-5 
55Mn 1-30-+0-08 20:5 15-8 
58Co 1-22+0-08 18-0 14-8 


cases the effect of competition from proton emission will prevent evidence for 
the low energy peak from appearing in the (y, n) cross section for these nuclei. 
Again, the low energy peak should be present in the (y, p) cross section. Halpern 
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and Mann (1951) describe measurements of the (y, Pp) cross sections in 27Al and 
*°Co. In these two cases, the yield curve was not measured in sufficient detail 
to show the existence of a low energy peak. A programme of careful 
measurements of the low energy region of the (y, n) cross sections and of the 
(y, p) cross sections of the nuclei discussed in this section is under way in this 


laboratory, in an attempt to verify the predicted existence of the Danos-Okamoto 
effect in these nuclei. 
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Fig. 3.—Predicted shape of the cross section for photon 
absorption in *3Na. The various photonuclear thresholds in 
*8Na are indicated by arrows. Parameters of the resonances are : 


Rw, =12-5 MeV, I. ,=2; iw,=18-5 MeV, T,=4. 


III. ConcLusion 

The predictions of the Danos-Okamoto theory on the splitting of the giant 
resonance into two component peaks are supported by experiments on the nuclei 
19F', 25M, Si, 1V, and ®Cu. The positions of the two peaks in the cross section 
for nuclear photon absorption are estimated for five other nuclei, but experimental 
data are either not good enough or are completely lacking in these cases. Therefore 
we cannot say whether or not the Danos-Okamoto effect occurs in these nuclei 
also. If it does, then the measurement of the cross section for nuclear photon 
absorption can be expected to give a measure of the deformation from spherical 
shape of that nucleus, and hence of the intrinsic electric quadrupole moment. 
In the region considered, the deformations are in many cases larger than those in 
the rare earth region, although the values of Q, are not large here. 


One of the more striking results of this investigation concerns the widths of 
the components of the split giant resonance. The fit to the observed cross 
section for nuclear photon absorption in tantalum (Spicer, Thies, ef al. 1958) 
required Breit-Wigner shapes of widths 2 and 4 MeV respectively. In the case of 
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25M, where the peaks are well separated, these widths apply also. Further, the 
shapes of the giant resonance in *1V and ®Cu have been successfully fitted using 
components of this width. Thus it appears that these two widths pertain for 
the two components of the split giant resonance throughout the periodic table 
from A=19 up. If this is so, then the width of the giant resonance for photon 
absorption, in the case where the two components are not resolved, may be used 
to give a measure of the ground state nuclear deformation. 


To do this, one would have to assume the correctness of the model used 
by Danos (1958) in his predictions of this effect. This model is the classical 
model of Steinwedel and Jensen (1950). One of the assumptions of this model 
which is not expected to be correct is the assumption of a rigid nuclear surface. 
However, the success of the Danos (1958) theory indicates that this assumption 
is at least a good approximation. 
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EXCITED STATES OF *Be FROM THE “Li(d,n)’Be REACTION 
By R. H. SpPEAR* 
[Manuscript received August 14, 1958] 


Summary 


The energy spectrum of neutrons from the reaction 7Li(d,n)*Be at 700 keV bombard- 
ing energy has been studied with nuclear emulsions at 0, 75, and 135°. Both resolution 
and statistics compare favourably with those of previous nuclear emulsion measurements 
of this spectrum. The results do not confirm the suggestions made by earlier workers 
that levels at 2-2, 4-1, 5-3, and 7-5 MeV in ®Be participate in the reaction, and support 
the view that the only excited state below 9 MeV in ®Be is the well-known broad level 
at 2-9 MeV. 


I. INTRODUCTION 

During the past decade there has been a good deal of controversy as to the 
level scheme of *Be in the region of excitation energy H.x from 0 to9 MeV. The 
experimental evidence, which has been amply reviewed elsewhere (see, for 
example, Titterton 1954; Holland et al. 1955; Nilson et al. 1958), may be 
broadly divided into two groups. Some experiments, especially those with good 
statistics, indicate that the well-known 2-9 MeV level is the only excited state 
in the region, whereas others, usually with relatively poor statistics, suggest a 
multiplicity of levels. In some respects the most convincing of the latter group 
of experiments are those using nuclear emulsions to study the energy spectrum 
of neutrons from the reaction *Li(d,n)*Be. The most recent of these is the work 
of Gibson and Prowse (1955); using 930 keV deuterons, they claimed evidence 
for the existence of levels at 2-2, 2-9,4-1,and 5:3 MeV. The resolution achieved 
is apparently better than has been achieved in previous studies of the reaction, 
since the half width of the ground state group is between 400 and 450 keV. 
However, Trail and Johnson (1954a, 1954b) have used a neutron spectrometer 
consisting of a proton recoil telescope with thin polyethylene radiator to study 
the same reaction at a deuteron energy of 2-0 MeV. With much better statistics 
than the nuclear emulsion measurements they find no evidence for any states 
below 10 MeV other than the 2-9 MeV level. The resolution achieved, however, 
was relatively poor, the half width of the ground state group being 1100 keV. 
It is possible to argue that this lack of resolution precluded the observation of the 
fine structure suggested by the emulsion measurements ; Gibson and Prowse 
themselves suggest that the groups were not observed because of a decrease in 
intensity relative to the 2-9 MeV group with increasing bombarding energy. 

The aim of the present work, using nuclear emulsions to measure the energy 
spectrum of neutrons from the *Li(d,n)*Be reaction, has been to achieve resolution 
comparable with the best of previous experiments, and hence to endeavour to 
confirm the existence of the suggested fine structure. 


* Physics Department, University of Melbourne. 


EXCITED STATES OF 8Be 503 


II. EXPERIMENTAL PROCEDURE 

A 30 keV thick target of separated “Li was bombarded by 700 keV deuterons 
for an integrated exposure of 40,000 uC. The target thickness was estimated 
from the energy of scattered protons as measured with a 180° magnetic analyser. 
Neutrons were detected in pairs of 1-in. square 400u Ilford C2 nuclear emulsion 
plates located at 15° intervals around the target, the camera and target arrange- 
ments being the same as those described previously (Bird and Spear 1957). 
The plates were processed using a conventional ‘‘ temperature development ” 
method. Tracks were measured and analysed using the procedures described 
in detail by Bird and Spear (1957). 


III. RESULTS 
Spectra have been obtained at 0, 75, and 135°. In each of the spectra 
illustrated, recoil protons were accepted for measurement if the recoil angle Y 
was less than 25°, the dip angle in unprocessed emulsion, t, was less than 12:-4°, 
and the recoil proton range corresponded to EH.x less than 8:8 MeV. Except in 
Figure 5, no corrections have been applied for loss of tracks from the emulsion 
and variation with energy of the neutron-proton scattering cross section. 
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Fig. 1.—Spectrum at 135°. 


The best resolution was obtained at 135°, the results for which are shown in 
Figure 1, where the number of tracks, V, per 200 keV interval is plotted against 
neutron energy H,. The arrows indicate the positions at which groups would 
occur corresponding to excited states in *Be suggested by previous experiments. 
The resolution achieved is indicated by a half width of 440 keV for the ground 
state group, and the statistical accuracy is considerably better than that of 
Gibson and Prowse as determined from the statistical error bars on their published 
spectrum. The resolution may be improved further to 400 keV at the expense 
of statistical accuracy by limiting the acceptance angles ) and + more stringently ; 
the shape of the spectrum is, however, essentially unaltered. 
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Fig. 4.—Combination of results at 0, 75, and 135°, 
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The results obtained at 0 and 75° are shown in Figures 2 and 3. The results 
for all three angles have been combined and plotted in Figure 4 in terms of *Be 
excitation energy. In Figure 5 the same results are shown after correcting 
for loss of tracks from the emulsion and variation with energy of the neutron- 
proton scattering cross section, statistical error bars being indicated at several 
points. The half width of the ground state group is approximately 700 keV. 
The total number of tracks represented in Figure 5 is 3300. 
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Fig. 5.—Combination of results at 0, 75, and 135° after correcting for loss 
of tracks from the emulsion and variation with energy of the neutron-proton 
scattering cross section. 


IV. DIscUSsION OF RESULTS 

In none of the spectra illustrated is there any statistically significant 
indication of levels at 2-2, 4-1, 5-3, or 7-5 MeV. If such levels participate in 
this reaction in the way suggested from previous experiments, it is difficult 
to see why they should not have been observed in the present experiment, 
especially at 135°, where the resolution is similar to that achieved by Gibson and 
Prowse, and the statistical accuracy is considerably better. 

From a measurement of the energies of «-particles emitted in coincidence 
with y-rays in the reaction ‘Li(p,y)*Be*(«)*He, Inall and Boyle (1953) have 
suggested that transitions involving excited states at 4-1, 5-3, and 7-5 MeV 
in 8Be occur with intensities of the order of 1 per cent. of the total radiation. 
Transitions of such low intensities would not have been detectable in the present 
work. However, LaVier, Hanna, and Gelinas (1956) used a magnetic spectro- 
graph to study the energy spectrum of «-particles from the same reaction and 
found no evidence for the existence of such states, although transitions of 
0-5 per cent. of the total intensity would have been detectable. Similar negative 
results have been obtained more recently by Meyer and Staub (1958) from 
magnetic analysis of the «-particle spectrum, both singly and in coincidence 
with y-rays. 

D 
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If there is no excited state below 10 MeV in ®Be, other than the 2-9 MeV 
state, then some explanation is required for the continuum of neutrons for Hex 
above 3 MeV. Three possibilities are suggested : 


(i) A continuum of neutrons from the simultaneous three-particle break-up 
of °Be in the reaction 
7Li(d)*Be*(n)*He +4He. 


This reaction could provide neutrons of energies up to that of the ground state 
group from “Li(d,n)*Be. 
(ii) A continuum of neutrons from the reaction 


7Li(d,«)®He(n)*He. 


If He is produced in its ground state, the maximum neutron energy is approxi- 
mately 4-6 MeV at 0°. If excited states of “He are involved, more energetic 
neutrons may be obtained. 


(iii) A contribution due to the overlapping of “ tails ’ from groups corres- 
ponding to broad levels at 2-9 and 11 MeV. After correcting for the effects of 
experimental resolution, the half width obtained for the 2-9 MeV level is 
1-6+0-4MeV. Values ranging from 0:8 to 2:0 MeV have been obtained from 
other reactions (Ajzenberg and Lauritsen, ‘‘ Energy Levels of Light Nuclei, VI ”’, 
personal communication). The evidence for the existence of a very broad level 
at about 11 MeV has been discussed by Ajzenberg and Lauritsen. 


V. CONCLUSION 
The results of this experiment do not confirm the deductions made from 
previous work that excited states at 2:2, 4-1, 5-3, and 7-5 MeV in ®Be participate 
in the reaction “*Li(d,n)*Be. They support the view that the only excited state 
in ®Be below 9 MeV is the 2-9 MeV state. 


VI. ACKNOWLEDGMENTS 
The author is grateful to Professor Sir Leslie Martin, F.R.S., and to Dr. 
D. N. F. Dunbar for their helpful interest in this work. Thanks are also due to 
Dr. J. R. Bird for some useful criticisms, and to Mr. J. G. Rushbrooke, who 
assisted with some of the measurements. 


VII. REFERENCES 
Birp, J. R., and Spar, R. H. (1957). Aust. J. Phys. 10: 268. 
Gipson, W. M., and Prowssz, D. J. (1955).—Phil. Mag. 46: 807. 
Hotzanp, R. E., Inezis, D. R., Mato, R. E., and Moora, F. P. (1955).— Phys. Rev. 99: 92. 
Inatz, E. K., and Boyzz, A. J. F. (1953).—Phil. Mag. 44: 1081. 
LaVinr, E. G., Hanna, 8. 8., and Grexrmvas, R. W. (1956).—Phys. Rev. 103: 143. 
Meyer, V., and Straus, H. H. (1958).—Helv. Phys. Acta 31: 205. 
Nitson, R., Jentscuxe, W. K., Bricas, G. R., Kerman, R. O., and Snypsr, J. N. (1958).— 
Phys. Rev. 109: 850. 
TrrrerRToN, E. W. (1954).—Phys. Rev. 94: 206. 
Trait, C. C., and Jonnson, C. H. (1954a).—Phys. Rev. 95: 1363. 
Tratt, C. C., and Jonnson, C. H. (1954b).—Bull. Amer. Phys. Soc. 29 (7), 34s 


OBSERVATIONS OF CHANGES IN THE PHOTOSPHERIC GRANULES 
By R. J. Bray* and R. HE. LouGHHEAp* 
[Manuscript received July 9, 1958] 


Summary 


Using a sequence of 29 good-quality photographs extending over a period of 10 min, 
an attempt is made to detect changes in the brightness, size, and shape of individual 
granules. Of the 125 granules for which there is sufficient data, 57 per cent. show no 
detectable change during their observed periods of persistence, an additional 14 per cent. 
showing only minor changes of shape. Although there is some tendency among granules 
showing change for size increases to predominate over decreases, brightness increases 
and decreases occur with equal frequency. There is no correlation between the two 
types of change, nor is there any tendency for brightness or size variations to occur 
during any particular part of the life cycle. Observations with higher resolving power 
are required to elucidate the changes occurring during the formation and dissolution 
of individual granules. 

In agreement with Macris, earlier estimates of the lifetimes of the granules are 
found to be too low. It seems likely that the true value for the most probable lifetime 


exceeds 7—8 min. 


I. INTRODUCTION 

Although the question of the mean lifetime of the photospheric granulation 
pattern has been investigated by a number of workers (for references see Macris 
1953 ; Waldmeier 1955), no attempts have hitherto been made to detect changes 
in the brightness and size of the individual granules during their lifetimes, or to 
observe the details of their modes of formation and dissolution. Such observa- 
tions, however, could give valuable information about the physical processes 
responsible for the granulation. 

The reason for the lack of observations is the difficulty of photographing 
detail of the order of 1 sec of arc under conditions of day-time seeing. Moreover, 
while a few isolated photographs of moderate quality may suffice for estimating 
the mean lifetime of the pattern, a sequence of high-quality photographs extending 
over a period of at least 10 min is required if possible changes in the individual 
granules are to be detected. 

In recent times the problem has been revolutionized by the application of 
time-lapse cinematography, and high-quality sequences of the granulation have 
been obtained by Lyot (in 1943) at the Pic-du-Midi (Macris 1953), by Blackwell, 
Dewhirst, and Dollfus (1957a, 1957) from a manned balloon, and by Schwarz- 
schild and his co-workers from a high-altitude unmanned balloon (Rogerson 1958). 
The results of the analyses of the balloon observations are awaited with interest. 


* Division of Physics, C.S.I.R.O., University Grounds, Chippendale, N.S.W. 
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In the present paper an account is given of an attempt to detect changes 
in the brightness, size, and shape of the individual granules during the periods 
over which they were observed to persist. The photographs have been selected 
from a 10 min sequence obtained with a ground-level photoheliograph specifically 
designed for high-resolution photography. They are of sufficient quality to 
enable the granules to be classified according to brightness, size, and shape. 
It is found that the majority of the granules undergo no detectable change over 
the periods during which they were observed to persist. Although there is some 
tendency among granules showing change for size increases to predominate over 
decreases, brightness increases and decreases occur with equal frequency ; there 
is no correlation between brightness and size variations. Finally, in agreement 
with Macris’s results, the granules are found to remain identifiable over periods 
much greater than earlier estimates of their lifetimes would indicate. 


II. OBSERVATIONS 
The observations were made with the 5in. photoheliograph (Loughhead 
and Burgess 1958) of the C.S.I.R.O. Division of Physics Solar Observatory. 
This instrument is designed to photograph any selected region of the solar disk 
on 35 mm film at 5-sec intervals. The diameter of the solar image is 20 cm and 
the effective wavelength 5400 A. At this wavelength the theoretical limit of 
resolution is 0-8 sec of arc. 


The present work is based on a sequence of the granulation in the neighbour- 
hood of a spot group near the centre of the disk (cos 8#=0-9) photographed 
during the afternoon of February 4, 1958. The sequence contains 29 photographs 
of good but variable quality well distributed over a period of 10 min 21 sec. 
A portion of one of these photographs is reproduced in Plate 1. It will be noticed 
that the fundamental elements in the granulation pattern appear to be the bright 
ones, the dark material separating the bright areas being of no particular size or 
Shape (cf. de Jager 1955; Leighton 1957). In this paper the term ‘“ granule ” 
refers to the bright elements. 


It is also apparent from Plate 1 that there is a considerable diversity in 
the brightness, size, and shape of individual granules. It might be argued that 
‘this diversity is illusory, being due simply to chance differences in the effect of 
atmospheric seeing on different regions of the photograph. However, while 
such differences do indeed occur, the fact that the diversity is real is readily 
shown by comparing the appearance of individual granules on several photographs 
taken within a minute, a period very much longer than the duration of any 
particular distortion due to seeing. It is then found that a given granule which 
on one of the photographs appears, for example, particularly large or perhaps 
elongated in a certain direction, in general appears similar on adjacent photo- 
graphs (cf. Figs. 1-8). This fact, which is convincingly demonstrated when a 
large number of granules are examined on several photographs, shows that the 
photographs do to some extent reveal the true form and brightness of the granules 
and do not, as some writers have suggested, merely reproduce the instrumental 
profile of the telescope and atmosphere. 
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III. REDUCTION 
The analysis of the enlargements of the 29 photographs (reproduced with 
normal contrast on such a scale that 1mm corresponds to 0-6 sec of arc) was 
carried out in two stages. Firstly, 298 granules were selected from a “ key ” 
photograph occurring near the middle of the sequence. Each granule was given 
a number and its presence or absence on each of the remaining photographs was 
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Fig. 1—Granulation pattern at 2) 42™ 388, This figure is the ‘“‘ key” map 
for one of the eight selected regions (see text). In Figures 2—8 the pattern 
at 2h 42™ 38s (shown dotted) is compared with the pattern at earlier and later 
times. The pattern is easy to follow from map to map and it will be noticed 
that a number of granules persist throughout the sequence—a period of 
9 min 6 sec. Despite apparent differences due to seeing, the sizes and shapes 
of individual granules are fairly well reproduced from figure to figure. For 
example, note how the elongation of the granule in the top right-hand corner 
persists from map to map. 


recorded. Secondly, the granules were classified on the basis of their appearance 
at the time of the key photograph, and then an attempt was made to detect 
changes using good-quality photographs occurring before and after the time of 
the key. 

A very good-quality photograph near the middle of the sequence was chosen 
as the key. On this photograph the 298 granules are distributed over eight 
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regions selected as being particularly free from the effects of seeing. In order to 
simplify the problem of identifying the same granules on successive photographs, 
it was decided to make maps of the granulation pattern in the eight regions on 
each of the 29 photographs (cf. Bray and Loughhead 1958). All maps were 
drawn independently, without reference to the key map or to one another. 
In tracing out the granules care was taken to draw outlines for only those bright 
features which were surrounded by dark material. No attempt was made to 
delineate the granules in any area seriously affected by seeing. 
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Fig. 4 


The outlines of a few small adjacent sunspots were included on each map. 
The purpose of this was twofold, firstly as an aid in locating the eight selected 
regions on any given photograph, and secondly as an aid in comparing any given 
map with the key map. However, owing to small random displacements 
(~1 sec of arc) due to seeing, the final matching of the two maps could be made 
only by displacing one of them slightly until the best fit was obtained for the 
granulation pattern in the neighbourhood of the granules under study. The 
pattern is in fact quite easy to follow from photograph to photograph (cf. 
Figs. 1-8), so that the use of the auxiliary spots could have been avoided at the 
expense of additional labour. 


Kach of the remaining 28 maps was compared in turn with the key map 
and the presence or absence at the corresponding time of each of the 298 granules 
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An enlargement from one of the 29 granulation photographs used in the present study. It will be 

noticed that the fundamental elements in the granulation pattern appear to be the bright ones, 

the dark material separating the bright areas being of no particular size or shape. There is a 
considerable diversity in the brightness, size, and shape of individual granules. 
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A sequence of photographs showing the stability of the granulation pattern over a one of 
10 min 6 sec. Despite apparent changes due to seeing, several features can be followed without 
difficulty over almost the entire sequence. 


Aust. J. Phys., Vol. 11, No. 4 


CHANGES IN THE PHOTOSPHERIC GRANULES 511 


was recorded. A positive identification for a given granule was allowed only if 
at least 50 per cent. of its area overlapped a granule on the key. In order to 
allow for the effect of seeing on the apparent size of a granule, or for any possible 
growth or decay, a positive identification was allowed when the areas were 
substantially different, provided the granules coincided in position. 
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Fig. 6 


The above method of procedure is illustrated in Figures 1-8. The key 
map for one of the eight selected regions is shown in Figure 1 and in Figures 2—4 
and 5-8 it is shown compared with maps corresponding to earlier and later times 
respectively. It will be noticed that a number of the granules persist throughout 
the sequence—a period of 9 min 6 sec. A discussion of the observed periods of 
persistence of the granules is given in Appendix I. 


The small size of the granules, coupled with the limited resolving power, 
permits the granules to be described only in a rather crude and qualitative way ; 
even this is only possible on less than one-half of the photographs. In fact, 
the description of the granules demands photographs much better than those 
required for mere identification. The classification of the granules was carried 
out on the basis of brightness, size, and shape. With regard to brightness the 
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categories were restricted to “ bright’, “‘ medium”, and “faint ’, and with 
regard to size, to ‘large’, “‘ average ”’, and “ small ”’.* 

Average-sized granules were classified as either ‘“ circular ” or *“* elongated ”’, 
whereas large granules were permitted an additional category, namely, 
“irregular”. No shape classification was made for small granules. The 
direction of elongation, where applicable, was also recorded. 
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Fig. 8 


The granules were initially classified according to their appearance at the 
time of the key photograph, using as supporting evidence three good photographs 
occurring within 35sec. If a given granule either failed to appear on two or 
more of these photographs, or alternatively was too affected by seeing to be 
described, it was deleted. This procedure eliminated 158 of the original 298 
granules. The remaining 140 were then described according to their appearance 
on each of a number of other selected photographs occurring before and after 
the key. This selection, which was varied with the region under study, contained 


* The average measured diameters of the granules corresponding to these three classes are 
1-8, 1-3, and 1-1 sec of are respectively. However, these values should be regarded only as 
rough guides to the true dimensions since they depend to some extent on the contrast of the original 


negative and the positive print and on the combined instrumental profile of telescope and 
atmosphere. 
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on the average seven photographs, the remaining ones being of insufficient 
quality. On a given photograph, no attempt was made to describe a granule if 
it appeared to be appreciably affected by seeing. 


IV. RESULTS 
Table 1 gives the results of the classification of the granules at the time of 
the key, while Table 2 gives the results of the attempt to detect changes. 


TABLE 1 
CLASSIFICATION OF GRANULES* 


Size 
Brightness 
Large Average Small Total 
Bright ee oe 12 23 2 37 
Medium a es 23 50 19 92 
Faint are oe 1 6 4 11 
Total = 36 79 25 140 


* The classification refers to the time of the key photograph, 


TABLE 2 
CHANGES IN GRANULES 


No. of 
Type of Change 
he . Granules 
No change aes As 34 ot she 5% 71 
increase ae i ee Me 12 
Brightness < decrease ee 56 oe “f3 12 
increase and decrease* als in 4 
Si increase we ae ae is aD 16 
7 decrease ae a A st A a 
Change of shape dpe sa ve oe ae 17 
Total. . a ae a ee a 125 


* These granules showed both an increase and a decrease in 
brightness during the period of observation. 


Considering large and average-sized granules together, Table 1 indicates 
that bright granules are about one-half as numerous as those of medium brightness 
and five times as numerous as faint granules. Particularly noteworthy is the 
almost complete absence of large, faint granules. With regard to small granules, 
the distribution appears to be quite different, bright granules being very rare 
and less numerous than faint ones. However, if the true size of these granules 
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is substantially smaller than the resolving limit of the telescope, the photographs 
would not reveal their true brightness, so this apparent distribution may well be 
erroneous. Observations with higher resolution may be expected to throw light 
on this question. 

With regard to shape, 63 granules were found to be circular, 36 elongated, 
and 16 irregular. A considerable proportion are therefore non-circular (cf. 
Figs. 1-8). No preferred direction was found in the case of elongated granules. 


Of the 125 granules for which there were sufficient data, 71 or 57 per cent. 
showed no detectable changes, an additional 14 per cent. showing only minor 
changes of shape (Table 2). The average period of observation was 6? min. 
Moreover, while there is some tendency among granules showing change for size 
increases to predominate over decreases, brightness increases and decreases occur 
with equal frequency. There is no correlation between the two types of change, 
nor was any tendency found for brightness or size variations to occur during 
any particular part of the life cycle. 

The stability of the granulation pattern over a period of 10 min is illustrated 
in Plate 2. Although there are apparent differences from one photograph to 
another due to seeing, several features can be followed without difficulty over 
almost the entire sequence. 


V. CONCLUSION 
The observations show that the majority of the granules last considerably 
longer than earlier estimates would indicate (see Appendix I) and display little 
change during their observed periods of persistence. The observations refer 
only to granules in the neighbourhood of a sunspot group near the centre of 
the disk ;* it is not known whether the results are applicable to granules in 
regions remote from spots. 


The observations provide little information about the modes of formation 
and dissolution of individual granules. Only 26 cases of well-defined births or 
deaths were recorded ; from these the impression was gained that in general a 
granule develops from a vague patch of diffuse, bright material which originates 
in a hitherto dark area. These diffuse patches are usually larger than the 
granules subsequently formed and are very difficult to distinguish from granules 
smeared by poor seeing. The dissolution of a granule appears to occur by the 
reverse process, although occasionally a granule loses its identity by coalescing 
with another granule. However, these remarks are only tentative and observa- 
tions with much higher resolving power are required to make further progress in 
elucidating these aspects. Such observations may prove of decisive importance 
in choosing between rival theories of the mode of origin of the granulation. 
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* The results refer, of course, to the true photospheric granulation and not to the “ facular ” 
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APPENDIX I 
Remarks on the Lifetimes of the Granules 

Using a 22min sequence of the granulation obtained by Lyot in 1943, 
Macris has derived values for the lifetimes of the granules considerably in excess 
of earlier estimates. He finds that the maximum of the lifetime distribution 
curve occurs for a value of 7-8 min. However, although individual lifetimes 
as high as 15-16 min were recorded,* the curve is weighted towards values less 
than 7 min, so that the mean value is 6-7 min. 

The results of the present work are in broad agreement with those obtained 
by Macris and, in particular, indicate that earlier estimates are too low. Table 3 


TABLE 3 
OBSERVED TIMES OF PERSISTENCE OF GRANULES* 


Time No. of Time No. of 
(min) Granules (min) Granules 
0<t<l 14 6<t<7 41 
1<t<2 3 7<t<8 25 
2<t<3 8 8<t<9 47 
3<t<4 26 9<t<10 26 
4<t<5 19 t>10 23 
5<t<6 Al 
Total .. 249 


* These represent only lower limits to the true lifetimes (see text). 


gives the periods during which the individual granules were observed to persist ; 
it is based on measurements of 249 of the original 298 granules. (Forty-nine 
were rejected on the basis of their non-appearance on two or more of the three 
photographs occurring within 35 sec of the key.) The reliability of these values 
can be gauged from the fact that, for those granules which remained identifiable 


* Macris finds that long lifetimes occur only for clwmps of granules and concludes that 
individual granules have lifetimes of less than 8-9 min. This is not confirmed by the present 


work. 


516 R. J. BRAY AND R. E. LOUGHHEAD 


for 7 min or longer (nearly 50 per cent. of the total), positive identifications 
were recorded on the average for 20 photographs out of an average possible 
number of 22. 

Owing to the relatively short duration of the sequence (10 min 21 sec), the 
starting and ending times of many of the granules fell outside the period of 
observation. Consequently the times given in Table 3 represent only lower 
limits to the true lifetimes. Therefore, although Table 3 appears to confirm 
Macris’s value of 7-8 min for the most probable lifetime, it seems likely that a 
longer sequence (say 20 min or more) of equally good photographs would yield a 
higher value. Future observations alone can settle this question. 


THE RADIO EMISSION FROM CENTAURUS-A AND FORNAX-A 
By ©. A. SHAIN* 
[Manuscript received June 18, 1958] 


Summary 


Observations of the sources Centaurus-A and Fornax-A at 19-7 Me/s, with a 1°-4 
aerial beam, have been compared with observations at higher frequencies, in particular 
with Sheridan’s 85-5 Mc/s observations. There are marked similarities between the 
sources, in their general appearances, linear dimensions, spectra, and powers radiated 
at radio frequencies. 


More detailed discussion of the Centaurus-A observations strongly suggests that 
the extended component of this source has a spiral structure. It appears to be associated 
with the bright ellipsoidal part of NGC 5128, but possible association with the dark 
band cannot be excluded. One plausible interpretation of the data leads to an estimated 
age of the source of the order of 107 years. 


I. INTRODUCTION 

Although the number of radio sources now catalogued runs into thousands, 
only few of these can be identified, even tentatively, with optical objects, and 
the number reliably identified with external galaxies is even smaller. Two of 
this group, Centaurus-A and Fornax-A, associated with NGC 5128 and NGC 1316 
respectively, are of particular interest, firstly in that the two galaxies, especially 
NGC 5128, are peculiar objects optically, and secondly because both sources 
have angular sizes which can be resolved with the present-day aerial systems 
of the Mills Cross type of radio telescope. It has already been shown by Sheridan 
(1958) that the Sydney 85-5 Mc/s Cross aerial, with its beamwidth of 0°:8, 
can be used effectively in the study of the brightness distributions across these 
two sources. Alongside the 85-5 Mc/s Cross at the Fleurs field station, near 
Sydney, N.S.W., is another Cross, working at a frequency of 19-7 Mc/s and with 
a beamwidth of 1°-4. This equipment has also been used to study Centaurus-A 
and Fornax-A. 

The object of the present paper is first to describe the 19-7 Mc/s observations 
of these two sources and then to compare the results of these observations with 
those at other frequencies, especially Sheridan’s observations at 85-5 Mc/s. 
Such a comparison of the available information about the two sources supports 
the hypothesis first advanced by de Vaucouleurs (1953) that the two associated 
galaxies have similar general physical characteristics. Finally, the great angular 
extent of the Centaurus source permits the study of its brightness distribution in 
some detail, and this leads to certain conclusions about the structure of the 


source. 


* Division of Radiophysics, C.S.I.R.O., University Grounds, Chippendale, N.S.W. 
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II. THE 19-7 Mc/S OBSERVATIONS 

The main features of the aerial system and the method of recording have 
been described previously (Shain 1958). The radio telescope operates aS a 
transit instrument, but aerial-switching gives quasi-simultaneous recording 
for five declinations separated by about 33 min of arc. ~The central declination 
can be changed by manual adjustment of the aerial, and the manual settings 
are usually arranged so that the northernmost of the five records for one setting 
should correspond to the southernmost record of the neighbouring setting, but 
in practice, owing to refraction in the ionosphere, the position in the sky to which 
the aerial is pointing at any time is different from the nominal position. 


36° 
-38° 


-36° 1 Le 


-37° 


a ee “38° T T 


0330 0320 0310 


(a) (b) 


Fig. 1.—Observations of Fornax-A. (a) The five records at different declinations 

obtained on November 13, 1957. (b) Contour diagrams prepared from records 

such as those shown in (a). Upper diagram: November 13, 1957 (ef. (a)) ; lower 
diagram : November 7, 1957. 


Both Centaurus-A and Fornax-A were observed only when they were within 
10° of the zenith and all the observations were made between midnight and dawn. 
The F-region critical frequency was always less than 8 Mc/s, and, under these 
conditions, the expected refraction due to the curvature of the ionosphere should 
be small—less than about 3 min of are (see, for example, Bailey 1948). However 
the ionosphere is never simply stratified horizontally ; at any time the electra 
density varies with both latitude and longitude, these variations producing 
apparent changes in the declination and Right Ascension respectively of extra- 
terrestrial sources. Smith (1952) has studied the refraction in Right Ascension 
at 81-5 Mc/s, but it has now been found that the refraction in declination is 
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equally important, and at 19-7 Mc/s the day-to-day variations of refraction in 
both coordinates may be 0°-5 or more. 


An investigation of the relationship between the observed refraction and 
ionospheric conditions is being undertaken in this Laboratory, but go far there is 
insufficient information for the accurate forecasting from ionospheric sounding 
data of the refraction which might be expected. In any case, for the periods 
covered by the present observations, the ionospheric data from Australian 
stations was unfortunately incomplete. Because of the uncertain refraction, 
the records on different days were therefore made with the aerial beam pointing 
at directions in the sky which were not accurately known. Under these circum- 
stances, the quasi-simultaneous recording of five separate declination scans 
was of very great value, making possible the empirical fitting together of the 
various records. As an illustration of the procedure adopted, the simpler case 
of the Fornax-A records will be outlined first. 


SS —— 


Fig. 2.—Isophotes of Fornax-A as observed at 19-7 Mc/s. The numbers 
on the contours give apparent brightness temperatures in units of 
108,000 °K. 


In observing Fornax-A, the central position of the aerial beam was set 
close to the known declination of the source, and it was found that the five 
scans covered the source almost completely ; tracings from one of the records 
are shown in Figure 1 (a). It was therefore possible to draw isophotes from each 
day’s observations, and it was found that these isophotes had generally similar 
shapes (scintillations sometimes caused some distortion) but their apparent 
positions changed from day to day, as illustrated by Figure 1 (6). Four records 
were selected which apparently were free of scintillations and of any interfering 
signals, and the isophotes drawn from these records were superimposed in such 
a way that each set fitted the others as well as possible. Average brightness 
temperatures were then computed at intervals of 1 min in Right Ascension and 
17 min of are in declination and from these a composite set of isophotes was 
constructed. This is shown in Figure 2. 

A similar process was adopted in reducing the Centaurus-A observations, 
but in this case observations with six different central positions of the aerial beam,, 
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necessarily made on different days, were required to cover the great angular 
extent of the source. At least two records were taken for each beam position. 
Isophotes were again drawn for each day, and it was found that there was sufficient 
detail in them not only to match the records for one beam position, but also to 
match the isophotes for neighbouring beam positions with only very small 


= oe 


Fig. 3.—Isophotes of Centaurus-A as observed at 19-7 Me/s. 
The numbers on the contours give apparent brightness temper- 
atures in units of 100,000 °K, 


uncertainty. In this way isophotes of the whole source were built up. The 
effects of the side lobes of the north-south aerial beam were removed in the 
manner described by Sheridan, and the effect of the background radiation 
which changes only slowly in this region of the sky, was estimated and subtracted. 


The final result is shown in Figure 3, which depicts the isophotes of Centaurus-A 
as observed at 19-7 Me/s. 
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The positions of the sources have not been indicated in Figures 2 and 3 
because of the uncertain ionospheric refraction. The Shapes of the 19-7 Mc/s 
isophotes are very similar to the shapes of the 85-5 Mc/s isophotes and it is 
assumed that the sources have the same positions at 19-7 Mc/s as at 85-5 Me/s. 
Rough estimates of the refraction suggest that this assumption is correct. As 
regards intensities, relative values should be accurate to rather better than 
10 per cent., but the uncertainty in the absolute scale is probably about 20 per 
cent. 

Integration over the contours gives the following values for the flux densities 
of the sources : 


Centaurus-A .. 280x10-%4W m-?(c/s)-1, of which 11 per cent. is con- 
centrated in an unresolved central source ; 
Fornax-A peo x 10>" Wim —* (o/s)-1, 


IIT. COMPARISON OF CENTAURUS-A AND FORNAX-A 
(a) Apparent Shape and Linear Dimensions 


A cursory inspection of Figure 3 shows that Centaurus-A is a very elongated 
source. In fact it may be objected that this extended source may be a chance 
superposition of a local galactic source on the ‘‘ point ’’ source which has already 
been identified with the dark obscuring band across the external galaxy NGC 5128. 
However, there are no other similar bright galactic features in this part of the 
sky, and the symmetry of the extended source about NGC 5128 is very strong 
evidence against the objection. If a rough allowance is made for the beamwidth 
of the aerial, the source extends for about 74° in the north-south direction and 
about 24° in the east-west direction. These dimensions are slightly larger 
than those observed at 85-5 Mc/s, and this is a real difference between the 
appearances of the source at the two frequencies, not just an effect of differing 
aerial resolution. The central ‘‘ point’ source is not resolved by either Cross. 


Fornax-A is also an extended source. At 85-5 Mc/s it is only just resolved 
in the north-south direction, with an angular width of 0°-5 or less, but at both 
85-5 and 19-7 Me/s it is clearly resolved in the east-west direction, the angular 
lengths, allowing for aerial beamwidths, being about 0°-8 and 1°-1 respectively. 
Although it is not possible from the Cross results to say whether or not there is 
a strong central concentration as for Centaurus-A, Sheridan has pointed out 
that the complexity of the 85-5 Mc/s contours indicates some small-scale 
structure. It is possible that the greater angular extent at 19-7 Mc/s may be 
partly due to the greater contribution of an extended source to the total flux 
compared to that of a localized central source. 


To get some idea of the linear dimensions of the two sources, it is necessary 
to estimate their respective distances, about which there is some uncertainty. 
For definiteness, we will take the estimates of de Vaucouleurs (1956), who gave 
the approximate distance of NGC 5128 as 7-5x10° pe, and of NGC 1316 as 
5x10% pe. The distances can hardly be much larger than these since Baade 
and Minkowski (1954a) comment that, even if only at 510° pe, NGC 5128 
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must be one of the most luminous spheroidal galaxies. We then find that 
Centaurus-A extends over an area of about 100 by 30 kpc, and that the long 
dimension of Fornax-A is also about 100 kpe. 


(b) Spectra 

(i) Centawrus-A.—There have been many observations of this source, 
extending over a wide range of frequencies, but until the results of the Cross 
observations became available there was no reliable means of separating the 
contributions to the total flux density from the central source and the extended 
source, which has been called a ‘“ haio’’, but which is now seen to be very 
elongated. It was noted above that at 19-7 Mc/s 11 per cent. of the flux is 
received from the unresolved central source. At 85-5 Mc/s the proportion is 
23 per cent. (Sheridan 1958), and it is immediately clear that the two components 
must have different spectra. 

In the light of the present observations, it is now possible to use earlier 
observations to estimate the spectrum of the two components separately. The 
sea-interferometer observations by Stanley and Slee (1950) at 60, 100, and 
160 Mc/s and some of the observations by Mills (1952) at 101 Mc/s were made 
with the interferometer fringes so closely spaced that only the central source 
would be recorded. Observations at frequencies greater than 1000 Mc/s 
(Piddington and Minnett 1951; Haddock, Mayer, and Sloanaker 1954; Hagen, 
McClain, and Hepburn 1954) have been made using aerial beams ranging from 
1°-4 to 0°-5. These aerials would have accepted only a small fraction of the 
radiation from the extended source, which, in any case, is comparatively weak 
at high frequencies. It follows that these very high frequency observations 
refer only to the central source, any small part of the extended source included 
in the aerial beams being faint and insignificant. 

At 600 Mc/s Piddington and Trent (1956) give the integrated flux density 
from the whole source, and at 400 Mc/s McGee, Slee, and Stanley (1955) show 
contours from which the total flux density can be derived. At these two 
frequencies the contribution of the central source has now been estimated from 
the spectrum of this component, and this has been subtracted from the total 
flux density to give the flux density of the extended source. Shain and Higgins 
(1954) measured the total flux density at 18-3 Me/s but no attempt has been 
made to separate the two components. 


Figure 4 shows plots of the observed flux densities against frequency, and 
also lines corresponding to a variation of the flux density S with frequency f 
of the form S=kf, where k and n are constants. In Figure 4 (a) the observed 
total flux density is plotted and the observations are fitted for a value of n—1-0. 
In Figure 4 (b) the two components are separated and the values of n are 0-6 
for the central source and 1-25 for the extended source. The difference in 
spectra of the two components is confirmed. 


(ii) Fornax-A.—Because of its lower flux density, this source has been 
studied less extensively than Centaurus-A. Apart from the Cross observations, 
the total flux density has been measured by Shain and Higgins (1954) at 18-3 Me/s, 
by Bolton et al. (1954) at 100 Mc/s, by McGee, Slee, and Stanley (1955) at 400 Me/s, 
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and by Piddington and Trent (1956) at 600 Mc/s. The observed flux densities 
are plotted in Figure 4 (c), and, although there is some uncertainty, the value 
of n for Fornax-A must be close to 1. 

(iii) Ratio of Radio and Photographic Flux Densities.—As extreme extensions 
of the spectra of the two sources, we may consider, for each source, the ratio 
of the flux density observed at a low radio frequency to the corresponding flux 
density observed in the photographic region of the spectrum. For this purpose 
we take the total flux densities observed at 85-5 Mc/s by Sheridan and the total 
photographic magnitudes listed by de Vaucouleurs (1956). These latter have 
been converted to flux densities using formulae given by Allen (1955, p. 174). 
We then find that the ratio of 85-5 Mc/s to photographic flux density for 
Centaurus-A is 1100, and for Fornax-A 1800. 
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Fig. 4.—Spectra of Centaurus-A and Fornax-A. (a) Spectrum of the total flux density of 

Centaurus-A ; the slope of the line is —1-:0. (6) Spectra of the two separate components of 

Centaurus-A. Circles: extended source, slope —1:25; crosses: central source, slope —0-6. 
(c) Spectrum of the total flux density of Fornax-A, slope —1-0. 


(c) Power Radiated 

As the values of n, describing the spectral variations of the sources, have 
been estimated, it is now possible to estimate the total power radiated in the 
radio-frequency range. In the absence of any observational evidence concerning 
cut-off frequencies, these were arbitrarily fixed, following Burbidge and Burbidge 
(1957), at 10 and 3000 Mc/s. Integration of the spectra then gives directly the 
radio-frequency flux received at the Earth, namely, for Centaurus-A (total) 
3-9x10-144 W m-, and for Fornax-A 4x10-*>Wm-. Taking the distances 
adopted above, we then find that the powers radiated by the sources are : 


Centaurus-A (central source) 1:0 x10 erg/sec 
(extended source) 1-7 Xx10%* erg/sec 
(total) 2-7 X10* erg/sec 
Fornax-A 1:2 x10” erg/sec. 


(d) NGC 5128 and NGC 1316 
de Vaucouleurs’ (1953) suggestion that these two galaxies appear to be 
similar has been criticized by Baade and Minkowski (1954b), who consider that 
the faint absorption patches of NGC 1316 are quite dissimilar to the heavy 
absorption band crossing NGC 5128. NGC 1316 is now included on Plate 11 
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of the Cape Photographic Atlas of Southern Galaxies and large patches of 
absorption are seen near the edge, even on this long-exposure photograph. 
Taken in conjunction with Baade and Minkowski’s pictures, it appears quite 
likely that these absorption patches are confined to a band across the galaxy. 
It is clear from other observations by Minkowski (personal communication to 
Dr. B. Y. Mills), particularly of spectra, that there are definite differences between 
the two galaxies as observed optically. On the other hand, there does seem to 
be some similarity, and it appears that at present we cannot decide, on optical 
evidence alone, whether or not there is any fundamental similarity which would 
provide an explanation of their remarkable radio properties. 


The Cape Atlas gives the extension of NGC 1316 as 6 min of arc, which 
would correspond to a length of 8700 pe at the adopted distance. Baade and 
Minkowski (1954a) can trace faint extensions of NGC 5128 over 30 min of arc, 
corresponding to a length of 6500 pe. Photoelectric recordings by de Vaucouleurs 
(1956) suggest that extremely faint extensions of this galaxy may be detected 
over about twice this distance, but no similar observations are available for 
NGC 1316. 


TABLE 1 
COMPARISON BETWEEN CENTAURUS-A AND FORNAX-A 


Centaurus-A Fornax-A 
Associated galaxy a it e 45 NGC 5128 NGC 1316 
Optical peculiarities BA aS on a heavy absorption absorption patches in 
band band across galaxy 
Adopted distance (pc) AN ae <i 56 725% 105 5 x 108 
Absolute magnitude (pg) .. oe ae ase —18 —19 
Max. linear dimenSions 
(optical) (pe) .. to ao aye bs 6-5 x 108 8-7x 105 
(radio) (pe) cis ts Ke os 105 ~105 
Ratio of length to breadth (radio). . aa oh 3 >2 
Radio-frequeney spectral index for whole source —1-0 —l 
Power radiated between 10 and 3000 Me/s 
(erg/sec) 54 art Se ay, a3 3 x 10% 12 x 10% 
Ratio of 85-5Mc/s and photographic flux 
densities .. aie oe ie a he eek 1-8 x 108 


(e) Summary of Evidence for the Similarity of Centaurus-A and Fornax-A 

The observational data on the two sources are collected together in Table 1. 
Some of the values in the table are based on the assumption that the distances 
adopted in Section III (a) are correct. As an example of the effect of changing 
the distance of one of the sources, if the distance of NGC 1316 were reduced to 
about 3 x 10° pe, so that its absolute magnitude was the same as that of NGC 5128, 
its linear dimensions would be 5-5x10% pe (optical) and 6x10! pe (radio), 
and the radiated power would be about 5 x 10°9 erg/sec. 


All the data of Table 1 are consistent with the hypothesis that, although 
there may be differences in detail, Centaurus-A and Fornax-A are similar objects 
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physically. Taken together, they would appear to offer some support to this 
hypothesis, but further optical evidence and the study of the relationship between 
these and other “radio galaxies’, such as M 87 (Virgo-A), (see Section IV), 
are required before it can be considered as definitely established. If itis accepted, 
the interpretation of NGC 5128 as a pair of colliding galaxies (Baade and 
Minkowski 1954a) would then appear to be ruled out, as such a description could 
hardly be applied to NGC 1316. 


IV. FURTHER DISCUSSION OF CENTAURUS-A 

Because it has such a large angular size, the extended component of 
Centaurus-A can be studied in some detail with the Cross equipment, and we 
shall now use the 19-7 and 85-5 Mc/s observations to see what information can be 
obtained about the structure of this extended source and its association with 
NGC 5128. It will be assumed in the subsequent discussion that the radiation 
originates in the acceleration of relativistic electrons in magnetic fields. On 
this assumption, and using the experimental evidence available at the time, 


Fig. 5.—Sections across Centaurus-A at two declinations: (a) —41°, (b) —44°-5. 
The full and dashed curves are 19-7 and 85-5 Mc/s observations respectively. 


Burbidge and Burbidge (1957) have already calculated the total particle and 
magnetic field energies required to produce the observed emission. These 
energy estimates depend on the square of the adopted distance to the source, 
but they are not very sensitive to the values of the spectral indices of the source 
components. As Burbidge and Burbidge adopted a very large value of the 
distance, it is thought that the energies they deduced are rather too high, by 
about one order of magnitude, but otherwise the new data do not appear to 
affect their general argument. 


In Section III (a) it was stated that the extended source appears to be wider 
at 19-7 than at 85-5 Mc/s. The source lies almost along an hour circle, so 
Figure 5 shows sections across the source at declinations —41° and —44°-5, 
the scales being adjusted so that the maxima coincide.* From this figure we 
find for the angular width to half power at the two declinations: 1°-9 and 1°-6 
at 85-5 Mc/s; 2°-6 and 2°-8 at 19-7 Mc/s. These are all about twice the aerial 


* An approximate allowance for the general background radiation has been removed from 
the 85-5 Mc/s data using information kindly supplied by Mr. Sheridan. Any small uncertainties 
in doing this do not affect Figure 5. 
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beamwidths, so that the corrections for the width of the aerial beams are small 
(about 0°-2 at 85-5 Mc/s and 0°-4 at 19-7 Mc/s). In Figure 5 it is also seen 
that the positions of the maxima are the same at the two frequencies but the 
maximum for one declination is displaced from the maximum for the other 


declination. 


Zz 


° 


Fig. 6—Showing the spiral shape of the 
extended component of Centaurus-A. The 
heavy dashed line shows the ridge line of the 
source through the circles (19-7 Mc/s observa- 

tions) and crosses (85-5 Mc/s observations). 


Sheridan has already remarked that the extended source has a shape 
suggestive of an open spiral. This shape is not so marked at 19-7 Mc/s (see 
Fig. 3); it would be masked by the faint but more extensive regions observed 
at this frequency. Nevertheless, there is a suggestion of a spiral shape and to 
bring this out Figure 6 has been drawn. In this figure, the “‘ ridge line ” of the 
extended source has been drawn by locating the points on the contours at which 
the curvature is a maximum—a simpler procedure than the drawing of sections 
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as in Figure 5, but giving the same result. The region very close to the central 
concentration was not considered. Both 85-5 and 19-7 Me/s data agree well, 
and the heavy dashed line drawn through the points shows a definite Spiral shape. 


The spiral is asymmetrical about the centre, but optical photometric studies 
of NGC 5128 (Evans 1949; de Vaucouleurs and Sheridan 1957) suggest that 
the nebula is being viewed from the south. (The dark band appears slightly 
to the north of the centre of the bright nebula, and the southern part is brighter 
than the northern.) 


The plausible model of the extended source is then a spiral, slightly more 
open than that indicated by Figure 6, with the south-following end nearer the 
observer and with the plane of the spiral inclined to the line of sight. Asymmetry 
is produced because the great extent of the source means that the two arms are 
at different distances and are viewed at different angles. On any model, the 
greater width at 19-7 Mc/s is readily explained by a weakening of the magnetic 
fields near the edge of the system and the gradual loss of energy by the highest 
energy electrons as they diffuse outwards from the centre. 


We may note that the apparent position angle of the central part of the spiral 
is within 10° of the major axis of the main body of the nebula as shown in a long- 
exposure photograph reproduced by Baade and Minkowski (1954a). This 
might suggest that the extended source is associated with the bright part of the 
nebula and the central concentration with the dark band (Mills 1953). Alter- 
natively, it is possible that the ends of the dark band curl around into this 
direction ; the whole source would then have a barred spiral structure with 
a bright concentration in the very small bar. It is not possible to study such 
detail near the centre with the Cross equipment, but that some complication is 
present in that region is clear from Mills’s (1953) interferometer observations. 
The whole question is complicated by the fact that the dark band and the major 
axis of the nebula are very nearly at right angles. This may well mean that the 
shape of the nebula (and of the extended source) is somehow intimately connected 
with the appearance of the dark band. 


Any discussion of the origin of the source’s spiral shape must be largely 
speculative until some decision can be made concerning the way in which the 
electrons (or positrons) responsible for the radio emission reach their high 
energies. Burbidge and Burbidge (1957) have already shown that the electrons 
must have been produced at high energies, since acceleration processes are too 
inefficient. An estimate of the number density of the particles actually 
responsible for the emission can be obtained by using the theory outlined by 
Ginzburg (1956). We then find that if the magnetic field is 10-° G the particle 
density is 4 <10-143 em-3, whilst for a magnetic field of 10-° G it is 7x10 cm. 
The total number of particles would be about 10°” or 10° respectively, and even 
if there were an equal number of particles of protonic mass the total rest mass 
would be only 1 or 100 solar masses. Of course, the mass of the extended source 
may well be much higher than this. For example, Burbidge and Burbidge 
considered in detail the production of the high-energy electrons by collisions of a 
primary high-energy proton flux with static gas and dust in the extended source, 
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and their assumed density of about 10-26 g/em® (about 0-01 proton/cm*) leads 
to a mass of about 10” solar masses. This would be an appreciable part of the 
mass of the NGC 5128 system and the general theory of galactic structure would 
have to be considered. 


On the other hand it is possible that the radiating particles are themselves 
ejected at high energy from the galaxy, so that the mass of the source is extremely 
small. Then the spiral shape is a consequence of the rotation of the nucleus 
through roughly one-quarter of a revolution since the start of the ejection. Using 
Mayall’s (1948) data on rotation periods of galaxies, the age of the extended 
source would be about 107 years, and the arms would expand at the rate of about 
3000 km/sec. In this regard, it is noteworthy that Baade and Minkowski (19542) 
quote spectral observations, by Humason, of M 87 (identified with the radio 
source Virgo-A) which suggest that the matter in the jet emerging from the 
nucleus of this galaxy is being ejected at speeds of the order of 500 km/sec. 
They estimate the age of the jet to be about 10° years. These figures would 
seem to favour Burbidge and Burbidge’s suggestion that M 87 represents an early 
stage in the development of a system such as NGC 5128. This suggestion ties 
in with the hypothesis of Ambartsumian (1958) that NGC 5128 is actually a 
galaxy in the process of division. 


It would be very interesting if a detailed spectroscopic study of NGC 5128 
gave evidence of a rotation of the system consistent with this interpretation of 
the radio data observations. In fact, such a study would seem to be very 
desirable just to supplement the meagre optical information at present available. 
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A PENCIL-BEAM SURVEY OF THE GALACTIC PLANE AT 3:5M 
By E. R. Hi1,* O. B. SLEE,* and B. Y. MImis* 
[Manuscript received June 24, 1958] 


Summary 


A survey has been made of the galactic plane region from /=223° through the 
galactic centre to J=13° between b= +4° and —6° using the 3-5 m wavelength cross- 
type aerial (beamwidth 50 min of arc) near Sydney. Contour diagrams of brightness 
temperature have been prepared. The preparation of contours is described in detail, 
and a detailed discussion of the accuracy of the temperatures is given. 


I. INTRODUCTION 

In an effort to understand the origin of radio-frequency radiation emitted 
by the Galaxy, numerous surveys of the sky have been carried out in the past at 
various frequencies. Until 1954, however, there were no aerials operating at 
metre wavelengths capable of matching the angular resolution obtainable at 
centimetre wavelengths. The great physical size required of conventional-type 
aerials made it impracticable to obtain a steerable pencil beam for work at long 
wavelengths. 

That there were features of interest in the distribution of radiation at long 
wavelengths, especially near the galactic plane, was made quite evident by the 
jnterferometer investigations by Scheuer and Ryle (1953) at 1-4 and 3-7m, 
and by Bolton et al. (1954) at 3m. The former were able to show the presence 
of intense radiation originating within a degree or so of the galactic plane, but no 
decision could be made as to how this radiation was distributed along the plane 
since the resolution of the aerial in this direction was low. The work of Bolton 
et al. clarified the situation somewhat in that it showed that there were regions of 
emission closely confined to, and elongated along, the galactic plane. These 
features were irretrievably lost in the lower resolution surveys. 


The investigations noted above indicated, furthermore, that the most 
satisfactory method of examining the expected complicated distribution of 
radiation in the vicinity of the galactic plane is by the use of a pencil beam of 
width preferably less than 1°. That such resolution could be obtained at metre 
wavelengths by means of a cross-type aerial system was shown by Mills and Little 
(1953). 

The purpose of the present communication is to describe the construction 
of brightness contours in a strip along a considerable length of the galactic plane 
using observational material obtained with the 3-5 m cross-type aerial situated 
at Fleurs, near Sydney. This aerial, which has a beamwidth of 50 min of are, 
has been described together with its associated equipment by Mills, Little, et al. 
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(1958). As this paper will be referred to frequently in the course of subsequent 
discussion, it will be called paper I. 

With such an instrument, detailed comparison between high and low 
frequency surveys, which had hitherto been restricted to the less complex regions 
away from the galactic plane and cooler regions near the anticentre, may now be 
extended right into the galactic plane. A brief preliminary discussion of the 
more interesting astronomical implications of the present high resolution survey 


has been given by Mills, Hill, and Slee (1958). More detailed analyses of these 
and other aspects are now in progress. 
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Fig. 1.—A record of the scanning type, described in paper I, used in the reductions of the present 
survey. This sample covers a period of nearly 1 hr when the beam crosses the galactic plane near 
1=330°. The beam position is N6 (8 =—26° 30’) and the record was made on July 4, 1956. The 
two levels near the base of the record and immediately following the time marks are dummy-load 
levels. Several deflections indicating temperatures on different subpositions have been marked. 


II. SCANNING OBSERVATIONS WITH THE 3-5™m “ Cross ” 

For the purpose of the survey, the aerial is used as a meridian transit 
instrument, so that material is collected from scans across the galactic plane. 
On each scan the aerial is switched electrically in a time interval of 1 min between 
five declinations spaced approximately 20min of are apart. The individual 
declination settings of each scan have been denoted by the letters A, B, C, D, 
and E, which we shall call subpositions. The declination of the C subposition 
defines the scan, or beam position, A and H being respectively the most southerly 
and northerly subpositions. 
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The range of declinations available to the aerial (from 3=-+10° 25’ to 
—T78° 7’, corresponding to zenith distances from +44° 16’ to —44° 16’) is divided 
into 60 beam positions, 30 on each side of the zenith, labelled NJ to N30, SI 
to S30. The zenith angle of each beam position is defined by equation (28) 
in paper I. These beam positions are arranged so that the A subposition of any 
beam position has the same declination as the H subposition of the next beam 
position to the south. This overlap in declination is useful for relating the 
calibrations of the individual beam positions, and, as noted later, allows the 
asymmetry in the aerial beam on these subpositions to be removed merely by 
averaging the two sets of temperatures observed on the adjacent beam positions 
at these declinations. 

With the scanning system in operation, the recorder provides what is called 
a scanning record. A typical example of such a record during the transit of 
portion of the galactic plane through the aerial beam is shown in Figure 1. As 
described in paper I, the length of each sawtooth on the record represents the 
pencil-beam output at a particular declination and Right Ascension. The 
temperature of the north-south array, which must be added to the pencil-beam 
temperature to give brightness temperatures, is given by the deflection between 
the dummy load levels, two of which appear in Figure 1, and the base of the 
sawtooth pattern. 


III. INSTRUMENTAL EFFECTS 
Prior to describing the survey it will be advantageous to examine some 
features of the aerial and receiving systems:in so far as they influence the inter- 
pretation and reduction of records. We consider firstly the aerial directivity 
effects. 


(a) The Aerial Directivity 
A qualitative plan-picture of the aerial pattern when the aerial is switched 
to a C subposition is shown in Figure 2 (a). It consists of a central pencil beam, 
the filled circle, around which is situated the side-lobe pattern. The largest 
side lobes are to be found distributed along the meridian plane which corresponds 
to the direction of the fan beam of the east-west array. Here the side lobes, 
except for several adjacent to the pencil beam, are randomly distributed and 
their responses average about 2 per cent. of the pencil-beam response. Another 
important group of side lobes lies along a small circle on the sky about an axis 
formed by the north-south arm of the cross. This small circle intersects the 
meridian plane at the declination of the pencil beam, and corresponds to the fan 
beam of the north-south array. The side-lobe structure here is similar to that 
on the meridian, but the average response is only about 0-5 per cent. of the 
pencil-beam response. These two groups of side lobes we call the primary side- 
lobe pattern, and they are represented by the shaded area in Figure 2 (a). The 
remainder of the diagram is covered by a random distribution of side lobes, 
whose responses are less than 0-02 per cent. of the pencil-beam response. These 

side lobes are too small to be of any consequence. 


Since we are using a receiving system which is sensitive to the relative 
phases of the outputs from the two arms of the cross, side lobes will produce 
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recorder deflections which are of the same or opposite sign as that due to a radio 
source in the pencil beam. These are called positive and negative side lobes 
respectively. Randomness in the side-lobe structure arises because there are 
small departures from the nominal current amplitude and phase distribution 
along the arrays. However, the innermost primary side lobes are not of a 
random nature, but depend largely on the current distribution along the array. 

As described in paper I, additional side lobes are introduced along the 
meridian plane when the beam is directed to the A, B, D, and E subpositions. 
These side lobes arise because displacement of the beam is effected by adjusting 
the phases of the north-south array dipoles in banks rather than individually ; 
they are called switching side lobes. Near the pencil beam, these side lobes are 
spaced at intervals of 2°-3 for B and D subpositions, and several such side lobes 
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Fig. 2.—Pictorial representations of the aerial patterns of the “cross ”’ on beam subpositions 

OC, B, and D are shown in (a), (b), and (c) respectively. The central circle in each instance represents 

the pencil beam, whilst the shaded regions in the north-south and east-west directions represent 

the primary side-lobe pattern. The secondary side-lobe pattern fills the four unshaded sectors in 

each pattern. For the B and D positions, the positions and phases of switching side lobes are 
indicated qualitatively by the + signs. 


in the neighbourhood of the pencil beam are shown in Figures 2 (b) and 2 (¢) by 
+ and — signs, which indicate the phases of the side lobes. Responses of 
switching side lobes diminish rapidly on either side of the pencil beam ; the two 
innermost side lobes on each side of the pencil beam have relative responses 
15 and 7 per cent. and provide the most important spurious contributions to 
brightness temperatures. Aerial patterns for A and H# subpositions are similar 
to those of B and D subpositions, the chief difference being that near the pencil 
beam the switching side-lobe spacing is about 4°-6. 

Switching side-lobe effects are present on all subpositions, except C, whenever 
the side lobes straddle an area of the sky in which there is a temperature gradient. 
They are therefore particularly noticeable in the region of the galactic plane. 
However, due to the fact that A and # subpositions overlap, and, further, that 
on these positions the switching side-lobe patterns are mirror images of one 
another, the average of A and # temperatures should contain no trace of their 

F 
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if 


Fig. 3 (a).—Contours of brightness temperature for the strip J=333 to 343° before removal of 

beam asymmetry effects. The network of lines across the chart is the Right Ascension and 

declination grid, the latter being denoted by the beam subposition ; lines marking declinations of 

B and D subpositions have been omitted. The contour interval is 1000 °K except in the shaded 
region, where it is 2000 °K. 


effects. On the other hand, all B and D temperatures require individual correec- 
tions on this account. Switching side-lobe effects, which we call asymmetry 
effects, produce a waviness in the contours as shown in Figure 3 (a) for the 
1=333° to 343°, b=-+4° to —6° region. This figure also illustrates the contour 
distortion effects of a strong source lying in switching side lobes. In the 
neighbourhood of R.A. 172 58™ on beam position NV12B, the effect of source 
17-2A (Mills 1952) in one of the 7 per cent. switching side lobes is seen clearly ; 
stronger spurious responses of the same nature due to this source are seen on 
N10 B and D at the same Right Ascension, where it lies in a 15 per cent. switching 
side lobe. Contours of the same strip of the Galaxy, after correction for beam 
asymmetry, are shown in Figure 3 (b).. 
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y 


Fig. 3 (6).—Contours of brightness temperature for the strip 1=333 to 348° after removal of beam 
asymmetry effects. Network and contour intervals as in Figure 3 (a). 


For the determination of the switching side-lobe pattern, the reader is 
referred to paper I. There, it was shown that adequate corrections to B and D 


subposition temperatures are given by 


AT, 3 =0 *13(L(n-2)¢ —T n+2)8) —0 06 (2 plas)» 
AT ,p=9 13 (L422 2 (n-2)z) aa 06(2(n44)3—Ln—s) Bs 


where suffixes nB and nD are the subpositions of beam position n at which 
temperatures are being corrected. 

Finally, a strong source in one of the primary side lobes may affect brightness 
temperature measurements. The most serious of such effects is due to the 
intense central source of I.A.U. 1384A (Centaurus-A) when it lies on the meridian. 
Adopting the average relative response of these side lobes, +-2 per cent., this 
source could produce a modification of +1100 °K to the real brightness temper- 
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ature. Other bright sources in the field of the aerial could only produce effects 
up to +300 °K. Since the amplitudes and phases of the currents in the individual 
dipoles are not known sufficiently well to determine the side-lobe pattern, it is 
not possible to correct for these influences on measured temperatures. We 
will have cause to consider this effect in discussion of the contours (Section V). 


(b) Calibration Changes 
We have considered effects arising as the result of the reception of radiation 
in unwanted directions. The remaining instrumental effects are those related to 
variations in sensitivity or zero level as functions of time or beam position. 


In order to obtain the brightness temperature of any region of the sky it is 
necessary, a8 described in paper I, to include a temperature derived from the 
north-south arm of the cross alone. But, as the aerial is switched between the 
five subpositions, small changes occur in the impedance presented by the north- 
south array to its receiver ; their most serious effect is to cause changes in the 
zero level of the power output. Variations of this kind are responsible in part 
for the slightly irregular heights of the lower ends of the scans in Figure1. When 
the north-south beam is directed close to the zenith the impedance changes 
become very marked because, as discussed in paper I, the standing-wave ratio 
along the feed line becomes high and needs special arrangements for cancellation ; 
the degree of cancellation varies between different subpositions. For the two 
beam positions closest to the zenith (SZ and NZ), variations in zero level of up to 
600 °K occur. Distortion in the contours arising in this manner have been 
neglected in the present survey. Since the brightness temperature always 
exceeds 5000 °K when the impedance changes are largest, the maximum possible 
error in the temperatures of two adjacent subpositions of the beam due to this 
cause is about 10 per cent., and over most of the area surveyed the error is very 
much less. 

Absolute temperature measurements depend also on the stability of the 
receiver gain, which may be studied by means of the record calibration measure- 
ments. Although the calibration of the temperature scales was performed only 
at the beginning and end of each day’s recording, lasting on the average 17 hr, 
a continuous check could be kept on the zero of the temperature scale by noting 
the variation of the dummy-load levels at half-hourly intervals. A study of the 
calibrations and dummy-load levels showed that the average change in sensitivity 
over this time interval was approximately 6 per cent., the change being essentially 
of a systematic nature. Hence we may conclude that the maximum receiver 
calibration error is unlikely to exceed 6 per cent. and, by making use of linear 
interpolations, this error was probably substantially reduced. 


For the galactic plane studies a considerable amount of observational 
data was accumulated over the period from October 1955 to November 1956. 
In this interval two series of observations from beam positions N30 to S30 were 
carried out, yielding, after records free of obvious solar interference had been 
sorted out, one complete and another almost complete set of observations over 
the 60 beam positions. In each series the procedure was to observe firstly beam 
positions NZ to N30, in that order, followed by adjustments to the arrays, if 
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necessary, after which observations were continued with southern beam positions 
S1 to 830. 

The lengthy period of observation has meant that consideration has to be 
given to the magnitude of long-term changes in the calibration. An estimate of 
such changes alone has not been attempted, but intercomparison of temperatures 
from duplicate records of the same beam position has been used to estimate the 
combined effects of short- and long-term changes. A detailed description of 
these investigations would be too tedious to give here, but the nature of the 
considerations involved will be indicated. 


The comparison of the first and second series of observations has been 
restricted to the high temperature ridge lying near the galactic plane, principally 
because it is in this interesting region that an estimate of precision is most desir- 
able. Therefore, for each record the average pencil-beam and north-south 
temperatures from the five consecutive beam subpositions giving the largest 
average brightness temperature were computed. The ratio of the average 
pencil-beam temperatures, and average north-south temperatures were then 
deduced from the two records generally available for each beam position.* 
Plots of these ratios are shown in Figures 4 (a) and 4 (b) as a function of beam 
position and the galactic longitude of the region where temperatures were 
measured. For some beam positions these figures indicate two ratios—in these 
instances the open circles identify the ratios with which we are concerned at 
present.f 

Adopting the average of the two mean temperatures for each component 
as the basis for comparison of the two series of observations, it is found that the 
average deviation of the temperatures, both pencil-beam and north-south, is 
5 per cent. The largest deviation is 15 per cent. This would indicate that 
averages of brightness temperature available for the area surveyed constitute 
a satisfactory combination of available observations. However, it was considered 
that a better compromise could be obtained near the galactic ridge by applying 
corrections to pencil-beam calibrations corresponding to points of Figure 4 (a) 
showing relatively large deviations. By so doing, it was hoped that the consider- 
able fine structure apparent along and near the ridge-line would be defined 
more accurately. It should be noted that no weight was given to the north-south 
temperature ratios in deciding at what beam positions calibration adjustments 
were necessary, since the north-south contribution to the brightness temperature 
at the ridge is relatively small. 

Closer scrutiny was therefore given to the original records showing the 
most serious discrepancies between the two measurements, namely, beam positions 
N10 and S1 to S12, and to their neighbouring beam positions. Since the pencil- 
beam temperatures for galactic crossings on S73 to S21 between galactic 


* Since there were no records among the second series of observations covering the galactic 
crossings around J=270 to 295° on beam positions S76 to 820, there are no temperature ratios 
in this range of longitudes. 

+ The fact that the more southerly declination circles cross the strip of the galactic plane 
with which we are concerned on two occasions explains the two sets of ratios possible for the 


more southerly beam positions. 
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longitudes 240 and 265° are for the most part too low to be corrected reliably, 
no attempt was made to modify their calibrations. By examining particularly 
the peak pencil-beam temperatures on the overlapping A and HE subpositions in 
the vicinity of SZ to S12 it was found that much better continuity prevailed 
amongst the first series of observations on N1A-S1E, and S12A and S13H 
overlaps. Thus the systematic difference apparent on Figure 4 (a) appears to be 
due to some, as yet untraced, effect which caused the second series of temperatures 
on S1 to S12 to be about 20 per cent. too low. This disagreement has been 
removed by adding 20 per cent. to all the second survey pencil-beam and north- 
south temperatures on these beam positions—the latter temperatures being 
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Fig. 4.—These diagrams depict the comparison of temperatures on the galactic ridge from the 

two observations available for nearly every beam position. (a) shows the ratio of the second 

to the first series of pencil-beam temperatures, (b) shows the similar ratio for the north-south 

temperatures. On beam positions N10 and S1 to S12, where calibration adjustments were made, 

the filled circles are based on the adjusted temperatures. Temperature ratios on these 13 beam 
positions, prior to calibration modifications, are shown by open circles. 


included only because it was more convenient to correct total brightness 
temperatures than the pencil-beam contribution alone. The beam position 
N10 was similarly treated—in this instance it was found that the first series of 
measurements was discordant. For all these 13 beam positions the ratio of second 
to first series observations, after the corrections just considered, have been 
indicated by the dots. It will be noted that in applying the corrections to 
north-south temperatures, the agreement between the two measurements for 
N10 and Si to S12 (from /=300 to 320°) has been improved. On the Si to 
S12 (l=227 to 238°) crossings the agreement between the two series of north-south 


temperatures has deteriorated. This is not considered serious, since the average 
north-south temperature is only about 1500 °K. 
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To summarize, it has been found that for all beam positions, other than V 10 
and SI to S12, an average of the two sets of observations is quite adequate. 
On the remaining 13 beam positions, for which agreement between our two 
series of measurements was not quite so good, appropriate corrections have 
been made to measurements of one series or the other to produce more suitable 
averages of the observations. 

As a result of these corrections the average uncertainty in the relative 
brightness temperatures combined in the above manner should be less than 
5 per cent. However, in respect to the absolute accuracy of brightness temper- 
atures, the accuracy of the aerial gain measurements must be considered. Little 
(1958) considers that the uncertainty in the aerial gain is 10 per cent.; this 
means that the absolute accuracy of the survey temperatures would be somewhat 
better than 15 per cent. 

Finally, it might be mentioned that, although the investigations outlined 
above have been restricted to the neighbourhood of the galactic ridge, the 
conclusions regarding the accuracy of brightness temperatures will apply all 
over the area of sky considered. The principal reason for this is that for the 
most part the aerial scans across the galactic plane region between b=+4 and 
—6° in so short a time that there is little chance of significant variation from the 
values taken at the crossing itself. 


IV. REDUCTION OF DATA FOR THE SURVEY 

As was mentioned earlier, the region of the galactic plane to be considered 
comprises the strip between latitudes +4 and —6° and stretches from /=223° 
through the galactic centre to 1=13°.* 

In collecting material for this area, brightness temperature measurements 
were made from tracings of the original records prepared in a manner described 
in paper I. As in the preliminary analysis described in Section III (b), only 
records not obviously affected by solar interference have been used. Temperature 
scales for the north-south and pencil-beam components were obtained by linear 
interpolation from the calibrations at the beginning and end of each record. 
Temperatures were measured to within +150 °K at intervals of 2 min in Right 
Ascension on every subposition of the beam. In complex regions of the sky, 
temperatures were measured at 1 min intervals. After the corrections indicated 
by the preliminary comparison (see Section IIT (5)) were applied to these measure- 
ments, the results of the two series of observations were averaged. In regard 
to this averaging it might be added that not only are instrumental effects reduced, 
but any less obvious effects of solar interference on the records is also diminished. 
Further, averaging of A and E subposition temperatures removed beam 
asymmetry effects at these declinations. 


* No data are obtainable for longitudes from 13 to 167°, since these regions lie to the north 
of the normal operating declination range of the aerial. Here the aerial efficiency is a rapidly 
decreasing function of zenith angle and the relative importance of spurious responses increases. 
The strip from 1=167 to 223° has been subjected to a preliminary investigation which showed 
that this comparatively low temperature region would require special methods of reduction if 
features present were to be described accurately. We have consequently deferred consideration 
of this region until a later date. 
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Fig. 5 (c)—For explanation, see Section V. 
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Fig. 5 (d).—For explanation, see Section V. 
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Fig. 5 (j)—For explanation, see Section V. 
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Fig. 5 (n).—For explanation, see Section V. 


Charts, each 10 by 10° in galactic latitude and longitude, were then prepared 
with a Right Ascension and declination grid such that each intersection of the 
grid corresponded to a direction in which temperatures had been measured 
from the tracings. The construction of the grid was based on data prepared in 
the Laboratory by Martha Stahr Carpenter from the Lund tables with precession 
corrections necessary to render the conversion valid for epoch 1955. This 
being only about a year and a half from the mean epoch of observation meant 
that, since the grid was intended to be accurate to 0-1° in J and b, adjustment 
of the grid to make it appropriate for the mean epoch of observation was not 
warranted. Average temperatures as deduced above were then inserted at 
their appropriate Right Ascension-declination grid junction. 

The beam asymmetry corrections for all B and D subpositions were then 
computed from the relations noted earlier (Section III (a)) using the average 
temperatures inserted on the charts. Although this involved in many cases 
using uncorrected B and D temperatures, the effects produced in doing so are of 
minor importance and were neglected. Beam asymmetry corrections around 
-6=+4 and —6° were always less than several hundred degrees, irrespective of 
galactic longitude. Around the galactic plane, however, larger corrections 
occur because of the greater background temperature gradients. This is 
especially so about the galactic centre where --1000 °K corrections were common, 
whilst in small areas in this locality corrections of up to +2000 °K have been 
necessary. Generally, however, the asymmetry corrections were less than 


+1000 °K. 
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From the final temperature grid on the charts, contours were constructed— 
these are shown in Figures 5 (a) to 5 (0).* No use has been made of Bracewell’s 
(1956) process of filtering out artificial high frequency components since the 
method is too laborious for manual reductions and, moreover, the uncertainties 
in the data do not warrant such a detailed analysis. Finally, no correction has 
been made to the contours for the finite width of the pencil beam. 


VY. DISCUSSION OF CONTOUR DIAGRAMS 

Contours of brightness temperature in Figures 5 (a) to 5 (0) constitute the 
results of the survey. Temperatures marked on these diagrams are in units of 
1000 °K, which is also the interval of the contours except in the diagonally 
shaded regions where the interval is 2000 °K. Contours enclosing cool regions 
have vertical shading on the low temperature side of the contours. Where the 
contour system is inadequate for the purpose of illustrating peak temperatures 
of sources, or in extended bright areas, extra temperatures have been added. 
These temperatures are not embraced by contour lines. In the lower right-hand 
square of the /-b grid on each chart the average direction of the aerial scan is 
indicated by the double-headed arrow. 

A general inspection of the diagrams indicates that the beam asymmetry 
corrections have successfully removed most of the spurious waves in the contours. 
There are traces of asymmetry effects remaining, for example, around the galactic 
centre region /=323 to 333°, but they do not influence the interpretation 
sufficiently to warrant more precise correction. 

There are several spurious effects remaining in the contours to which attention 
should be drawn. Firstly, there is the region wherein the effects of Centaurus-A 
in the north-south part of the primary side-lobe pattern may produce significant 
distortion of the contours. The narrow strip which is affected occurs around 
1=274-275°. This strip has been indicated on Figure 5 (j) and contours within 
it have been broken. In this uncertain region, there is at 1=2744°, b——3}° 
a temperature of about 2000 °K above the surroundings. Whether this is a 
real source, or whether it is one of the rare examples of a relatively large primary 
side lobe cannot be ascertained. The. side lobe would be required to have a 
response of 4 per cent. of the primary beam to produce this effect as compared 
with an estimated r.m.s. primary side-lobe response in the north-south direction 
of 1-7 per cent. 

Another area where spurious effects occur lies close to the zenith in a strip 
lying diagonally across the charts between 1=323°-1 and 326°-2 at b=—6°, 
and 1/=316°-4 and 319°-7 at b=+4°. Here the impedance effects, mentioned 
earlier, have their maximum influence and introduce spurious detail into the 
contours. 

A map of contours obtained with this instrument in the region of the galactic 
centre, the area corresponding to our Figure 5 (e), has been published by Mills 
(1956). Although many of the records used in these two maps were the same, 


* A large diagram, measuring 6 by 90 in., in which the contents of Figure 5 are combined 


into one continuous chart, has been prepared, and a limited number of copies are available on 
request. 
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there are some differences in the published results, the most notable being the 
higher brightness temperatures obtained now. These result from a recalibration 
of the equipment as described in paper I. Other small and relatively unimportant 
differences in the shapes of the contours arise from the use of different reduction 
processes and the use of additional observational material in the present map. 
While this map is, in general, more reliable, the source at the galactic centre was 
treated more carefully in the earlier investigation, using extra records at inter- 
mediate beam positions: these were not used in the present reduction as the 
aim was to produce a uniform and more or less standardized treatment of the 
whole area covered by the maps. 


Another and much larger area has been treated more carefully in an 
independent investigation by H. Rishbeth (1958); this includes the bright 
regions around longitude 230° as well as adjacent areas at higher latitudes not 
included in our maps. It is probable that other localized areas will also receive 
special treatment in subsequent analyses. 
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RADIO EMISSION FROM THE VELA-PUPPIS REGION 
By H. RisHBETH* 
[Manuscript received July 28, 1958] 


Summary 

The Vela-Puppis region has been surveyed with Mills Cross radio telescopes, and 
radio isophotes plotted at two wavelengths. Many discrete sources have been observed. 
Several H 11 regions have been detected in emission at 3-5 m and in absorption at 15-2 m ; 
the radiation from such objects is of thermal origin. The outstanding feature of this 
region is a group of strong non-thermal sources near the galactic equator. These are 
superimposed on an intense belt of radiation along the equator, and this, too, is certainly 
non-thermal in origin. Some correlation with galactic structure is suggested. 


I. INTRODUCTION 

The constellations of Vela and Puppis contain some of the brightest emission 
regions in the southern Milky Way. The most extensive H m region known lies in 
this area ; it is excited by the early-type stars y Velorum and ¢ Puppis, and its 
fragments are scattered over several hundred square degrees of sky (Gum 1955, 
1956). The present paper describes general surveys of the Vela-Puppis region 
at two radio wavelengths. These surveys: have shown that some parts of this 
H 1 region can be detected in emission or absorption, depending on the wave- 
length used, but they have also revealed a compact group of non-thermal sources 
near the galactic equator, and the characteristics of these sources are studied 
in some detail. 

The instruments used were the two Mills Cross radio telescopes at the Fleurs 
Field Station, near Sydney, N.S.W. (151 °E., 34 °S.). In each system the outputs 
of two long mutually perpendicular arrays are combined in a phase-switching 
receiver to give a narrow primary beam which can be pointed to any direction 
in the meridian by altering the phasing of the dipoles in the north-south array. 
In normal use the beam is not swung more than about 45° from the zenith. 
The aerial beams are circular and of Gaussian cross section, with half-power 
widths 0°-8 and 1°-4 at 3-5 and 15-2 m respectively for observations not far from 
the zenith. The aerial systems and their associated equipment are described in 
separate papers (Mills et al. 1958; Shain 1958). 


IT. OBSERVATIONS AND RESULTS 
(a) Observations at 3-5m 
A complete set of records covering the sky bounded by R.A. 0600 and 
1000, Dec. —34° and —57°, was used. These records are of the “ scanning ” 
type previously described (Mills and Slee 1957) in which five neighbouring 


* Division of Radiophysics, C.S.I.R.O., University Grounds, Chippendale, N.S.W. ; present 
address: Cavendish Laboratory, Cambridge. 
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declinations are surveyed quasi-simultaneously ; the north-south aerial of the 
cross is switched to each declination for 12 sec in every minute. The interval 
between these positions is about 20’, and the subsequent record is taken with 
the central declination displaced about 1° 20’ from its predecessor ; the most 
northerly scan of one record (known as £) thus coincides with the most southerly 
or A-scan of the next. 


For the region of the sky given above, the values of equivalent aerial 
temperature 7, were plotted on a grid in galactic coordinates, points being 
taken on each sean at intervals of 2™ in Right Ascension (1™ in regions of special 
interest). The A-scan of each record was combined with the H-scan of the next, 
and, where a strong north-south gradient of aerial temperature occurs, as in low 
galactic latitudes, small corrections for beam asymmetry were applied to the 
B and D positions. The values of 7, were plotted to the nearest 50 °K—this 
representing the fluctuation level of the records—and contours drawn at intervals 
of 250 or 500 °K. The resulting map is shown in Figure 1; closed contours 
around sources of small angular extent have been omitted. 


(b) Observations at 15-2m 

The operation of the long-wavelength cross is curtailed by the ionosphere 
by day and by interference from broadcasting stations at night. During 
November and December 1956, when the majority of the observations were 
taken, records of reasonable quality could only be obtained between about 0200 
and 0600 hr, local time, using a bandwidth of 10 ke/s. The use of the aerial for 
other purposes precluded observation before about 0715 sidereal time, so the 
preceding parts of the principal Vela-Puppis Hm region were missed ; other- 
wise a reasonable coverage of the area between Dec. —39° and —52° was achieved, 
with the aid of a few records taken in November 1957 to fill in some of the missing 
portions. Values of 7, were plotted at intervals of 3 in Right Ascension, and 
a chart of the region in galactic coordinates derived (Fig. 2), with contours at 
intervals of 30,000 °K. 

Observations at this long wavelength are subject to errors due to ionospheric 
refraction. Besides the expected refraction for a spherical ionosphere, routine 
observations of intense discrete sources show northward displacements of the 
order of 1°, due to the prismatic effect of the north-south gradient of total F-region 
ionization (Shain, personal communication). As all the records were taken at 
about the same season and time of day, a uniform correction in declination of 
4° has been applied to the whole chart ; this is consistent with the observed 


position of the source Puppis-A. 


(c) Diserete Sources 
A search for discrete sources was made on each of the two grid plots of 
equivalent aerial temperature. When the possible features appearing on at 
least two adjacent scans had been listed, they were checked on the tracings of 
records from which the grid plots had been derived, and about half on each list 
rejected. Special attention was paid to positions in which side-lobe effects of 
intense sources might be expected to occur, and objects in such locations were 
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Fig. 1.—Contours of equivalent aerial temperature at 3-5m wavelength. The unit is 100 °K, 
and the half-power contour of the aerial is shown in the bottom left-hand corner. The shaded 
areas show the extent of H 11 emission from the large, nearby H 11 region Stromlo 12 (after Gum 
1956). The positions of discrete sources are also indicated on the figure. Sources of small 
angular size are indicated by crosses (+) and those with angular sizes comparable to the aerial 
beamwidth by circled points (©). Very closely spaced contours around the most intense sources 
have been omitted, the peak temperature only being given. The sources Puppis-A, Vela-X, 
Vela-Y, and Vela-Z are distinguished by the letters A, X, Y, and Z respectively. 
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retained only after severe scrutiny of the tracings. Finally, the positions and 
intensities of the remaining sources included in the list were measured from 
the tracings. 

In Appendix I, Table 1 lists 77 sources observed at 3-5 m.* Fach source is: 
assigned a serial number with prefix R, and a reference indicating galactic position, 
to the nearest degree, is also shown. The third and fourth columns give the 
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Fig. 2.—Contours of equivalent aerial temperature at 15-2m 

wavelength. The unit is 1000 °K, and the half-power contour of 

the aerial beam is shown. Discrete sources (+) and _ localized 
minima due to absorption (@) are indicated. 


Right Ascension and declination at epoch 1950. The accuracy of the estimated 
positions varies from source to source. For the strongest, clearly defined sources: 
the probable errors are estimated to be about 0™-3 in Right Ascension and 3’ in 
declination. The uncertainty is increased for the weaker sources (0™-5 and 10’), 
whilst the probable errors may be up to 1™-0 and 20’ for very extended, or 
possibly confused, objects. The fifth column shows A7’,, the increase in 
equivalent temperature due to the source, and for sources which do not appear 


* A definitive catalogue of discrete sources observed with the 3-5 m Cross is being prepared 
by Mills and his collaborators, and this catalogue will, in due course, include the Vela-Puppis 


region. 
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to be appreciably extended the corresponding flux density S is given in units of 
10-26 W m-? (¢/s)-1.. For a few bright extended sources, an integrated flux 
density has been estimated and inserted in column 6 in italics. In the final 
column, a bracketed reference to a strong source, e.g. (Hya-A), indicates a 
possibility of interference from that source; although, as mentioned before, 
most of the objects of which the reality is doubtful have been omitted from the 
list. Also in this column are references to previous source surveys and possible 
identifications with optical objects, the more doubtful identifications being 
indicated again by brackets. 

Observations at 15-2m show localized minima as well as maxima, and 
Table 2 gives details of the 16 discrete features observed at this wavelength. 
These are allotted three-figure serial numbers, with the localized minima, or 
negative sources, numbered in italics. These are included only if the absorption 
is sufficiently great to produce actual minima in 7; in fact absorption might 
be expected to occur over considerable areas of the sky. Owing to ionospheric 
refraction and the poorer signal-to-noise ratio at this wavelength, the quoted 
positions of the sources in Table 2 are less accurate than those in Table 1. The 
probable error in Right Ascension is at least 1™ for the brightest sources and 
2™ for the others. The declinations of all objects have been shifted, as described 
in Section II (b), and the probable errors in this coordinate are from 4° for the 
brightest up to 1° for the fainter or extended objects. AT, is given in units of 
1000 °K, and the corresponding peak flux densities in units of 10-26 W m-? (¢/s)- ; 
no attempt has been made to derive integrated flux densities. Possible cor- 
relations with Table 1 and with optical objects are indicated. 


Ill. THEoRY oF HU REGION OBSERVATIONS 
According to standard theory (Piddington 1951; Mills, Little, and Sheridan 
1956) the optical depth + of a cloud of ionized gas radiating thermally is pro- 
portional to the integral along the line of sight of the square of the electron 
density NV,; this integral is known as the emission measure (Z) and its units 
are pe-cm-®, For an electron temperature 7, of 104°K, the relationships 
between H and 7 are given by 


E=1:6x104r (3+5 m), 
M=8> 10%." (15m); 
If an H 1 region is in front of a uniform background of brightness temperature 
T,, its apparent excess temperature is 
AT=(1,—T |) es) ee eee (2) 


and it appears in emission if 7,> 7’, and in absorption if T,<7,. For an optically 
thin region t<1 and 
AT~(T,—T,)r. 


This approximation holds at 3-5 m for the Hm regions to be considered in the 
Vela-Puppis region. Here, 7, is of the order of 2103 “K, and thus, for 
T,=10* °K, the object is seen in emission with 


ER=2-0AT (6 mje eee ho ae (3) 
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This relation is not sensitive to changes in T,orT,. The constant on the right- 
hand side is proportional to 7;”.(T, —T’,)-, so that, for the conditions just stated 
an increase of 20 per cent. in 7, changes the constant in equation (3) by only 
5 per cent. 

At 15m 7, is of the order of 105 °K and the nebula is seen in absorption 
(AT <0). If the region is optically thin the relation corresponding to (3) above is 


PieN aN Mee Lban), en oe ee (4) 


but the opacity of all but the faintest H m regions detectable optically (H#M~300) 
is too great for this formula to be valid. In this case equation (2) must be used 
without approximation. 

In general, the observed change in equivalent temperature, AT’,, will not 
be equal to A7, since there is some emission from the space between the H a 
region and the observer. The value of 7’, refers only to the part of the received 
noise which has been generated behind the Hm region. In the case of the H 1 
regions considered here and for the 3-5 _m observations, the small corrections 
required in the calculation of emission measures are negligible. On the other 
hand, for the 15 m observations the effect of emission from in front of the Hm 
region cannot be ignored, as will be clear from a particular example discussed in 
Section IV. 

Furthermore, the theory given above refers only to Hm regions whose 
angular sizes exceed the aerial beamwidth. In other cases AT,<AT and the 
ratio of the quantities can usually be estimated only roughly. For objects of 
small angular size an integrated emission can be derived from the radio flux 
density, using the relations 


S=2ka i ATAQ 0 i bat en ae ee eee Pe (5) 


provided +<1. A and k are the radio wavelength and Boltzmann’s constant 
respectively and dQ is an element of solid angle. 


IV. DISCUSSION 
(a) H 1 Regions 
A sketch of the principal H m regions in Vela-Puppis has been given by 
Gum (1955, 1956) and the relevant part has been reproduced in Figure 3. Apart 
from a few compact nebulosities near the galactic plane, all the emission objects 
belong to the vast complex excited by the stars y Velorum and ¢ Puppis, assigned 
the number 12 in the Mount Stromlo catalogue (Gum 1955) and at a distance 
from the Sun of about 250 pe. The parts of Stromlo 12 in the field of the present 
observations have been sketched in Figure 1. Certain sections of the Hu 
region can definitely be associated with features of the radio contours. 


The principal part of the nebula surrounds y Velorum at (2=230°, b= a 25 
This is clearly visible on the 3-5 m isophotes as a spur, several degrees wide, 
extending southwards from the belt of emission along the é galactic equator. 
The excess equivalent aerial temperature at the centre of this object is about 
500 °K, and its integrated flux density of the order of 500 x 10-76 m.k.s. units ; 
an accurate determination is hindered by the proximity of the intense extended 
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source Vela-X, which is considered to be unrelated to the Hi region. This 
H u region is of large angular size, and so, by Section III, the emission measure 
is 2xAZ7,, or 1000; rather less than the 3000 estimated optically by Gum for 
the brighter parts. The difference may be partly due to the “ patchiness ” 
visible in photographs of the nebula, since the optical figure refers to the brightest 
portions, the radio measurement to a smoothed average. 
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Fig. 3.—Sketch of H 1 regions (after Gum 1956). The large, unshaded 

regions are the several parts of Stromlo 12. The other H1 regions 

referred to in the text (Stromlo 14, 15, 16, 17, and 20) are indicated by 
their numbers. 


At 15m a large area of absorption agrees well in position with the Hm 
region. At the deepest point, listed in Table 2 as R 104, the absorption is 
about 60 per cent., consistent with t=1 or #800 by equation (2), but the 
optical emission measure of 3000 suggests that the region should absorb 98 per 
cent. of the background 15m radiation. The excess of 7, over the electron 
temperature, about 25,000 °K, would then have to be ascribed to radiation 
originating between the nebula and the Sun. 


The other principal section of the Hm region, near 1=220°, b=—10°, is 
not plainly visible at 3-5 m ; it lies in an area of pronounced gradient of brightness 
temperature. A value AT,~200 °K can tentatively be assigned, leading to 
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a value of H~400. The form of the contours suggests that the ridge of emission 
just to the north, listed as source R 34, may be associated with the nebula (its 
neighbourhood seems somewhat obscured optically). At 15m there is clear 
evidence of absorption of at least 30 per cent. around longitude 220°, extending 
from b=—9° to b=—16°: this information is gained from a recent record 
commencing at —18°. R 100 is another piece of the H region. The extensive 
15 m source R 102, which may be a blend of three distinct peaks of brightness, 
could hardly be seen through a moderately intense H 1 region, and so would 
either lie in front of the latter or be seen through a “ window”; it might well 
be the 3-5 m source R 34, which would thus be non-thermal in character. The 
same applies to R 103, which lies on the boundary of the Hm region at 231°, 
—11° and which may be identical with R 44. 


Some other fragments of the nebula Stromlo 12 can be found on the radio 
isophotes. The arm at 235°, —8° appears at 3-5m (H=400), although it is 
merged with another, probably unconnected, object—the source R 52—and 
there is a suggestion of its presence at 15m. The outlying portion Stromlo 12b 
is identified with the extended object R 76 (#600) and may be present at 15 m. 
A patch of emission at 218°, +12° is outside the area covered by the isophotes, 
but examination of records of the neighbourhood showed the presence of weak 
3-5m emission, with H~250. 

So far, the emphasis has been on searching the radio isophotes for features 
which correspond to definite patches of optical H 1 emission. However, there 
are not only patches of,emission which have no marked effects on the isophotes 
(for example, near 225°, —12°) but also radio features where no H 1 emission 
has been observed optically (for example, the well-marked absorption at 15 m, 
R 114, which coincides with an extended 3-5m source, R 73, at 235°, +10°). 
These apparent inconsistencies are probably associated with the effects of 
interstellar absorption on the optical observations. 

The possibility of observing, at radio wavelengths, an optically obscured 
Hw region is obvious. For the rest, it should be remembered that in the above 
discussion only the well-marked radio features have been considered. It is 
possible that H m emission actually exists over a considerable area of sky in this 
region, so that some part of the radiation attributed to the background is, in 
fact, due to the extended Hu region. This would explain to some extent the 
comparatively low values of emission measure deduced from the 3-5 m observa- 
tions, since the values quoted would correspond to the excess of the brighter 
features over the Hu background. 

Quite distinct from the large Stromlo 12, a number of smaller H 1m regions 
lie near sources listed in Tables 1 and 2. 


Stromlo 14 (227°-9, +1°-4) 

This object is of appreciable angular diameter (100’), but it is listed as 
“very faint” by Gum. The 3-5 m source K 57 lies within a degree of its centre, 
and if the identification is accepted the emission measure is about 500. There 
is a trace of absorption at 15 m, although this is not included in Table 2. 
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Stromlo 15 (229°:2, +1°-6) 

Although “moderately bright”, the small diameter (20’) of this nebula 
would make it a faint object at 3-5m. It does, however, coincide with a small 
spur on the contour map, and with AT,=100 °K, as is possible, H could be as 
high as 2000. 


Stromlo 17 (230°:6, +1°-9) 

This nebula, being “‘ moderately bright’ and 100 by 65’ in size, might 
be thought to offer a good chance for detection. Unfortunately, its situation 
on the flank of an intense non-thermal source renders it quite invisible at 3-5 m. 
At 15m, R 109 agrees in position with this nebula; the observed absorption of 
about 20 per cent. implies an emission measure greater than 600, the actual value 
depending on the amount of foreground emission. 


Siromlo 20 (232°-9, +2°-1) 

This Hm region lies within 4° of the source R 62, but an identification is 
most unlikely. In the first place, the position of the source has a probable 
error of only about 0°-1, and in any case, the small diameter (7’) of the HM 
region means that it would be invisible at 3-5 or 15 m unless it were exceedingly 
bright, or unless the radio emission were non-thermal. 

From the results presented above, particularly the study of Stromlo 12, 
it is clear that, although the values of emission measure deduced from the radio 
observations are rather low, the radio emission from the H 1 regions can be 
adequately accounted for in terms of thermal emission and absorption. 


(b) Non-thermal Emission and the Galactic Background 

The most conspicuous radio features of the Vela-Puppis region are the 
intense extended sources in the galactic plane. Three peaks are much more 
intense than the others and form a close group (R 56, R 58, and R 59, designated 
Vela-X, -Y, and -Z respectively). They are not far from the well-known source 
Puppis-A, which, together with the others, is indicated in Figure 1. At 15m 
Vela-Y and -Z are not separated and only two peaks are listed in Table 2 (R 107 
and R108). Their non-thermal nature is shown by the very high equivalent 
aerial temperatures—more than 200,000 °K—recorded at 15m. Away from 
these peaks, the brightness temperature along the equator is about 100,000 °K 
at 15m, 3000 °K at 3-5m, and (from Piddington and Trent 1956b) about 
15 °K at 0-5m; that is, roughly proportional to the 5/2 power of the wave- 
length. The half-intensity width of the equatorial emission is about 6°, but 
comparison of the isophotes at the three wavelengths suggests that this width 
decreases slightly with increasing wavelength. 

The 3-5 m contours show a line of extended sources along the galactic plane. 
Vela-Y and -Z lie in the direction of the Vela dark nebula (Greenstein 1937), and 
may represent regions of interaction between interstellar dust, fast particles, 
and magnetic fields, in accordance with current theories of non-thermal radio 
emission. The other sources along the equator may be similar objects. 

Apart from these sources, there is a gradual increase of 3-5 m brightness 
temperature along the galactic equator from longitude 220:to 240°. A similar 
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effect, complicated by equatorial absorption (R 111) between 235 and 240°, 
occurs at 15m and this may be related to the Spiral structure of the Galaxy. 
Vela-Puppis lies about 90° from the galactic centre and the path length through 
the local arm which is included in the line of sight increases with increasing 
longitude (see, for example, Fig. 1 of Kerr, Hindman, and Carpenter 1957). 
If the emitting regions are optically thin, then the brightness temperatures 
depend on the total depth of the emitting material in the line of sight, so that, 
at least in this limited region of the Galaxy, the metre wavelength observations 
are consistent with the origin of non-thermal radiation within Spiral arms. 


It is of interest to note that the 3-5 m brightness temperature in the regions 
about 10° distant from the galactic equator on the southern side (except around 
Jarge H 1 regions) is smaller than that at an equal distance north of the equator. 
Between latitude +10° and the limit of the survey at about +13° the measured 
brightness temperature never falls to 1500 °K, whereas much of the zone between 
—10 and —13° is near 1250°K. Further from the galactic plane, at —20 
to —25°, the brightness temperature is uniform over large tracts of sky at 
1100 °K—little more than the values of about 900° observed at this wavelength 
in the coldest parts of the sky. 


(c) Discrete Sources 
The 77 sources in the 3-5 m list show no peculiarities of distribution. The 
density in the vicinity of latitudes --10 to —15° is rather greater than the average 
for the whole region surveyed of 0-10 source per square degree, but the difference 
does not seem to be significant. Many of the objects may be extragalactic. 


A comparison of detailed surveys at different wavelengths made with similar 
instruments has seldom been possible hitherto, and so it is worth considering 
together Tables 1 and 2. The number of coincidences within 1° is nine, whilst 
about four would be expected to occur by chance. Very strong sources such as 
Puppis-A, Vela-X, and Vela-Y are certainly observed at both wavelengths. 


Only four of the other sources seem to have been reported by previous 
observers (see Table 1 for details). Optical identifications seem to be out of 
the question for the vast majority of the sources ; only three close coincidences 
between Table 1 sources and NGC or IC objects have been noted. The optical 
objects concerned—NGC 2220, 2477, and 2547—are star clusters and there is no 
apparent reason why they should be radio emitters. 

The source designated R54 and R105 is the well-known Puppis-A 
(IAU 0884A), identified with a peculiar galactic nebulosity and probably rather 
‘similar to the source Cassiopeia-A. A detailed study of the source at 3-5m 
wavelength has been made by Sheridan (1958), and the flux density quoted in 
Table 1, which is the author’s estimate, must be regarded as provisional. Values 
of its flux density at several other wavelengths have been reported, but it is now 
clear that most of the observations were subject to confusion with the other 
intense sources nearby. It is therefore profitless to derive a detailed spectrum 
from existing data. Qualitatively, however, it appears that ait the higher 
frequencies the flux density increases with wavelength, but there is little change 
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between 3-5 and 15m. How much of this flattening is due to absorption in 
interstellar H 1 regions is not known. 

Another interesting source is Vela-X (R56, R107), the brightest 3°5m 
object. Making an approximate allowance for the width of the aerial beam, 
the angular size of the source to half-brightness is about 17° in Right Ascension 
and about 14° in declination. Gum (personal communication) has suggested its. 
identification with Stromlo 16, an unusual filamentary nebulosity reported by 
Melotte (1926). However, the nebula is about 4 by 2° in angular size, larger 
than the 3-5 m source, and the most prominent filaments lie at 230°, —2°, where 
the radio emission is comparatively weak. The total 3-5m flux density is 
greater than that of IC 443, but the latter is brighter optically than Stromlo 16 
and appears to show a correlation between optical and radio features (Rishbeth 
1956). Thus the suggested identification of Vela-X remains uncertain. 

The extended source in Vela-Puppis observed at 75 em wavelength by McGee, 
Slee, and Stanley (1955), and at 50cm by Piddington and Trent (1956a), is a 
blend of Vela-X, -Y, -Z and galactic background. However, more detailed 
analysis suggests that at these wavelengths Vela-X is the outstanding object 
in this vicinity, and indicates further that the spectrum of this source may be 
almost flat in the range of wavelengths for which data are available. 

By far the strongest source away from the equatorial belt is R 8, with an 
integrated flux density of 150 10-26 m.k.s. units, or almost 200 x10-?° units. 
if combined with the weaker source R 6 nearby. Optical identification of such a 
prominent and isolated feature might be possible, but would perhaps be hindered 
by the proximity of the star Canopus. 


V. CONCLUSION 

It has been shown that the principal Hu regions in Vela-Puppis can be 
detected in emission at 3-5 m wavelength and in absorption at 15 m, and that. 
qualitatively the observed radiation corresponds to the expected thermal emission 
of these objects. No real evidence for non-thermal emission from H 1 regions is. 
found. Quantitatively, there is a discrepancy in the sense that the radio 
emission is too weak. This may well be due to selection of the optical data or 
other effects arising from non-uniformity of the Hu regions; all the objects. 
considered are very faint by optical standards. 

The most prominent radio sources in the Vela-Puppis region are located 
near the galactic plane. They are non-thermal, and are a few degrees in diameter. 
The variation of radio emission along the galactic equator may be related to the 
spiral structure of the Galaxy. Many other discrete sources have been located,. 
but their distribution shows no significant departure from uniformity. 
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APPENDIX I 


TABLE 1 
RADIO SOURCES OBSERVED AT 3:5 M WAVELENGTH IN THE VELA-PUPPIS REGION 
Flux 
Galactic South Peak Density 
No. Ref. R.A. Dec. Temp. S Notes* 
(1950) AT (1Ons 
lay a) one’ (°K) m.k.s.) 
Rm, 1 213—25 05 59-5 39 30 300 — Ridge 3° 
R 2 225—27 06 06-0 50 00 275 — Ext. 
R 3 222—25 06 12:3 47 20 450 28 (Puppis-A, Pictor-A) 
R 4 212—21 06 17:7 37 05 400 24 
R 5 220—23 06 19-8 45 00 275 17 (Fornax-A) (NGC 2220) 
R 6 228—25 06 20-4 52 40 700 44 Part of R8? 
13th 211—19 06 25-1 35 25 450 28 S06-3 
R 8 229—24 06 25:3 53 38 2150 150 806-5 
R 9 216—20 06 30 40 150 — Ridge 3° 
R 10 212—18 06 31-0 36 40 300 — Ext. 
Eee 227—22 06 38-0 51 00 225 14 
R 12 213—16 06 41-0 36 10 175 11 
R 13 217—17 06 46-4 39 45 575 34 
R 14 233—22 06 50-0 56 00 150 10 
R 15 217—15 06 56-0 39 30 175 1l 
R 16 225—17 07 00-9 ATav5 300 11K) (Fornax-A, Pictor-A) 
R17 223—16 07 02-2 45 30 275 — Ext. 
R 18 221—15 07 04:3 42 45 300 19 
Ee 19 228—18 07 05-2 50 20 275 17 


* BSS: Bolton, Stanley, and Slee (1954); P: Piddington and Trent (1956a); S: Shain 
and Higgins (1954); Str: Gum (1955). 
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TaBLE 1 (Continued) 


Flux 
Galactic South Peak Density 
No. Ref. R.A. Dec. Temp. S Notes* 
(1950) ADs (10-8 
1 al ead (°K) m.k.s.) 
R 20 218—13 07 06 40 300 — Ridge 2° 
R 21 215—11 07 07-2 35 45 300 18 
R 22 231—18 | 07 08-0 53 00 150 — Ext. 
R 23 230—17 07 10-5 51 30 125 8 
R 24 216—10 | 07 16 36 30 350 — Ridge 2°: BSS 103 
R 25 220—12 07 16-0 40 50 250 1 
R 26 234—18 | 07 18-6 55 30 300 19 
R 27 215—09 O79 0 35 00 150 10 
R 28 232—16 | 07 20°3 52 50 350 — Ext. 
R 29 220—11 07 21-8 40 00 250 15 
R 30 216—08 | 07 26-0 35 40 300 18 
R 31 232—15 | 07 29:3 52 40 300 19 
R 32 216—06 07 32-0 34 40 150 10 
R 33 229—13 | 07 35°3 49 00 250 15 (Pictor-A) 
R 34 219—06 | 07 38 37 250 — Ridge 4° 
R 35 234—15 | 07 40 54 30 150 — Ext. 
R 36 234—14 | 07 41-0 53 20 200 12 
R 37 229—10 | 07 46-0 47 50 125 8 
R 38 223—07 07 48-0 40 40 250 _ Ext. 
R 39 226—08 O07 48-1 43 58 550 33 
R 40 227—09 07 48-5 45 30 225 14 (Vela-X) 
R 41 221—05 07 49 38 30 250 — Ridge 3° (NGC 2477) 
R 42 218—03 | 07 50-0 35 00 225 —- Ext. 
R 43 225—07 07 51-2 43 00 250 15 (Puppis-A) 
R 44 231—10 | 07 53-0 49 30 250 — Ext. 
R 45 237—14 | 07 54-0 56 10 150 10 
R 46 236—13 07 56-0 55 00 150 10 
R 47 230—08 07 59-5 47 20 225 14 
R 48 223—02 08 08-0 39 00 500 — Ext. 
R 49 232—08 | 08 09-4 49 30 600 38 (NGC 2547) 
R 50 227—04 | 08 09-8 42 40 275 17 (Puppis-A) 
R 51 222—00 | 08 12 36 250 — Ext. 
R 52 236—10 | 08 13 54 250 — Ext. 
R 53 230—06 | 08 13-5 46 40 325 20 
R 54 228—03 08 21-2 42 50 7000 750 O08S4A, Puppis-A 
R 55 227—00 08 26-0 40 20 300 — Ext. 
R 56 232—02 08 33-8 45 30 5600 1600 Vela-X 
R 57 228+02 | 08 41-0 39 45 250 15 Str 14 
R 58 231+00 | 08 42-5 43 30 2500 —— Vela-Y. Ext. 
R 59 233—01 08 47-0 45 30 2500 — Vela-Z. Ext. 
R 60 225-07 08 49-0 34 40 225 14 
R 61 236—00 | 08 58-0 47 20 600 — Ext. 
R 62 233-+-02 08 59-3 43 20 300 19 (Str 20 ?) 
R 63 227-+-08 | 09 00 35 30 400 — 


Ext.—part R 64 ? 


* BSS: Bolton, Stanley, and Slee (1954); P: Piddington and Trent (1956a); S: Shain 


and Higgins (1954); Str: 


Gum (1955). 
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Flux 
Galactic South Peak Density 
Ref. R.A Dec Temp. S Notes* 
(1950) (NG (10-26 
h m Siar’ (°K) m.k.s.) 
230+06 09 01 38 30 600 — Ridge: BSS 119, P17? 
238—00 09 10 49 20 1200 — Ext. 
239—01 09 12 50 10 1000 — Ext.—part R 65? 
243—03 09 16-9 54 45 650 42 (Hya-A, Centaurus-A) 
235-+06 09 23-3 42 00 225 14 
241+01 09 25-8 50 20 275 ile 
238-+-05 09 28-5 45 20 150 10 
241+02 09 34-0 49 10 250 15 
239+-05 09 35-5 45 30 175 11 
235+-10 09 38 39 150 _ Ridge 2° 
243+-02 09 42 50 350 — Ext. 
239-+-09 09 46-5 42 20 250 15 
236+ 12 09 48 38 275 ~ Ridge 3° Str 12b 
242-+-06 09 49-0 46 50 250 — Ext. 


| 


* BBS: Bolton, Stanley, and Slee (1954); P: Piddington and Trent (1956a); S: Shain 


and Higgins (1954) ; 


Str. 


Gum (1955). 


TABLE 2 
RADIO SOURCES OBSERVED AT 15-2 M WAVELENGTH 


No. 


100 
101 
102 
103 
104 
105 
106 
107 
108 


109 
110 
iE[4l 
112 
113 
114 
115 


PHDARDD ANDDTAADD 


Galactic 
Ref. 


227—12 
225—11 
221—08 
231—11 
230—07 
228—03 
235—04 
232—02 
231—00 


231-+02 
239—02 
237-00 
237+04 
243-+00 
236-+10 
242+06 


South 
R.A. Dec. 
(1950) 
h m Sa 


Peak 
Temp. 
(LO: 2K3) 


07 31 47 00 
07 33 45 00 


07 40 40 
07 50 49 30 
08 08 47 


08 21 43 00 
08 37 49 30 
08 38 45 30 
08 44 44 00 


08 50 42 00 


09 03 51 
09 08 48 
09 22 45 30 
09 33 52 
09 38 40 00 
09 54 47 


Flux 
Density 
( 10-26 
m.k.s.) 


Notes* 


Part of Str 12a 


Complex (R 34) 
(R 44) 

Ext.—Str 12a 
08S84A, Puppis-A 


Vela-X (R 56) 
Vela-Y +-Z 

(R 58+B 59) 
Str 17 
Ext. 
Trough 4° (R 65) 


Ext. (R 69) 
(BR 73) 
Ext. (R77) 


ES 


* Str: Gum (1955). 


RADIATION TRANSFER AND THE POSSIBILITY OF NEGATIVE 
ABSORPTION IN RADIO ASTRONOMY 


By R. Q. Twiss* 
[Manuscript received July 28, 1958] 


Summary 
Stimulated transitions are relatively enormously more probable at radio than at 
optical frequencies and it is this which makes it possible for negative absorption to arise 
at radio wavelengths when the medium will behave like an amplifier to the incident 
radiation. A necessary condition for the existence of this phenomenon is that the 
kinetic energy distribution f(y) of the radiating electrons be markedly non-thermal with 
an appreciable excess of high energy electrons such that CF'/@7 is positive over a finite 
range of the kinetic energy 7. However, this condition is not sufficient, since it is 
shown that an electron gas in which free-free transitions provide the dominant radiation 
process can never exhibit negative absorption whatever the form of F(y), and it is 
further necessary that the stimulated transition probability should have a maximum 
at some finite value of the kinetic energy, the most favourable case occurring when this 
maximum is a sharp one at the value of y at which 0F'/0y has a positive maximum. 
These conditions can both be met in principle for the cases in which the dominant 
radiation process is due (a) to Cerenkov effect, (b) to gyro radiation by non-relativistic 
electrons, (c) to synchrotron-type radiation by highly relativistic electrons, and it is 
shown that negative absorption can arise in all these cases; the relevance of these 

results to radio astronomy is discussed briefly. 


I. INTRODUCTION 
The fundamental equations governing the transfer of radiation in an ionized 
medium are of the same general form at both radio and optical wavelengths. 
However, the physical nature of the solution in a given case depends upon the 
specific processes governing the emission, absorption, and scattering of radia- 
tions ; since these are very different at optical and at radio wavelengths, one 


may expect to find corresponding differences between the characteristics of 
radiation transfer. 


Thus at optical wavelengths the transfer of radiation is appreciably affected 
by the radiative transitions between bound states which give rise to the 
characteristic spectral lines. However, at radio wavelengths the number of 
discrete lines such as the 1420 Me/s hyperfine line of atomic hydrogen is extremely 
limited. Furthermore, the few lines that do exist are likely only to be observable 
in interstellar gas clouds in which the density is so low that the refractive index 
differs negligibly from unity. Under these conditions the effect of these spectral 
lines on the transfer of radiation is an extremely simple case of the effect 
encountered at optical wavelengths and will not be discussed here. Instead, 
we shall deal only with the case where radiation is emitted or absorbed in free 
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electron transitions in which the available electron energy is much greater than 
hy, the energy carried by a single quantum of radiation. We shall further 
assume that the radiation is incoherent in origin in the sense that the probability 
of a radiative transition may depend upon the average density of matter and 
radiation but not upon any time-dependent variation in these. Hence we shall 
not consider the case where the radiation is produced by plasma oscillations, a 
coherent process, but only processes such as those involved in free-free transitions, 
Cerenkov radiation, gyro radiation, and synchrotron radiation.* 


II. COMPARISON BETWEEN THE OPTICAL AND RADIO CASES 

If the density of a radiation field at a frequency v is equal to that of a black- 
body radiation field at temperature ©,, then, in a typical stellar atmosphere, 
the dimensionless ratio k@,/hyv lies usually between 1 and 0-1 at optical wave- 
lengths. However, at a frequency of 108 c/s, which lies in the metre wave radio 
band, k@,/hyv~108 for the quiet Sun and may be as high as 10" in the neighbour- 
hood of a solar burst ; similarly, near the intense radio sources Cassiopeia-A and 
Cygnus-A, k®,/hy~108 and 10° respectively for vy~108 c/s, and even in inter- 
stellar space, not in the immediate neighbourhood of a radio source, k@,/hv~104 
at this frequency. One consequence of this is that stimulated emission is 
relatively much more important at radio than at optical wavelengths, since, 
in the simple case in which the refractive index p of the medium may be taken 
as unity, it follows immediately from the radiation lawst that y, the ratio of the 
probability of stimulated to spontaneous emission, is given by 

fey (WYO) 1 tas nts o pegate ve are (1) 

At optical wavelengths it is usually the case that 

y~exp (—hyv/k@,) <10-1, 
but at radio wavelengths, where in general 

y~kO,/hy, 
stimulated transitions can be enormously more probable than spontaneous 
transitions. In the non-equilibrium case, in which the density distribution 
over the accessible energy states of the matter field differs, by definition, from 
the thermal one, the relatively large probability for stimulated transitions may 
have important consequences, as we shall show below. 

Equation (1), which is valid when y=1, may reasonably be expected to 
apply under the conditions prevalent in the discrete radio sources or in inter- 
stellar space, but not under the conditions prevalent in a stellar corona. In the 
latter case, not only will p be different from unity but, in the presence of magnetic 
fields such as those associated with sunspots, the medium will be birefringent, 
in strong contrast to the conditions at optical wavelengths when it is valid to take 
u=1 even in the stellar photosphere. 


* By gyro radiation we mean radiation at the fundamental or at the first few harmonics of 
the gyro frequency by weakly relativistic electrons rotating in a magnetic field. By synchrotron 
radiation we mean radiation by strongly relativistic electrons at high harmonics of the gyro 


frequency. 
+ See e.g. Fowler (1936), Chapter XIX. 


H 


566 R. Q. TWISS 


A further characteristic of the radio case is that the emission and absorption 
of radiation is often markedly anisotropic. This is especially the case for 
synchrotron radiation at or near the critical frequencies in a plasma permeated 
by a magnetic field ; in the optical case, on the other hand, the emission at least 
can almost always be taken as isotropic. 

Fortunately, these features in which the radio case is more complex than the 
optical are more than balanced by others for which the reverse is true. In the 
first place, the effects of incoherent microscopic scattering, which are so important 
in the transfer of optical radiation, can almost always be completely ignored in 
the radio case (Smerd, personal communication 1958), when appreciable scattering 
will only arise from irregular macroscopic variations in the electron density. 
Secondly, the kinetic energy of a typical particle of the matter field is so much 
greater than hy that the emission or absorption of a radio-frequency quantum 
has a negligible effect upon the overall energy distribution of the matter field ; 
a fact that provides the principal justification for the use of a classical radiation 
theory in calculating the transition probabilities at radio wavelengths. 


III. EMISSION AND ABSORPTION COEFFICIENTS AT RADIO FREQUENCIES 


When the refractive index of the medium uy, is not equal to unity the equation 
of radiation transfer can be written in the form (Woolley 1947) 


u2d (I(y/y2)/ds=j,—KyIy), ee soe) S elle Se 66 ee (2) 


where J,,) is the intensity of radiation in the direction s and where j,, K, are the 
volume coefficients of emission and absorption appropriate to the direction s. 
When the medium is birefringent a separate transfer equation must be set 
up for each mode. In the general case, in which macroscopic scattering must be 
allowed for, these two transfer equations will be coupled by terms in the absorption 
coefficient which represent scattering from one mode to the other. However, 
we shall ignore macroscopic scattering in what follows, and in this case, as has 
been pointed out by Martyn (1948), K, simply represents the difference between 
the effects of stimulated absorption and stimulated emission in a single mode. 


(a) The Absorption Coefficient 
Accordingly, if 7,2, ”,, are the numbers of electrons in the 7, and r, states 
respectively, if the energy difference between these states is hy, and if B,, ,.I(v)dy, 
B,, J (v)dy are the stimulated absorption and emission probabilities respectively 
for radiation with intensity Z(v) in unit solid angle in the direction s, then 


aU 19 7> ea y, o1 ie ea eee (3) 


The Einstein coefficients B,,,., and B,., are not independent but are related 
by the equation 


0,oB,, Cy h— @,,B,, D5) © “eaiwh Worksite) Col rei faliie wie 6) 6\keille! ca: te (4) 


where 6,5, &,; are the statistical weights of the r, and r, states respectively. 


in the optical case one can nearly always assume that some sort of local 
equilibrium has been reached and that the radiative transitions between states 
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r, and r, are in balance with the transitions induced by collisions or other means. 
This provides the justification for calling the stellar radiation at optical wave- 
lengths “ thermal” and a similar assumption ig valid for the “ thermal” radio 
sources such as the H 1 regions and the undisturbed solar corona. However, 
for the non-thermal radio sources this assumption is surely invalid since the 
radiation is produced in regions of extremely low density where a disturbed 
non-equilibrium state can exist for a comparatively long time. This is particu- 
larly the case for the discrete radio sources which, it is thought, are formed by 
clouds of very high energy electrons trapped by weak magnetic fields (Alfvén 
and Herlofsen 1950). The lifetime of such an electron can be many thousands 
of years (Hoyle 1954, Twiss 1954) and it is extremely improbable that such a 
distribution of relativistic electrons can in any sense be regarded as in local 
equilibrium. Similarly, in the solar corona it is quite possible for a transient 
non-equilibrium electron energy distribution to last for times appreciably longer 
than the duration of the violent outbursts of radio noise which can often be 
measured in seconds (Pawsey and Bracewell 1955): 

Under these circumstances the value of K, can be very different from that 
of the thermal case and it is at least conceivable that conditions could temporarily 
arise in which K, was negative, when the medium would behave like an amplifier. 
In the laboratory this condition can be achieved in the so-called maser (Gordon, 
Zeiger, and Townes 1955). The possibility that a similar effect could arise in 
nature is examined in Section IV below. 


(b) The Emission Coefficient 
If A,,., dv is the probability of a spontaneous transition with the emission of 
a quantum of given polarization into unit solid angle in the direction s, so that 


Jy=2N, oA, oy, a} (eo! ese) (ote) a) Us ge) .e sel ier falou's\ ie ceme folks (5) 
“i 


then, in the case y=1, it is a well-known consequence of the radiation laws 


that 
Ph Mar Nal array ac Oy ey oe (6) 


However, when yu. is different from unity this simple relation is no longer 
valid. Admittedly we know from Kirchhoff’s laws that 


jv _ Dia | tee Ae oie, (7) 
K, c? [exp (hv/kO,)—1)’ 
when the matter field is in thermal equilibrium,* but we are not justified in 
concluding automatically from this that 
Aol pay ek (VY eect AG ioe ctiae, e (8) 


since, for one thing, u(v) may depend upon the actual form of the energy 


distribution. ane 
Accordingly, in the general case, which applies to the disturbed stellar 


corona, it is necessary to calculate the spontaneous and stimulated transition 


* This ratio is smaller by a factor 2 than that normally quoted since we are dealing with 


each polarization separately in this paper. 
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probabilities separately and both of these may be appreciably different from 
their equilibrium values, especially at the critical levels at which w?(v) is near 
to infinity or to zero. 


IV. CONDITIONS FOR NEGATIVE ABSORPTION 

In the ideal case in which monochromatic radiation traversing a medium 
is only absorbed or emitted in transitions between a single pair of non-degenerate 
states, the necessary and sufficient conditions for negative absorption is that the 
higher energy states be more densely populated than the lower. However, in 
most cases of astronomical interest the initial and final states will possess both 
continuous and overlapping energy distributions, and in some cases these states 
will possess different degeneracies ; under these conditions the simple criterion 
for negative absorption is no longer valid. Clearly a necessary condition is that 
at least some of the higher energy states be over-populated, but it may be that 
negative absorption will not arise however widely the distribution may depart 
from that of thermal equilibrium. One example of this is provided by a fully 
ionized medium in which radiation is assumed to be emitted and absorbed only 
by free-free transitions ; this and other cases will be considered in detail below, 
but we shall first consider the problem in general terms, without specific reference 
to the mechanism of radiation, for the idealized case in which the energy of a 
state is the only dynamic variable that need be considered specifically. With 
this last simplification we may write equation (3) in the form 


K=hy | * En(q—hy) Bralvy 7) —n(q) Bar, dy 2. (9) 
0 


where 7 is the energy of the state. 
Let us now put 
F(q)=n(4)/@(q), —) 
O(n) Sag Beee eo ee 


where (7) is the statistical weight of the state of energy 7. Then from equation 
(4) we can write 


CECE: 
Kj hy | Whe Ola) dings Roxen see (11) 
0 on, 


since, in any case of radio-astronomical interest, y>hyv for all 4 for which Q(y) 
differs appreciably from zero. 


The quantities /’(y), Q(y) may be regarded as the effective energy distribution 
function and the effective cross section for stimulated transitions respectively. 
By definition both of these quantities are non-negative, that is, 


FO)>0; (OG) +0. ee ee (12) 


while #(y) must also satisfy the boundary condition 


which is imposed by the requirement that no physically realizable state can have 
infinite energy. 
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If F(y), Q(q) are sufficiently well-behaved functions we can integrate 
equation (11) by parts to give 


Kee *|F(0)Q O04 |" Hr Fert woe ae (14) 


From equation (14) and the inequality (12) it follows immediately that 
K, is positive, no matter what the form of F(y), if O(n) is a monotonically 
increasing function of energy ; similarly, it follows from equation (11) that K, 
is positive no matter what the form of Q(x») if f(y) is a monotonically decreasing 
function of ». 

However, if Q(y) decreases monotonically with y, then K, will be negative 
if the energy distribution function F(y) has a large enough peak at some value 
greater than zero or if F(0)=0. 

A case of particular interest is that in which Q(y) has a strong resonance 
such that it is only appreciably different from zero over a small range of 7 centred 
in 7=%- Under these circumstances it follows from equation (11) that K, 
will be negative if 

(OF /07)n=n.> 9. 


These general results will now be applied to a number of specific cases. 


(a) Free-free Transitions 
In the classical Lorentz theory of propagation in an ionized medium the 
effect of the collisions of the free electrons with the ions and neutral molecules is 
allowed for by introducing a damping term, 


MV1V(Vo)s 


into the equations of motion of an electron, where v, is the velocity induced by 
the electromagnetic field and v, is the undisturbed electron velocity. The 
quantity v(v,), the collision frequency appropriate to an electron with velocity 
Vv, which is calculated from kinetic theory, is inherently positive so that the effect 
of collisions is always to abstract energy from the electromagnetic field at a rate 
proportional to 


br | v(vo)¥i(¥o)?2(Vo)AVo 


where n(v,)dv, is the contribution to the electron density from electrons with 
velocities in the range v, to v)+dv,. Hence on the macroscopic theory free-free 
transitions always involve a positive absorption of energy from the electro- 
magnetic field, whatever the actual form of the electron velocity distribution 
function. 

This conclusion can algo be reached by considering the microscopic absorption 
and emission processes in the ionized gas as follows. We will restrict ourselves 
to the idealized case in which the ions can be taken as infinitely massive, a 
simplification that does not involve any significant loss of generality ; we will 
also assume that the medium is not acted upon by an external magnetic field. 
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The theory of free-free transitions has been extended to a medium with 
refractive index p(v) by Smerd and Westfold (1949), who showed that the 
spontaneous transition probabilities must be multiplied by a factor u(v), while 
the stimulated transition probabilities must be multiplied by a factor p~*(v) 
if results consistent with thermodynamics are to be obtained. In this treatment 
it was assumed that the transition probabilities for a given electron are only 
affected by the presence of the other electrons in so far as these contribute to 
u(v), a purely macroscopic effect, and the same assumption will be made here. 


Let us assume that the number of electrons per unit volume with kinetic 
energies in the range 7 to 7y+dy is given by 


N G(y)y2dy, 


where J, is the total number of electrons per unit volume. In the case where 
the distribution is Maxwellian 


_ 2m exp (—y/kO) 


G(n) (nk O) 572 PT ns ee re 


where © is the equilibrium temperature. 


Besides the energy y, the orbit of an electron with respect to a given scattering 
centre will be characterized by the impact parameter b, where 6 is the 
perpendicular distance between the scattering centre and an asymptote to the 
orbit. Then, following Fowler (loc. cit.), it can be shown that the number of 
encounters per scattering centre, in unit time, with (7,, b,) electrons is 


N 927d, 0b, (2/m)*@ (1) 4141, 


if we make the physically plausible assumption that the distribution over the 
accessible impact parameter states is purely random. 


Now the probability of a transition from an (y;, b,) electron to an (Hp, b5) 
electron with the absorption of a quantum of energy hy, where 


hv=n2—1 
may be taken to be 


Bro(q, b)I(v)dy, 


so that the number of transitions of (7,, b,) electrons to (x,, b,) electrons per 
scattering centre per unit time with absorption of a quantum of energy hy is 


N o(2/m)*G@(1)4141272b 1d, 8 10(y, b)I(v) dv. 


Similarly the number of transitions of (7, b,) electrons to (41, 0;) electrons 
with the emission of a quantum of energy hy may be written 


N o(2/m)*G (nz) 2dy}2272b.dd,[Bo4(n, b)I(v)dyv +%q1(n, b)dv], 


where «,(, b) denotes the spontaneous transition probability- 
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To find the relation between (,,, 8,,, and %», we use the fact that detailed 
balancing must apply under the conditions of thermal equilibrium when G(x) 
is given by equation (15) and I(v) is given by 


2(v)v2hy 
Tye p(v)v 

(v) eexp (/kO,) 1) (16) 

remembering that we are dealing with a polarized radiation field. 

From this we obtain the relations 
eb sBar(q, b)dy sdb, =71b,8,2(y, b)dy,db,, ........ (17) 
and 

ant iy?) Cag tis 0) = (RVI G2)2(y), ats oktanene snes (18) 


so that equation (8) is valid for the case of free-free transitions. 

From equation (17) it follows that the degeneracy of the state is proportional 
to the energy ; a result that is to be expected when there is no preferred spatial 
direction. 

If we substitute from equations (17), (18) in equation (3), replace sums by 
integrals, and integrate over the allowable values of 7 and b, we get 


2 


el ae 2 bmax wre 
K,=(7) Nia | an dbyb[G(y —hy) — 40) RF %y) U0 b), 


where bmax. is determined by the distance beyond which a given scattering centre 
is screened by the electronic cloud. 

If the results given by Westfold (1950) are written in m.k.s. units, and in 
the form appropriate to a single state of polarization, we get 


be Gix nu(v) al yi 
Oo1(%, sities, Rees paireny hye Pe ee (20) 


1 /2\3 e2NG /Ze?\? og S7ceqDmax.1)\ 2 
- Genes lint eae eee ee 
fy atin} lead lf 78 ‘ Ze? : 


so that 


tin ee etn 9 co tanl (21) 
where Z is the ionic charge. 
This equation is of the general form of equation (11) with 
F(y)~G@() and Q(y)~log [1 +(87¢9bmax.n/Ze?)?], ..-- (22) 


so that in this case Q(y) is a monotonically increasing function of y. It follows 
from the general discussion given above that K, is positive, whatever the form of 
G(y), in agreement with the predictions of the macroscopic theory. This con- 
clusion, however, does not hold for other radiation mechanisms, as we shall 


now demonstrate. 
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(b) Cerenkov Radiation 
The spontaneous emission probability for Cerenkov radiation is proportional 
to 


foros 3a) dea ee (23) 


U 
tan vay]. u(v)’ 


C | 
vop.?(v) 
where 2 is the velocity of the particle charge e¢ traversing a medium with refractive 
index u(v). In terms of the total energy # this may be written 


2 me \" EE? |: E 
P(E) ~e vao(1 or) if (v) (B® —mect) or H> 


=() for js aad le 


which is zero below a certain critical value of the total energy # and thereafter 
increases monotonically with H. However, it does not follow from this and the 
general discussion given above that negative absorption is inherently impossible 
in this case, since Cerenkov radiation is not emitted isotropically but in a direction 
making an angle @ with the path of the charged particle where 


COB O==6/0, (Von eas oe eee Eee (25) 


Hence, if we have a stream of fast particles moving, in a given direction, 
with a small spread in transverse velocities, the emission in a direction making 
an angle @ with the direction of the stream will be obtained from electrons with 
a narrow range of energies centred on H=H(0), where 


MC? 


es perce Bit 2 ee (26) 
If the energy distribution function G(Z) is such that 
(OG/OE) pe nie 0, 2... eee. eee ee (27) 


the absorption coefficient will be negative for propagation in this direction. 


This condition is similar to that for growing longitudinal waves in an ionized 
plasma, which was first derived by Bohm and Gross (1949). These workers 
considered a unidimensional plasma with a velocity distribution function H(v) 
and showed that a plasma wave with phase velocity vy would be amplified if 


[CA (@)/ Cv) sau = 0a ee (28) 


However, there is one important difference between the two cases in that 
the growing plasma wave, which arises under conditions equivalent to a negative 
Landau damping (Landau 1946), is a coherent phenomenon while the negative 
Cerenkov absorption considered above is incoherent, so that, in this second case, 


the radiated power would tend to zero with the electronic charge e when the 
total current was kept constant. 
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(c) Gyro Radiation 
If we consider an electron spiralling under the action of an external magnetic 
field with kinetic energy 7 then in the frame of reference of the rotating electron the 
frequency spectrum of the emitted radiation is confined to narrow bands centred 
on integral multiples of the gyro frequency 


Vi Cat TIN, oats wee lo ae ae oe (29) 


where B, is the flux density of the magnetic field in weber/metre? and m is the 
relativistic transverse mass of the electron defined by 


m=mM (1 —v2/e?)-3, 
In the case where 
DEE RES EG EE NE coe ORES Ar (30) 


which we shall assume in the present section, appreciable radiation will only 
take place at the fundamental and at the first few harmonics of the gyro fre- 
quency. ‘The width of these spectral lines measured in the frame of reference 
in which the axial velocity of the electrons is zero is determined essentially) by 
the lifetime of an excited state, which is in turn affected by collisions with the 
background plasma ions and by diffusion into regions with slightly different 
magnetic fields. We shall assume that this fractional line width is very much 
less than the separation between successive harmonics, a condition which will 
certainly be valid in practice as long as the inequality (30) is satisfied. Under 
the conditions occurring in nature, the fast spiralling electrons will have different 
axial momenta so that the radiated frequency spectrum seen by a fixed observer 
will be Doppler broadened. However, in the present paper, in which we are 
primarily concerned to show that negative absorption is possible in principle, 
we shall only consider the idealized case in which the fast electrons all have zero 
axial momentum. 

The presence of the external magnetic field removes the spin and angular 
momentum degeneracy of the electron, so that the weights of the states between 
which radiative transitions can take place are equal to unity. 

Under these conditions we can apply the general results given in equations 
(9)-(14) above to write 


ee oF 
K,=— (hv)? Q(n, 9, v) adn; ue enste week ee ae (31) 
0 7 
where F(y) is now simply the electron kinetic energy distribution function ; 
Q(n, 9, v) is the stimulated transition probability in the direction 0 for electrons 


of kinetic energy 7. 


When there is no Doppler broadening, Q(, 0, v) is only appreciably different 
from zero for values of 7 close to the values 


(n,-+m,c2) =eBye2/2rrv, r=1,2..., ...000-- (32) 


where r is the order of the harmonic of the gyro frequency so that we may write 


O(n, 9, Y=E Qty 8 VBC) ev erreerees (33) 
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If the energy of the fast electrons is sufficiently high, appreciable contri- 
butions to the power radiated at a given frequency v can come from electrons 
with energies such that equation (32) is satisfied by one of several values of r. 
However, when the inequality (30) is valid, appreciable radiation at a given 
frequency will only occur for a single value of 7, and in this case the associated 
value of K, will be negative as long as 


Cdr) on en ee ne (34) 


a condition that might arise in a practical case if a well-defined group of fast 
electrons was superimposed upon the thermal plasma electrons. 


(da) Synchrotron Radiation 
In this case where 
M—My> Mo, 
the fast electrons are highly relativistic and appreciable energy is radiated over 
a very large number~(m/m,)* of the harmonics of the gyro frequency. In the 
extreme case, which we shall consider here, the harmonics will be so closely 
spaced that the power spectrum P(H, 9, v) for spontaneous emission may be 
assumed to be a smoothly continuous function given (Schwinger 1949) for the 
case u=1 to which we shall confine ourselves by 


P(E, 9, y= Vote Sy ys a K;,3(€)d¢ watts/eycle, .. (35) 
Ca 
where K,(C) is the modified Hankel function of order o, 
V,=1 -5vz79(H/m,c?)? sin 9, 
Vio =e By/27Mo, 
B, is the flux density in weber/m? of the external magnetic field. 
o is the angle between the direction of motion of the electron and 
the magnetic field. 


The orbit of a given electron is characterized by four parameters : 


H, the total energy ; 
p., the axial momentum ; 
9) Yo, the cylindrical coordinates of the axis of the orbit. 


In processes involving the emission or absorption of a quantum hy in a 
direction making an angle 6 to the magnetic field the changes 5E and Sp, in 
the energy and axial momentum are given, from the conservation laws, by 


ee 36 
3p,= hy cos Be, j RN nes, vs ae ( ) 


the sign being taken positive for energy absorption and negative for energy 
emission. The coordinates of the axis of the orbit can also suffer changes which 
must be allowed for in a quantum calculation of the spontaneous emission 
probabilities (Judd et al. 1952 ; Olsen and Wergeland 1952), but there is no need 
to take explicit account of these in the present discussion since they have no 
influence on the form of the absorption coefficient. 
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The energy and momentum of the particle are related by the equation 
— (#12 p24) 
cp ,=(H? —m2c*)? cos 9. 


From this it can be shown that the change So in the inclination of the 
electron orbit after absorption or emission of a quantum of energy hy is given by 


= hy E cos » 
EES sin ov/ (HL? —mc4) oe 


cos 6. eos) 


Now let us assume that N(£, ¢), the combined distribution function for 
the total energy and orbital inclination of the relativistic electrons, has first-order 
derivatives with respect to both # and o. Let 


I(v, 9)8i.(2, 7, v, 0) and I(v, 0)Bo,(H#, ~, v, 9) ...... (39) 


be the stimulated absorption and emission probabilities for transitions between 
(HZ, 9) and (H+s#H, +56) states involving quanta of energy hv emitted or 
absorbed in the 6-direction, where I(v, 0) is the intensity of radiation polarized 
so that the electric vector is perpendicular to the external magnetic field.* Then, 
from the fact that the electron states are non-degenerate, we have 


Bi (H, Q; vy 6)=6.,,(2, Q, vy 0), fe fe nleiiio" ies falfe) folce) elohie (40) 
and 


K, (0) =hy | ” aE | ” deBe(E, , v, 9)[N(E, 9) —W(E+3E, 9 +89)]. 
mMoc* 0 
Palit ees ta (41) 


Let o»,(H, 9, v,9) be the spontaneous emission probability in unit solid 
angle in the direction 6, so that 


P(L, Q, v) G(0) 
hy 27 sin §’ 


ho (H, 0, v, 0)= 


where G(6), the function which determines the angular distribution of the radia- 
tion, is subject to the relation 
ik CINE GE OL ame eee (43) 
0 
Since the refractive index p of the medium has been assumed to be equal to 


unity, and since the radiation is emitted with a specific polarization, it follows 
from the basic radiation laws (Fowler loc. cit.) that 


2 
Ba(E, ©, Y; 0) 7 aa (LH, Se ee ee (44) 


* This is the only polarization which interacts appreciably with relativistic electrons. 
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From equations (41)-(44) we see that 


K,=— 5, { a dB { de SPB, 9, NGO) (B, 9) 
of E cos 9 ON (EL, ¢) 
sin A briees oa i) 00 
Pe Ae (45) 


Now the radiation from highly relativistic electrons is effectively confined 
to a narrow cone, with the axis tangential to the instantaneous orbit, so that 
G(0) will only depart appreciably from zero when 90. In this case 39, as 
given by equation (38), is effectively zero, as, therefore, is the coefficient of 
ON(E, ~)/0g in equation (45). If we make the further assumption that 
ON (EH, o)/0E does not vary appreciably over the resonance of P(E, , v) we may 
put 


P(E, 0, v)G(0)~P(E#, 9, v)S(O——), ....-.-.-- (46) 
when from equation (45) 
Oe = ON (E, 9) 
Karat dHP(E, 0, Ver aime Tue 6 6) 18) male (47) 


which is of the form of equation (11). 
The function P(H, 0, v) is effectively zero for values of # such that 


He Hey HS V1 rg, SUL 0) Sige y ae eee (48) 


rises to a maximum at Hmax., and thereafter decreases monotonically to zero as # 
tends to infinity. 

From the general discussion given above in the introduction to Section IV 
it follows that K, is certainly negative, whatever the nature of N(E, 8) in the 
region H> Eypax., a8 long as N(H, 8) is zero for allH<Eypax.. The most favourable 
case for negative absorption, for propagation in the 0-direction, arises when 
N(£, 9) is zero except for a narrow range of energies centred around the value at 
which éP(#, 0, v)/0H has a maximum, but this optimum is not critical since the 
maximum is not a sharp one. 

Even if negative absorption is present in a medium it will only be important 
in regions in which the difference between the stimulated emission and absorption 
is at least comparable with the spontaneous emission. In the ideal case, where 
the relativistic electrons all have the same energy £, it can be shown quite simply 
that +(0), the ratio between the excess stimulated emission and the spontaneous 
emission, is given by 

k@,(8) 2a(0X/Ax) 
¥(0) = B Xie ee (49) 


where ©,(0) is the effective black-body temperature of the radiation field at 
frequency v in the 0-direction, where « is given by 


dy m,¢7\ 2 
a ser vill Bi Spe ate NOES (50) 
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and where X(«) is the function defined by 


X(a)=a ” ite, coe ee ee (51) 


which has been tabulated by Vladimirsky (1948). 


The quantity 
2a(0X/da)/X(«) 


is a slowly varying function of «, for values of H at which appreciable radiation 
can be emitted at frequency v, of the order of magnitude of unity so that even 
under ideal conditions appreciable negative absorption can only arise when 


i tak ee Oe (52) 


where # is the average energy of the relativistic electrons which contribute 
appreciably to the radiation flux at frequency v in the 0-direction. 


V. DISCUSSION AND CONCLUSIONS 

The main result of this paper has been to show that negative absorption or, 
in other words, amplification, can occur under certain circumstances in an electron 
gas. 

A necessary condition for this is that the electron energy distribution function 
F'(7) be markedly non-thermal with an appreciable excess of high energy electrons 
such that the derivative of f(y) is positive over a range of values of the kinetic 
energy 7. However, this condition is not sufficient since, as we have shown, 
negative absorption can never occur if the dominant radiation process is that of 
free-free transitions, whatever the form of the electron energy distribution 
function. On the contrary, a further necessary condition is that the absorption 
cross section, in the direction of propagation, associated with the dominant 
radiation process should have a maximum at some finite value of the electron 
energy, and the most favourable case is when this maximum is a sharp one 
occurring at the value of y at which oF /dy has its maximum positive value. 
More specifically, we have shown that negative absorption can occur in principle 
when the basic radiation process is (a) Cerenkov, (b) gyro, (c) synchrotron, and 
the relevance of this to radio astronomy will now be discussed briefly. 


(a) Cerenkov Radiation from the Auroral Rays 
A charged particle moving with velocity c8 through a medium will produce 
Cerenkov radiation in a particular mode and at given frequency v in the direction 


6 for which 
Vp=cf cos 8, 


where v, is the phase velocity of the associated electromagnetic wave in the 
medium. Since, for a material particle, @<1, this condition can be met only 
for v,<e and in an ionized medium this occurs only in the extraordinary mode 
at frequencies below the gyro frequency. Such radiation cannot escape from 
the Sun nor indeed from any galactic radio source (Pawsey and Bracewell 1955) 
at frequencies which can be transmitted through the Earth’s ionosphere. It 
therefore appears that this effect cannot play any role in the production of radio 
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waves received from outside the Earth. However, it is conceivable that such 
radiation might be produced by fast electrons in the auroral rays (Ellis 1957) 
and, as long as the direction of these electrons is confined to a narrow solid angle, 
the discussion given in Section IV (5b) suggests that the Cerenkov radiation 
generated in a certain solid angle will be amplified if the burst of fast electrons 
should have a sufficiently narrow energy spread. 


(b) Gyro Radiation and the Type I Solar Disturbances 

It still seems likely that the mechanism underlying the major outbursts 
of non-thermal radio emission from the solar corona is connected with the presence 
of organized plasma oscillations. However, it is possible that the strongly 
circularly polarized noise storms and solar bursts of spectral type I (Wild 1951) 
are due to harmonic gyro radiation (Twiss and Roberts 1958). If this is indeed 
the case one must assume the presence of negative absorption, or at least of 
anomalous radiation transfer, since for reasons connected with the circular 
polarization and lack of harmonic structure of the bursts the rotational energy 
of the fast gyrating electrons cannot be more than a few thousand electron-volts. 
This corresponds to a kinetic temperature of 107-105 °K, while the brightness 
temperature associated with the observed flux may be as high as 3x10! °K. 
A discussion of this possibility must be based on a detailed analysis of the experi- 
mental evidence which will be published elsewhere (Twiss, in preparation) ; 
all we would like to emphasize here is that many of the objections to the gyro 
theory for type I disturbances can be resolved on the assumption that the medium 
is exhibiting negative absorption. 


(c) Synchrotron Radiation in the Discrete Radio Sources 

The principal objection to the theory which attributes the emission from 
the discrete radio sources to synchrotron type radiation is that one must assume 
that very large energies are stored both in the relativistic electrons and in the 
trapping magnetic field. These difficulties would be appreciably reduced if 
negative absorption were playing a significant role at least at frequencies below 
a few hundred megacycles. However, it seems virtually certain that this cannot 
be the case, as will now be shown. 

Thus let us consider the brilliant discrete radio source Cygnus-A, which has 
an effective brightness temperature @, given approximately by the law 


Oyo 1 0°(vil0®)-* 7 Ke 
over the frequency range 


3 X1LOT<y 1070 cfs: 


Now, as shown in Section IV, in the case most favourable for negative 
absorption, the energy of the fast electrons is given approximately by 


By 
Eoptemyc? RSET A Re or (54) 
1-5y;79 Sin 8x 0-05) ’ 


and for negative absorption to be significant it is then necessary that 


Boek Oj. sion soothe ee ee (55) 
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The frequency at which this last condition is met is linearly proportional 
to vz9*, Where vyz49—eBo/27m , is the gyro frequency of a non-relativistic electron 
in the magnetic trapping field. The average value of B, in Cygnus-A, which has 
been identified with two colliding galaxies, is probably within an order of 
magnitude of 10~* weber/m? and it is almost certainly less than 10-® weber/m2, 
since otherwise the energy stored in the magnetic trapping field would be pro- 
hibitively large. Hence v,,)<10° c/s and equation (55) will not be satisfied for 
frequencies above 210% c/s. Below this frequency the effective brightness 
temperature of Cygnus-A increases less rapidly than v-? (Lamden and Lovell 
1956), while the opposite would be the case if negative absorption were starting 
to be effective. Admittedly, this effect might be partially marked by absorption 
in Ht regions within our own galaxy, but, since we have taken very optimistic 
assumptions for the electron energy distribution and since Cygnus-A is an 
exceptionally brilliant source, the condition most favourable for stimulated 
emission, one is probably justified in concluding that negative absorption is 
always unimportant in the discrete radio sources, at frequencies of interest to 
radio astronomy, if the radio emission from these is indeed synchrotron-type 
radiation. 

On the contrary, it is to be expected that the relativistic electron gas will 
exhibit positive absorption at low frequencies, as has been suggested earlier 
(Twiss 1954) and this phenomenon may be connected with the observed low- 
frequency cut-off in the spectrum of the discrete radio sources (Lamden and 
Lovell 1956). 
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A SEARCH FOR RADIO EMISSION AT 3:5M FROM THE LOCAL 
SUPERGALAXY* 


By E. R. HILLt 


As described by de Vaucouleurs (1953, 1956) the local supergalaxy is a 
large flattened system of galaxies and clusters of galaxies centred near the Virgo 
cluster. It is seen most clearly in the northern galactic hemisphere as a band 
of bright galaxies about 10° wide extending along a great circle. Our Galaxy 
appears to be near the rim of this system. 

Radio emission apparently originating from the supergalaxity has been 
reported by Kraus and Ko (1953) and Kraus (1954) at 1-2 m and by Brown and 
Hazard (1953) at 1-9m. In both instances the band of radio emission followed 
the band of galaxies quite closely ; the combined observations extend about 
90° along the supergalactic equator. 

Particular interest has been added to radio observations of the local super- 
galaxy since the suggestion of Shklovsky (1954) that the emission arises from the 
synchrotron process which may be active in the intergalactic space within the 
supergalaxy. If this be so, radio observations might be expected to yield data 
relating to conditions in space between the galaxies—a region very difficult to 
study by any other means. 

Observations to be described presently cast doubt upon the existence of 
radio emission from the supergalaxy. It should be added that other arguments 
leading to this negative conclusion have recently been reported by J. E. Baldwin 
and J. R. Shakeshaft at the I.A.U.-U.R.S.I. symposium on radio astronomy held 
at Paris in August this year. 


Records taken with the Sydney 3-5 m cross-type aerial (Mills et al. 1958) 
have now been examined for traces of emission from the supergalaxy. The 
region studied in detail was from R.A. 10" 30™ to 14 30™ between Dec. —15° 
and +10°. Although this area has been investigated by Kraus and Ko, the 
high-resolution pencil beam of the ‘“ cross”? (beamwidth 50’ east-west by 70’ 
north-south at these declinations) can provide a more detailed picture of the 
distribution of radiation. The results obtained, after a uniform gradient in 
temperature corresponding to the general fall-off in temperature away from the 
galactic plane has been removed, are shown in Figure 1. Effects of discrete 
sources have also been removed. 


Also shown in Figure 1 are Shapley-Ames galaxies (dots) and the band, 
illustrated by the shading, observed by Kraus and Ko. The principal feature 


* Manuscript received October 6, 1958. 
} Division of Radiophysics, C.S.I.R.O., University Grounds, Chippendale, N.S.W. 
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of the 3-5m contours is the band of emission stretching from R.A. 13" 06™ 
at Dec. +10° to about R.A. 112 32™ at Dec. —15°, with a peak near R.A. 
122 24™ Dec. O°. It is clear that this feature does not conform to the band 
observed by Kraus and Ko nor does it appear to be related to the bright galaxies. 
Moreover, at the northern edge of the diagram at R.A. 128 28™ the aerial beam 
passes within 3° of the supergalactic centre and even here no excess emission is 
observed. 
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RIGHT ASCENSION 


Fig. 2—The radio band observed by Kraus and the distribution of bright galaxies between 

Dee. +10° and +23° are shown here in the same manner as in Figure 1. Superimposed are the 

additional wee obtaimed with the Mills Cross at 3-5m. The horizontal lines associated with 
each scan indicate the declination of the scan. 


Additional observations at intervals of approximately 2° in declination have 
been made at 3-5 m from R.A. 102 30™ to 142 30™ between Dec. +10° and +22°. 
Records so obtained are shown in Figure 2 superimposed on the band of emission 
observed by Kraus and the bright galaxies in the region. These 3-5 m observa- 
tions carry less weight than those described above because of the larger zenith 
distances involved. They do, however, indicate that the feature noted at lower 
declinations retains its predominance and continues northward towards Dec. 
+22° at R.A. 145, and up to this declination continues to show no relation with 
the bright galaxies. Observations by Blythe (1957) at 8 m also show this feature, 
and comparison with the present results indicates that the radiation is non- 
thermal. From the extensive map given by Blythe, it seems possible that the 
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feature is an extremity of the well-known flare emanating from the galactic 
plane near /=0°. 

It is clear that between Dec. —15° and +22° emission from the supergalaxy 
is not apparent at 3-5 m in regions where earlier observations might have led 
one to expect it. Thus, if radio emission from the supergalaxy does exist in 
the region discussed, it is overshadowed by the feature described above. 
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THE CLOCK PARADOX IN SPECIAL RELATIVITY* 
By H. JEFFREYST 


Dr. G. Builder (1957) has produced a new analysis of this problem, which 
is criticized by Professor Dingle (1957). I think that both introduce concealed 
hypotheses, and that the methods of the special theory cannot produce a unique 
answer. 

Standard works on relativity still start from the postulated invariance of 
the velocity of light, which can be stated in the form 


ds==0 is. equivalent 00: ds’ =0 «0. a. ics ws ome (1) 


for the observers, and infer that there is a linear relation between the coordinate 
systems, leading to the Lorentz-Hinstein transformation. It was, I think, 
first shown by E. Cunningham that the conclusion does not follow; there are 
infinitely many relations that satisfy the equivalence, which do not even need 
to be linear. I have given additional conditions that are sufficient to lead to the 
transformation (Jeffreys 1957). The first is that for two observers of the same 


bod 
ai pee ayes 
CTE AG amet ime a 


d2x dy dz : ’ 
ae de = ie is equivalent to 
This amounts to saying that two observers will agree on what particles move 


with uniform velocity in straight lines. It does not say that there are no other 


* Manuscript received June 30, 1958. 
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particles. Nor does it say that it holds for all pairs of observers ; it, like (1), 
picks out a class of observers whose measures satisfy the rules. I shall call 
them unaccelerated observers. (1) and (2) together can be shown to imply 


devise Slee ee (3) 


where k is a constant for a given pair of unaccelerated observers. 


The second hypothesis is that 


This requires some actual comparison of scales. One postulate, experimentally 
verifiable in principle, that suffices to justify it is that observers will attach the 
same measures to displacements normal to their relative velocity. The essential 
point is that the Lorentz-Einstein relation between systems of reference needs 
hypotheses equivalent to Newton’s first law and the establishment of some 
comparison of scales ; it has no relevance to accelerated particles without further 
hypothesis. 

In the conditions of the problem F is an unaccelerated particle. MM is initially 
in contact with R and they have been together long enough to synchronize their 
clocks, so that kK=1. & continues in its original path. M moves away from 
it in a straight line with uniform velocity. At some stage M rebounds from 
an obstacle, and ultimately meets & again, and is brought to relative rest ; then 
the clocks are again compared. Builder argues that there is an asymmetry 
between Rk and M, Dingle that there is not. Now the conditions considered in 
the special theory contemplate a whole background of unaccelerated observers, 
who would agree that # is unaccelerated, and that M has three impulsive changes 
of velocity. (There is no objection to supposing Rk so massive in comparison with 
M that its two impulsive changes of velocity can be neglected.) It is not true, 
as Dingle supposes, that & would be the only authority for the change of direction 
of motion of M; consequently his a priori argument for symmetry falls to the 
ground. But, since M is an accelerated particle, we cannot apply the special 
theory to it without further hypothesis, even though the accelerations are confined 
to the duration of the impulses. 


Even if & and M were the only observers Dingle’s argument still fails. 
He says “ The principle of relativity allows us with equal justification to suppose 
that R is moving and M stationary . . . The two clocks will agree on reunion. 
That this must be so follows immediately from the symmetry of the situation 
and the principle of relativity of motion.” It would be possible to infer a change 
of relative motion from a change in the Doppler effect ; the two observers would 
then infer that one of them was accelerated, but could not say which. The 
symmetry is not one of fact but of knowledge. To make it into one of fact they 
would have to agree to attribute precisely half the change to each observer, but 
this is not what Dingle says. Ifa difference is to be expected at all, the observers 
would both expect that the clocks would differ in return, and that the sign of the 
difference would reveal which was on the accelerated body. Not to know which 
way the difference will be is not the same thing as to know that it is 0; this 
would be like saying that if #?=1, then «= -+1, therefore x=0. This statement 
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is still too favourable to Dingle’s point of view, since it supposes that the observers 
themselves have no means of detecting which has changed its velocity, before 
the return. Actually the reversal of M’s velocity implies an impulse ; M would 
presumably have seen the body it collided with or at least felt the bump. 

Suppose that in R’s system M proceeds out with velocity wu, to a distance X 
and returns with velocity —wu,. There is no need for wu, and uw, to be equal, 
since the obstacle may be moving or restitution may be imperfect. Then in R’s 
system the total time is 


In each part of the path MV is in uniform motion. If (yet) refer to R’s 
system, (a#’y'z’t’) to M’s, we have for the outward journey 


deh ,ds. raridi—u,, dx /di'=0, .4... 6.25% (6) 
whence 
oF eet a at Py (a oy 0g eee (7) 


Similar relations hold for the return journey; then in M’s system the total 


time is 
T ~=x i ih 2 en ii aa) yr) hee: (8) 


Tf k=(1—w?/c?)-?, T,,=T, and Dingle’s result follows. If k=1, Builder’s result 
follows. The question is which, if either, is right. The time +t taken by the 
impulses does not matter since it is small and anyhow presumably does not 
increase indefinitely with X. 

k=1 in the special theory supposes some method of comparison of scales. 
Here M’s clock is compared with F’s before departure and k=1. But as M’s 
velocity changes the only obvious method of comparison after departure is by 
measures of transverse displacements by both. M could always take scales to 
keep k=1, but the question is whether, if he did, he would still assign the same 
length to the same scale. If there is a change, Rk could detect it. Suppose 
the linear dimensions of M are of order a, and its density p. Then, if it acquires 
velocity w in travelling through its linear dimensions, momentum per unit area 
eau is acquired in time a/u, and the force needed per unit area is of order pw?. 
Before the expulsion this is counterbalanced by other reactions, during the 
expulsion it is not. Then the stress implies elastic strains of order pu?/p, where 
v. is some elastic constant of the material. If « is the velocity of elastic waves 
the strains are of order u?/a2. Now the general theory makes the greatest possible 
a of order c; actual values are much less than ec. Hence the expulsion gives 
changes of length differing from 1 by far more than (1—vw?/c?)* does. This 
concerns lengths in the direction of motion, but transverse lengths will be altered 
in a comparable ratio by the Poisson’s ratio effect. 

The conclusion seems to be that Builder’s result cannot be right in any case. 
Dingle’s might be right if M is made of the most rigid material that is possible, 
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subject to the condition that the velocities of elastic waves do not exceed that 
of light, though his way of getting it is fallacious. With actual materials it also 
will be wrong. The change of k is of course one of the phenomena that could be 
covered by the general theory applied to elasticity. 
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THE CLOCK PARADOX IN RELATIVITY* 
By E. F. Fanyt 


I have been following with great interest the discussions on the above 
topic which have been published in several journals. On reading a recent letter 
to Nature by Professor Herbert Dingle (1957) in reply to a previous letter by Sir 
Charles Darwin (1957), I noticed that it is feasible to perform astronomical 
observations which could provide an experimental basis for choosing between 
the two points of view. In fact, these observations may have already been made. 


Dingle (1957), in the course of his analysis of the particular aspect of this 
problem which was introduced by Darwin (1957), concludes that “ S, will not 
observe S,’s flashes to change until after he has fired his rocket’. It is evident 
from the context that the length of the delay is 


t, —37,=37\(1 sy =F): 


In the light of this result, consider an observer on this Earth who is interested 
in one of the distant nebulae. He sees a red-shift in the spectral lines and can 
think of himself as being a traveller who left that nebula many years ago, thereby 
interpreting the red-shift in terms of the velocity which he believes he gave himself 
at the beginning of his journey. He now decides that he will return to the nebula 
and builds a rocket which will take him from the Earth and produce a violet- 
shift in the nebula’s spectrum equal in magnitude to the previous red-shift. 
Dingle’s result indicates that this traveller will have to wait for a long time before 
he will observe the violet-shift ; if D light years is the distance to the nebula, 
it indicates that the delay is about D/2 years. 


On advancing the argument further, one arrives at the following aspect of 
the above situation, which is simpler from the experimental point of view. 
Consider any star which lies approximately in the plane of the Harth’s orbit. 
Because of the Earth’s orbital motion, an earth-bound observer would expect to 


* Manuscript received February 17, 1958. 
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find that any visible line in the spectrum of this star should oscillate about a 
mean position with a period of 1 year and an amplitude of approximately 0-5 A. 
Dingle’s result in this case indicates, however, that the oscillation in the spectrum 
would be many revolutions out of phase with the Earth’s orbital motion; in 
the case of most stars, the phase difference would not be an integral number of 
revolutions. An effect of this kind should be observable, since it means that the 
observed oscillations in the spectra of the stars are, in general, out of phase with 
one another. 

A similar argument, based on Professor Dingle’s point of view, would lead 
to the result that the phases of the apparent oscillatory motions of the stars due 
to aberration should, in general, vary from star to star. 

In both cases (Déppler effect as well as aberration) the other point of view 
predicts that there should be no phase differences. 

I think that it would be pertinent to this discussion if an astronomer would 
tell us whether or not such phase differences exist. 
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VARIATIONS IN IONOSPHERIC F-REGION CHARACTERISTICS* 
By N. M. BRicet 


It is well known that F-region characteristics in the undisturbed ionosphere 
change with season and with sunspot activity and that these effects are greatest at 
high geomagnetic latitudes (Maeda 1955; Martyn 1955). 

h’f records have been obtained at Macquarie Island (geomagnetic latitude 
60 °S., local magnetic dip angle 78°) since 1950 and some of these were examined 
to study the above changes. 


Method of Analysis 

At the suggestion of Dr. D. F. Martyn, some Macquarie Island h'f records 
were scaled and electron density versus true height (V,h) curves computed on 
Silliac (School of Physics, University of Sydney) using the programme of Duncan 
(1958). Records were chosen near midday and midnight, summer and winter, 
and at sunspot maximum (S. max.) and sunspot minimum (S. min.) activity. 

During sunspot minimum, no records were obtainable at night in winter, 
owing to very low critical frequencies, spread echoes, or noise. 


* Manuscript received August 13, 1958. 
+ Physics Department, University of Queensland, Brisbane. 


588 


HEIGHT (KM) 


Fig. 


SHORT COMMUNICATIONS 


350 


300 


250 


200 


150 


100 


N/Nmax. 


1 (a)—Day. (1) Winter sunspot minimum, (2) summer 


sunspot minimum, (3) winter sunspot maximum, (4) summer 


HEIGHT (KM) 


sunspot maximum. 


450 


400 


(3) 


350 


(2) 


300 
(1) 
250 


ie} 0-2 O-4 O-6 Ors 1:0 
N/Nmax. 


Fig. 1 (6).—Night. (1) Summer sunspot minimum, (2) winter 


sunspot maximum, (3) summer sunspot maximum. 
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Some uncertainty of true height occurred in the # region, as no frequencies 
less than 1-22 times the gyro frequency in the F region (i.e. below 2-05 Me/s) 
could be used on this programme (Duncan 1958). However, the effect of this 
at F-region heights is negligible. It was assumed that no substantial trough in 
electron density occurred between layers, and records were restricted as far as 
possible to magnetically quiet days. 


_ 


Between six and ten records were used for each period and a mean curve was 
obtained by plotting V/Nmax. against true height for each record and averaging 
heights. According to Schmerling and Thomas (1956), this is sufficient to show 
the character of the (N,h) profile, and inspection of the curves showed a strong 
similarity of shape between the mean curve and the individual curves used in 

each period. 


Results 

Figure 1 shows the mean curves for the periods examined and Table 1 
gives some parameters derived from the (N,h) curves. 

In this presentation hmax, and Nmax, refer to the height and electron density 
at the level of maximum ionization, and S. max. and 8. min. to observations at 
maximum and minimum sunspot activity respectively. 


Chief features of interest are: 


(a) Heights.—(i) Heights of the maximum electron density of both F, 
and F’, layers are greater at S. max. than 8S. min. (ii) hmax, is greater at night 
than during the day at all epochs (Mitra 1952). (ili) Amax. is greater in summer 
than in winter. By day this effect is more pronounced at S. max. than S. min. 


(b) Total Electron Content below Nmax..—(i) The excess of electron content 
in summer over that in winter is due equally to increases in low height ionization 
(# and F’,, layers) and in F-region thickness and to a less extent to greater Nmmax.. 
(ii) At night (S. max.) the summer increase is due to greater Nmax, and increased 
thickness of the layer. (iii) By day (S. max.) despite the summer increase in 
F, thickness and in # and F’, ionization, the total electron content is greater in 
winter due to the greatly increased value of Nymax.. 


(c) Scale Heights—The difference between Imax, and the height at 
0:698N max. (corresponding to one scale height of a Chapman layer) and between 
Imax, and the height at 0-958 Vmax. (or 0-4 scale heights) were found. From these 
it is seen that (i) by night the profiles are not incompatible with Chapman layers ; 
(ii) by day in winter, the curvature of the profile approaching Nmax. increases 
' more rapidly than expected for a Chapman layer, whereas in summer it increases 
less rapidly than expected (at S. max.) or fits a Chapman layer (at S. min.). 


Discussion 
These curves are, to the best of the author’s knowledge, the first high southern 


latitude (N,h) profiles calculated. While no attempt is made to discuss the 
implications of the results, it is felt that they will be of assistance to those working 


590 


SHORT COMMUNICATIONS 


TABLE 1 


PARAMETERS DERIVED FROM THE (NV,h) CURVES 


Average Total 
3 Electron 
Height ; 
of F, Height | & Region Nmax. Content Scale 
Period Masai F, Thickness (Xi05 below Height 
Ionization|  (©™) (km) gra) ay rae AG a 
(910+ (km) 
(im) eo 
cm~?) 
Summer 
Sunspot 
Minimum 
Day 169 240 124 0-338 3°3 66 
Winter 
Sunspot 
Minimum 
Day 235 115 0-328 2°7 60 
Summer 
Sunspot 
Maximum 
Day 202 338 219 0-606 9-9 119 
Winter 
Sunspot 
Maximum 
Day 298 Li 1-772 16-4 i: 
Summer 
Sunspot 
Minimum 
Night 320 a! 0-112 0-6 49 
Summer 
Sunspot 
Maximum 
Night 437 121 0-456 bee 72 
Winter 
Sunspot 
Maximum 
Night 372 81 0-211 1-2 51 


Chapman | Chapman 


on the theory of the quiet ionosphere. 
statement (1957) that h,F,* is meaningless during the day. 


Scale 
Height 
at Nose 

(km) 


65 


90 


85 


85 


55 


66 


55 


They certainly substantiate King’s 
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“a hy Fs, defined as the virtual height at 0-834 of the critical frequency, is commonly used as 
the real height of Nyax.. This is only correct for a parabolic (N,h) profile. 
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APPROXIMATIONS FOR THE ELECTRON DENSITY IN METEOR 
TRAILS* 


By A. A. WEISST 


Herlofsen (1947) has shown that an exact solution of the equations governing 
the evaporation of a meteor particle during its flight in the upper atmosphere 
can be obtained in the special case of a spherical meteor in an isothermal 
atmosphere. In terms of the number n of meteor atoms evaporated in unit 
length of trail, the electron density « is 


Le Wetes Soir. c) es oo ctatenle anaes we eeiereane (1) 


6 is the ionizing probability, defined as the probability that an evaporated 
meteor atom will produce a free electron. If a power-law dependence of 
upon velocity v is assumed, so that 


Biss B20, a ceciw Oa oe «ots cles eno ie oie (2) 
the electron density may be written 
nd © \ (eH sec x) / v? ( (i te 
a=K(n)(;") ( pa Vim Fa Fem Seamer (3) 


K(y)=4:5RomM oo cos y/pH. 


In these expressions m, 7, and p,, are the mass, radius, and density of the meteor ; 
u. the mass of an individual meteor atom ; / the latent heat of evaporation of a 
meteor atom, corrected for the efficiency of heat transfer; p the density of the 
atmosphere and H the atmospheric scale height; and y is the zenith angle of 
the meteor radiant. The subscript oo refers to the initial state of the meteor. 


* Manuscript received June 23, 1958. 
+ Division of Radiophysics, C.S.I.R.O., at Department of Physics, University of Adelaide. 
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Tf it is assumed that the deceleration of the meteor is small over the whole 
flight, and that v is sufficiently large so that v?>12/ and also v?>31(2+y), the 
following expressions give a good approximation to the electron density profile : 


a=(b/pH)mMa cos ¥(e/ max.) [1 —3(e/Pmax.) ]?, »..- (4a) 
Pirie. = (S1/30e ie pret) CO8 (0) tage oa. 10 rene (4b) 


These approximations have passed into general use, and a good deal of the 
theory underlying the interpretation of radio-echo observations of meteors has 
been based on them. 


(a) VELOCITY 


(b) RADIUS 


(c) ELECTRON DENSITY 


10a/K(7) 


REDUCED HEIGHT (SCALE HEIGHT UNITS) 


Fig. 1.—Comparison of exact and approximate solutions of the evaporation and ionization 
equations for a spherical meteor particle in an isothermal atmosphere. 1=ionizing 


probability exponent of an evaporated meteor atom ; y=v%, /t. See text for constant 
K(n). Exact solution: y=0, 


; y=5, —-----. Usual approximation, all 
q, ----- - Maximum electron density for all y with old approximation, @. Velocity 
and radius are not functions of 7. 


Calculations of deceleration with Herlofsen’s exact solution and insertion of 
numerical values into the other two assumptions involving », 1, and yj, show that 
all three assumptions are justified for fast meteors. The validity of their 
application to slow meteors is open to serious doubt unless 1<101 ergs/g and 
y~0. Jacchia (1949) has given a mean value of I~3 x10 ergs/g, and several 
independent evaluations of 7 (Whipple 1955; Hawkins 1956; Weiss 1957) 
suggest a value in the vicinity of 5. For slow meteors the divergence of the 


‘ 
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approximate expressions (4) from the exact solution (3) therefore deserves careful 
consideration. 

The electron density profiles and the velocity and radius of the meteor 
during its flight, as given by the exact solution (3) and the approximations (4), 
are compared in Figure 1 for three values of the parameter y—v%, /l, namely, 
v=4, 12, 36. To avoid confusion, only one set of approximate curves, for v=4, 
appears in this diagram. The shape of the approximate curves is independent 
of yand y. For other values of v the electron density curves may be located by 
reference to the circled dots which show the positions of the maxima. In 
Figure 1, and also Table 1, the reduced height is equivalent to In (oH sec y/p,,?".0)« 


TABLE 1 
COMPARISON OF APPROXIMATIONS WITH EXACT SOLUTION FOR POINT OF MAXIMUM ELECTRON DENSITY 


Sathya Ow 4 4 12 12 36 36 

n eH oe a 0 5 0 5 0 5 

(a) 10¢max,/K()* 

Exact solution 0-504 0 0-782 0-423 0-917 0-692 
New approximation 0-772 0-220 0:93 0-467 0-980 0-726 
Old approximation .. 0-988 0-988 0-988 0-988 0-988 0-988 
(6) Reduced Height* 

Exact solution ne 0-90 1-89 1-57 oh] 2-63 2-88 
New approximation (hotly) [orsyit 179 2-27 OTL 2-93 
Old approximation .. 0:39 0-39 1-50 1 2-60 2-60 


* See text for K(y) and for definition of reduced height. 


The approximations (4) evidently give a poor representation of the exact 
solution for large values of 7, and small values of vz,/l. A more realistic description 
of conditions near the point of maximum electron density is afforded by the 
following improved set of approximations : 


Crone 2 (BP rnax. | LH) od (y,)*[1 +2F'(y) 1? COS XY, -- (5a) 


Pra (SH) (Op fof )[1 +28 (4) I} cos x, 20 000--: (5b) 
Cee ate (Fnac) hea oA ae 21 6 os os (5c) 
Tope a OE Cty ated hades $< doen seed (5d) 
where 
Baad Oe em Mies ae arses aos ue ke (6) 


In arriving at these approximations, the assumption v?>3l(2+-y) has been 
abandoned. Deceleration has been neglected in equations (5b), (5c), and (5d) 
relating to the evaporation process, but is introduced into (5a) for the electron 
density. The extent of the improvement over the old approximations may 
readily be seen from Table 1. 

The shape of the electron density profile depends on the deceleration along 
the whole meteor path. Empirical improvements to the profile (4a), which 
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fails only over the last third of the meteor trail, could be suggested. Departures 
of the actual atmosphere from the assumed isothermal model and the effects 
of possible fragmentation of the meteor body (Jacchia 1955) will limit the value 
of further refinements in this direction. For the same reason, there is little 
point in pushing the approximations for the maximum point beyond the degree 
of accuracy attained in the set of approximations (5). 
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